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Cluster Output Synchronization for Memristive Neural Networks
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Abstract

Herein, cluster output synchronization for memristive neural networks (MNNG5) is investigated using two differ-
ent control schemes. Existing synchronization models for MNNSs focus on the behavior of a single neuron node in
one-cluster networks. However, actual neural networks (NNs) are clustered organizations consisting of multiple in-
teracting clusters, where the nodes from the same cluster combine and work together. This study proposes a cluster
output synchronization model for MNNs, which considers the combination output behavior of the nodes in NN clus-
ters. Accordingly, two specific control schemes are designed: one based on feedback control involves designing a
small number of controllers to reduce control costs, and the other based on adaptive control involves designing mul-
tiple adjustable controllers to increase the anti-interference capacity of the control system. Meanwhile, to facilitate
synchronization in MNNSs, a model relationship between MNNs and traditional NN is investigated. By utilizing the
control schemes, model relationship, and Lyapunov stability theory, sufficient conditions are obtained for validating
the cluster output synchronization. Finally, several numerical examples are given to illustrate the accuracy of the
theoretical results.

Keywords: cluster synchronization, memristive neural networks, model relationship, output synchronization

1. Introduction

Before the memristor was discovered in 1971, through the relationship between charge and magnetic flux, Chua
theoretically inferred the existence of a basic circuit component in addition to the resistor, capacitor, and inductor
[1]. Thirty-seven years later, Hewlett-Packard Company successfully validated Chua’s theory by making the first
memristive nanometer device [2]. Subsequently, it has been successfully applied in various fields owing to its excellent
characteristics, such as low power consumption, good scalability, and nonvolatile memory [3-5]. A breakthrough
application would be to establish a memristive neural network model because memristor can accurately mimic real
synapsis. Compared to traditional NNs, MNNs have more complex and richer dynamics behaviors and can better
simulate real nervous systems. Thus, many studies on the dynamics characteristics of MNNs have been published
[6-8].

As a type of primary collective behavior, synchronization can be widely observed in many natural environments
and complex systems. In recent years, synchronization of complex networks has attracted a lot of research attention
due to its applicability to associative memory [9], brain science [10], information encryption [11], combinatorial
optimization [12] and so on. Notably, many studies into the synchronization of MNNs have also been conducted
because synchronization behavior is pivotal to some important NNs functions (e.g., information expression [13] and
pattern recognition [14]). In [15], the authors explored quasi-synchronization for a class of chaotic MNNs, which
were treated as the NNs with indeterminate coefficients, and a feedback control strategy was employed to realize
synchronization. In [16], Li et al. considered the MNNs with parameter mismatch and derived some sufficient
conditions for lag synchronization by utilizing the Halanay inequality and w-Measure method. By applying weighted
double-integral inequalities and Lyapunov stability theory, Feng et al. studied asymptotic synchronization for MNNs
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Email address: wch12271640hnu. edu. cn (Chunhua Wang)

Preprint submitted to Information Sciences December 22, 2021



39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

7

72

73

74

75

with mixed delay under quantized intermittent control [17]. More studies could be found in [18-22] and the references
therein.

Synchronization can be divided into various models depending on the characteristics of collective dynamical be-
haviors: cluster synchronization, finite-time synchronization, fixed-time synchronization, asymptotic synchronization
and output synchronization . Among them, cluster synchronization is unique. It can be observed when the ensemble of
a network divides into several portions where the nodes within one portion are synchronous, whereas those from dif-
ferent portions are not. Because cluster synchronization behavior is common across many natural and science systems
[23], and has a wide range of applications, cluster synchronization of complex networks, including traditional NN,
has been extensively studied [24-29]. For instance, Zhou et al. applied an adaptive pinning control strategy to handle
cluster synchronization problem of complex networks with diverse dynamics nodes and stochastic disturbances [24].
In [25], the authors simultaneously dealt with fixed-time and finite-time synchronization for complex networks with
interacting clusters in the cases with and without pinning control, and synchronization settling time was estimated
by applying theories on finite-time stability. In [26], a type of traditional NNs with hybrid coupled term and delay
was studied and cluster synchronization was achieved by utilizing a matrix-based method. In [27], the authors further
researched the main results of [26] and extended early finding to a type of stochastic delayed NNs. However, cluster
synchronization for MNNs has not yet been reported, which remains as an open challenge.

In accordance with the model structure, current synchronization models for MNNSs, such as the ones in [15-22],
can almost be sorted into a type of node-to-node synchronization pattern, as illustrated in Fig.1. The node within the
response system attempts to synchronize with the according node within the drive system via a controller. Such a
pattern focuses on the behavior of a single node in a network containing one cluster, while it may be monotonous and
insufficient for NNs study. On the one hand, although it is feasible to control neuron node states for synchronization
by applying neural electrode tools [30], many neuron nodes in NNs are usually present, and successfully controlling
each node is unlikely and difficult. On the other hand, NNs consist of multiple structured clusters, where the nodes
belonging to the same cluster share morphological and functional similarities, and always combine and work together
for function implementations [31, 32]. Thus, combination behaviors of neuron nodes within clusters, such as the
weighted sum of node states [33], have a more direct and significant effect on function than single node behavior. For
instance, in some NNs studies on information expression and processing mechanism [34, 35], it was demonstrated
that accurate and complete information expression in NNs is based on the weighted sum of node states in populations
(i.e., clusters). In contrast, the single node state only presents limited and rough information. Therefore, to elucidate
the synchronization activities of NNs [13, 14], it is necessary to consider the combination behavior of neuron nodes
in NNs clusters.

Accordingly, this article proposes a cluster output synchronization model for MNNSs, as demonstrated in Fig. 2
where the weighted sums of node states in clusters are expressed as the cluster outputs, and the synchronization is
realized between the outputs of the drive and response systems. The main contributions of this study are summarized
below.

1) A cluster output synchronization model for MNNs (and NNs) is presented for the first time. It differs from the
existing node-to-node synchronization models and provides a more practical model structure for MNNs. Moreover, it

Response system Drive system
4 N» &)
= \ / 1
5 @ @
b=}
c
8 [ Node-to-node m
[ . R »
l*‘\\i}}/" synchronization '\;xIZ/
-0 @

Figure 1: Node-to-node synchronization model for MNNs.
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Figure 2: Cluster output synchronization model for MNNs where w;,i = 1,2, - - - , z, denote output weights.

is more general since it can be reduced to the node-to-node model in the special case that there exists only one node
in each cluster, which can be observed in Fig. 2.

2) To study synchronization in MNNSs, a model relationship between MNNs and traditional NNs is investigated
by employing differential inclusion and measurable function theories.

3) Two specific control schemes are designed for the proposed synchronization model, where one scheme aims
to reduce control costs by designing a small number of fixed feedback controllers, whereas the other is designed to
increase the anti-interference capacity in control system using adjustable adaptive controllers. Utilizing the control
schemes, model relationship, and Lyapunov stability theory, some sufficient conditions are then obtained to ensure
cluster output synchronization.

Notations: Throughout this article, diag(a;, a, ..., a,) denotes a diagonal matrix of n-dimension. For a matrix A,
AT and A~! stand for the transpose and the inverse of A, respectively. ||| represents the standard 2-norm of a matrix
or vector. Let € > 0, C([—¢, 0], R) stands for the family of continuous functions from [—¢&, 0] to R. I, represents the
n-dimensional identity matrix. 1,, denotes the all-one column vector in R".

2. Preliminaries

In this article, we consider a directed network with a set of nodes v = {1, 2, ..., D} and assume that it can be split
into ¢ nonempty clusters, represented by vy, v», ..., v, which satisfy UZ:]Vf = v . For convenience, let N, denote the
number of ¢th cluster v, and Z, = Zi:l Nj. Then, it is expressible that vy = {Z,_ + 1,Z;_; + 2, ..., Z;}, where Z, = 0.
Additionally, for j € v, let j denote the subscript of £th cluster, i.e., j = £ if j € v,.

Consider the following MNNs with multiple clusters and time-varying delay, whose dynamic equation can be
described by

Zq Zq
Xi(t) = —sixi (1) + Z Yij(xi(0)) f(x (1) + Z Gij(xi(0)gj(xj(t —g5(D) + i, i€ v, l=1,... (H
J=1 j=1

3
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where s; > 0 represents the self-inhibition, f5(-) and g;(-) denote the activation functions in Jjth cluster, &;5(t) stands
for the transmission delay in jth cluster and meets 0 < &;5(¢) < &3, where &; > 0 is a constant. I; is the outside input.
Yij(x;i(1)) and ¢;;(x;(t)) are the memristive connection weights, and based on the simplified mathematical model of
memristor, we can describe them as follows:

e = ) W O < T )
l//l,/(-xl(t)) { lﬁi;, |xi(l‘)| S Ti ( )

by (D] < T
dij0) = % 3)
! @ijs lxi ()| > T;
where switching jumps 7; > O, tzij, i s 35,- ; and 5,-]- are some constants. The initial values of (1) are denoted as

xi(a) = Gi(a), a € [-&;,0], and Gi(a) € C([-&;,0],R), i € v, (= 1,...q.
Viewing (1) as drive system, response system that aims to synchronize with (1) is

Z‘I Z‘I
30 = =syi®) + Y WG FGAO) + D b0t = 00 + i+ Ly i€ v, b= 1,9 @)

J=1 J=1

where ;;(yi(#)) and ¢;;(y;(¢)) are defined similarly to (2) and (3), respectively. u; is the controller to be designed.
In general, the initial values of (4) are different from those of (1) and denoted by y;(a) = Fi(a), a € [—&;,0] and
Fi(a) e C([-&,0],R), i € vp, £=1,....q.

In light of equalities (2) and (3), it is observed that MNNs are a type of discontinuous state-dependent switching
system. Thus, the solutions of the systems (1), (4) will be handled in Filippovs sense. In the following, we give the
relevant definition.

Definition 1 ([36]): The Filippov set-valued map of g(z, x) at x € R" is defined as

Gt =) [ DB

6>0 u(N)=0

where co[-] represents the closure of the convex hull, B(x,d) denotes the ball of center x and radius 9, and u(N)

denotes the Lebesgue measure of set N.
* H v 7 KK o 7 * s ) e *k < re z//:*Jr(ﬁ/'
Let W,] = mln{Wij’l/Iij}’ lﬂ,j = max{‘ﬁ,’j,lﬁij}, ¢l] = mln{¢[j’¢ij}7 ¢U = max {¢ija ¢ij}7 l//lj = j2 j’ Al//lj =
vy 9/ +4i; 9/ =4
!2 j9¢ij: ./2 ]9A¢l]: /2 /.
Then, based on Definition 1 and by utilizing differential inclusion and measurable function theories [37], the
system (1) can be rewritten as

z, z,
Xi(t) = —six;i(0) + Z Wij + All/ijS‘,-lj(f))f;(Xj(f)) + Z (i + A(pijg[zj([))gj(xj(t —&ON+1Li, (=1,.4.

= =1

where gl.lj(t) e co[-1,1] and gizj(t) € co[-1, 1] are measurable functions.
For convenience, denote

Z‘i Z‘I
050 = " MO0 + D AdyisTi(Dg et — (1)

j=1 j=1

and one has
Z, Z,
5i(0) = =50 + ) W 0) + ) i (it = s ONFITW) + Iy i € v, =1, )
j=1 j=1

4



117 Analogously, it can be deduced from the system (4) that

Zq Zq
3il0) = =siyi) + D Wi 00 + D b0t = OO + i+ Ly i€ v, 0= 1, ©)
j=1 j=1

Z 2
e where & (1) = Zl Aw,-jg?j(t)fj(yj(t))+ '21 A(;S,-jgfj(t)g;(y(t - £5(1))), and gfj(t) e co[-1,1] and gl‘.‘j(t) € co[-1, 1] are some
= =

119 measurable functions.

120 Remark 1: By applying the differential inclusion and measurable selection theories, memristive connection co-
21 efficients can be divided into two portions. Then, we can separate the terms 97 (¢) and 6ly () (i € vg, €= 1,...,9) in the
122 systems (5) and (6). It can be seen from the definitions of ;() and (’)‘?'(1) that they reflect the coefficient jumps caused
w by memristor. The rest coupling portions including X%, ¢ f5(x;(1)), £, djg5(x;(t — £51). £, i;fi(y;(1) and
124 ij.ll $ijg;(y;(t — £5(1))) (i € ve, €= 1,...,q) have constant connection coeflicients and are similar to the coupling forms
125 in traditional NNs [38—40]. Thus, some approaches developed in these researches can be utilized to efficiently tackle
12s  these portions in the later work. Such a transformation helps to build a model relationship between traditional NNs
12z and MNNs and is useful for the synchronization study of MNNs.

128 The cluster output synchronization problem will be investigated in this article. Thus, the cluster output form of
129 the system (5) is given by

q q
Fo(t) = =S D) + ) PerfaEr(0) + D Desgs(slt = &) + 350) + T, -
J=1 J=1

X;(t) = Wexe(t), €=1,...q9

1 where X7(7) denotes the output of ¢th cluster in the drive system, W, = (wz,_ +1, Wz,_,+2, ..., Wz,) is the output weight

11 vector, and other~n0tations are X¢(1) = (xz,_,+1 » Xz, ,+25 ...,xZ[)T, S¢ = diag(sz,_,+1> 57,142 -+ 52.)» Yer= Wi, »

w2 Dey= (hijnyxn,» J1(X () = (fi(xz,,1(D), coes J10e2,ONT, 85 (% (=25 (1)) = (87 (xz, ,+1(t = £1(D))), ..., 1(x7,(t — ;)T
1w 05(t) = (62_]”(0, ...,6;i(t))T, Ii(H) = Uz, 415 0 I2)T.

134 Similarly, the cluster output form of the system (6) can be written as

q q
Fe0) = =S 3@ + D Wi frGr0) + Y DrsgsGsle = £,0) + Fo) + U + 1o, .
J=1 J=1

Yg(l) = ngig(l), =1, . q

1 where Y7(7) is the output of ¢th cluster in the response system, and other notations are defined similarly to those in (7).
136 Remark 2: Clustered behavior of neuron nodes is crucial for proper NNs functions [41]. In recent years, the
17 cluster synchronization of traditional NNs have been extensively investigated [26-29]. Compared with traditional
13s NNs, MNNs can better simulate actual NNs and have wider applicability [3]. Unfortunately, no research on cluster
139 synchronization of MNNs has been reported. The main difficulty is that MNNs are a type of discontinuous state-
10 dependent switching system, which can be treated as the model of traditional NNs with uncertain and mismatched
1w coefficients. Therefore, cluster synchronization with respect to MNNSs is more difficult to handle. By building the
12 aforementioned model relationship, some handling techniques utilized in traditional NNs are referable for our study,
143 and the problem is addressed with relative ease.

144 Before obtaining the main results, we introduce some useful assumptions, lemmas, and definitions.
145 Assumption (H;): For any 71,2, € R, there exist some constants /, > 0, l’g >0andd, >0 (£ =1,...,q), such that
1s  activation functions f(-) and gg(-) satisfy
[feOl < Lo,
147
lgeC < 1y,

148

|fe(z1) = fe()l < d¢lz1 — 22l -
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Assumption (H,): The time delay g,(7) satisfies 0 < &,(¢) < g, and &,(¢) < uy < 1 (€ = 1,...,q), where y, > 0,
g¢ > 0 are some constants.
Lemma 1: The linear matrix inequality (LMI)

Z(Xn X12 )<O
X211 X22

is equivalent to any one of the following two conditions:

L1 <0,x22 = xbx11 w2 <0
Lax2z <0, x11 — X jox22 12 <0

where xT, = y11 and x2, = x2.
Lemma 2: Given any vectors ¢, p € R", the following inequality holds.

2¢"p<q"q+p"p.

Definition 2: Drive-response systems (1) and (4) are said to realize cluster output synchronization if for any initial
values of the systems, the following equation holds

lim Y2 - Xg(n| =0

fort=1,2,..,q.

Remark 3: Output synchronization for complex networks has been previously studied [42—44]; system output can
be described as Z(t) = Hx(t), where H denotes the output matrix. The system output forms indicate similarities in
combining node states via a matrix or vector. However, our study is distinguishing from theirs. First, the dissipation
coupling assumption condition (i.e., the sum of each row of coupling configuration matrix is 0), which is crucial for
the synchronization of complex networks, had to be satisfied in these studies. However, this condition is strict for
MNNSs and does not need to be satisfied. Thus, the derived results from these studies are inapplicable to this study.
Moreover, unlike general dynamic systems [42—44], MNNS, as a class of more complicated state-dependent switching
dynamic systems, are taken into account in this study, which results in more complexity.

3. Main result

In this section, two control schemes are designed for the proposed synchronization model. In the first one, a feed-
back controller is designed for each cluster to reduce control costs. In the second one, multiple adjustable adaptive
controllers are designed for each cluster, which can increase the anti-interference capacity of control system. In prac-
tical applications, two schemes can be flexibly chosen according to specific needs. Then, utilizing the control schemes
and Lyapunov stability theory, some sufficient conditions are derived to ensure cluster output synchronization.

The system error is defined as & ,(¢) = J,(¢) — X¢(¢), and subtracting (7) from (8) yields the following error system:

q q
GFolt) = =S Ge(t) + D Werfi@ D) + Y ®usgs(@ st - &) + T1et) + Uy, o
J=1 J=1

o) =Weoe(), €=1,..,q

where f7(67,(0) = f1(F()) = [iG (D), 8@t — £,(1))) = §5(Zs(t — £5(1))) — §,(F,(t — £5(1))) and [1,(1) = &) —0r =
Mz, 410, ., (D).

3.1. The first control scheme

_

For convenience of the later study, the following notations are introduced. Let y, = 3, %¢* ™n

» Ve = p+
]:16( Jt

q 11

q N¢ Zy
Tay, * 7D, xeet® _ 0y pe Ta _ * *
121 21 (C” + ¢y, ") + > Ot = 6—[6" le ¢y V=2 Zl |WZH+i| Z] (l{’AlﬁzHﬂ',j +l€A¢Z(71+,"j), where 6;, CrpsCrpo P
=1 m= = i= j=

T T
are some positive constants, 7 > 2 is a integer, a,, and b,, are nonnegative constants and satisfty >, a,, = X b, = 1.
m=1 m=1

6



178 In this scheme, one controller is designed for each cluster. Without loss of generality, assume that the weight
180 Wgz, +1 Of the first node Z;_; + 1 in the cluster v, (£ = 1,2, ..., g) is not zero. Then, the controller is added to the first
1e1 node and designed as follows

Ne
Wz, +i . -
Uz, 41(0) = — Zl K (kz 4107, 4i(8) +E7,_ isign(W& (1)), 10,

Uz (=0, j=2.3,.,N,

12 where kz, 4; and &7, ., are control gains to be decided, sign(-) stands for standard sign function.
183 Note that by a simple calculation, it can be derived from (10) that

WeUp = =WeKG¢(t) — Wel'(Sgn(We5 (1)) (11)

1ss where Wy = (Wo, 41, Wy 1425 oo W)y Ue = (g 415 Uz 42, oo Uiz, Kp = diag(kz, 41, kz, 12, s kz,), T = diag (€7,_,41,
185 g‘;:ziil.,.z, ...,fzf) and Sgn(ng'g(t)) = sign(ng'g(t)) . lq.

186 Theorem 1: Under Assumptions (H;) and (H>), drive system (1) and response system (4) can realize cluster output
17 synchronization via the control scheme (10), if for some positive constants v, o¢, M, M;, and Y (£, J = 1,2,..., ),
s the control parameters K, and I'; meet the conditions C/) and C2).

189 Cl): K¢+ 8¢ = hely,, where hy meets hy > %(Ug + 0¢), T > 2 is a known integer.

q
190 C2): Wel'ply =2 Yo+ >, (Myy + M;J)

J=1
191 Proof: Construct the following Lyapunov-Krasovskii function:

!

q PE q
e
Vo= Do Wl + 1% [ Adaa

t—g(t)

192 in which Ay(a) = §,eP%|W,d¢(a)|", a > 0. Other notations used in this proof have been defined in the above.
193 Taking the upper right derivative of V(¢) along the error system obtains

q
D) = ) [poce” IWeG(0)" + 606" Wi (1) sign(W,& (1) WeD* &,(1)|
=1

e A
. {a»_e Z [Ac(1) = (1 = &) Ae(t — £0(1))]
He 3

(12)
q
< " [pAdo) + 780 WG /(O 2 oG () Wy D6 (0)]
=1
S RAY0)
e Y [0 = A= e (0)]
= - He
19« where Assumption (H;) has been utilized.
195 First, we handle the second term in (12): 78,¢”'|W;G¢(0)|7 "> WG ¢(£) W D™ &4 (2).
196 From (11), one can obtain
60 WG (D) WG o()WeD* 64 (0)
q
=160 WG (D WG (W[ = S e6e(t) + D Wes f1(G(1)) -
J=1

q
+ Z Dpy85(F (1 — £0(t))) + 1o (1) — Kedre(t) — ré’Sgn(Wd’&((I))]
=



Based on Assumption (H)), one has

Weo (YW W ey 10 1) < 215 [Wedro(0)] [WeW s 1|

Ny Ne
<2 WeG e > Wt
m=1 n=1
N/ Ng . s,
197 Note that 2I; | 3. >\ wu¥,,,| is a limited constant, and thus there exist some positive constants M,; and ¢g; such
m=1 n=1
N; N
we  that 207> >, Wl | < Mgy + Cey |W,64(1)|, and note that ¢py |W;6,(0)| < cey |[W;6,(f)] where ¢y = max(Cey, Cye).
m=1n=1
199 Thus, we have
WG o(OWe¥ s f1(T (1)) < My IWeG (D] + cop WG (0] IW,6 (1) - (14)
200 Similarly, based on Assumption (H)), there exist positive constants M, and c;; such that

WG (YWD s85(F1(t — £0(1))) < 215 WG e(2) W€(D€J1NJ|
S |Web eI (M7, + ¢, IW;65(t — £:1))) (15)
< My (Wb (D] + cpp [Wed e IW,6 (2 — £5(0))

Substituting (14) and (15) into (13) yields
760 |\Wed (D WG e ()W D* 07¢(1)

< 10 WO > Wedre(OWe[ (=3 ¢ = K)wo(o) + Tle(t) = TeSen(Were(0)

q q q
" ces WO IWsds) + Y ¢y WOl Wt = sO) + " (Mo + M) W)
J=1 J=1 J=1

Based on Assumption (H)), it is derived that

N¢
Welle()) = ) wp il 4i(0)
i=1

Ne
< 2w (
i=1

N Zy
<23 Wep ] D U, iy + A, i)
i=1

J=1

aig,lﬂ‘(t)' + a?/-l*'i(t)' )

201 and let

N Z
A *
Yo 223 e ai] D UAY, i+ [AG:, i) (16)
i=1 j=1

Then, we have
W ()W (=TSgn(Wed (1)) + T14(1)) < (=W,Lele + o) [Wed (1)
Thus, it is followed that
160" W (D> WG e (HWeD* 54(1)

q
< Té{fepqwé’&f(t)r_z{WZ&Z(I)WK(_SZ - Ko)o(t) + Z cey (Wed (D) IW,6,4(2)
=

q

q
+ ) €y WO IWss(t = 5D = IWTele = Yo = " (Mo + M)W
J=1 J=1

8



202 From the condition C/) and C2), one has
q q
DW= = )" (Mg + M) [(Weae(0)T| <0
=1 J=1

203 and
WG e(OOWe(=S ¢ — Ke)Go(t) = —heWeG ()W (1)

204 Therefore, we obtain

760e” |We G o(1)| > W&o () W D* (1)
q
< —7hebe” |WeG (1|7 + 5e” Z T |Wed ()™ [W,6 (1)) an
=

q
+ 667 Tl WeG (O W65t = 25(1)
J=1

According to the fact
TSISy S <SS+ S 487, 520,0i=1,2,---,7

205 1t can be deduced that

q
5 Z T \Wea (O |W,6 (1)

J=1
q -1
=5 YT [[_[ Cos™ |Wffre<z)|] Cos " WG (0) (18)
J=1 m=1
q -1 q
<5 DTN e Wi (O + 60e” Y e WG O
J=1 m=1 J=1

206 and

q
See™ )" ey \Wed (O~ W)t = &)

J=1
q -1
=oee 3t |[ [ et Wea el ¢, W35t = 250 (19
J=1 m=1

C WG O + 8 ) ey, IW 6 (- &)

-1 q
1 J=1

< 5pe” Zq:
J=1

m=
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In light of (12), (17)-(19), we have

q 71
DRTOEDY) [pAgm = Thye” Wi (D + ¢ Z e W o
=1 J=1 m=1

+ 5e Z Cp WG SO + 67 Z Z ci M Wed (ol

J=1 m=1

q q
A
4800 W1 sf(r»r] e YITED A= eit)
=1

J=1

* T 6[ N Ta
¢ AL + 5 D e A )

J=1 m=1 J=1 m=1 J=1

A
e Z 0 A= o)

Then, according to the definitions of y,, v, and o, and utilizing the condition C1), it is derived that

(=th¢ +p + Zq: Cp Zq: e Zq: ‘umrAJ(t)}

1 m=1 J=1 m= J=1

q 71

DV <y

=1

C* ‘rbm

-1
1

~
I

q
- Z (the = ve — 0p)Ae(t) < 0
=1

Thus, we have V(¢) < V(0) for all # > 0. According to the definition of V(¢), it is derived that Z SreP |Weae(D)|” <

V(#). Since V(0) is a limited constant, there exist some positive constants @, £ = 1, ..., g, such that O0ce” |Webe(0)|" <
@,* < V(0). Hence, W 5(1)] < 6, rwee 't > 0.

According to Definition 2, drive system (1) and response system (4) realize cluster output synchronization under
the control scheme (10). This completes the proof.

Remark 4: In this control scheme, one feedback controller is devised for each cluster, which helps to save control
costs and is easily implemented in practice. However, this control scheme may be fragile if the sole controller in cluster
is subjected to malicious attacks. Specifically, owing to many nodes existing in each cluster, multiple controllers can
be designed and added to these nodes for output synchronization in each cluster. Thus, a more flexible control scheme
can be designed.

3.2. The second control scheme

The first scheme uses feedback control, and the obtained control gains k; and &; (i € vy, € = 1,- -+ , g) may be much
larger than those practical applications need owing to algorithm conservativeness. Thus, adaptive control, as a method
to reduce control gain effectively, is utilized in this scheme. Compared with the first one, it aims to reduce the control
gains and increase the anti-interference capacity of the system by designing some adjustable controllers.

In the cluster vy (€ = 1,---,q), without loss of generality, the weights of the first o, nodes are assumed to be
non-zero, where o, < Ny is a positive integer. Then, the adaptive controllers are added to those nodes and designed as

Ne ¢
Pl OWz,_ +i . .
Z —m[—kz,,m(f)o'zg,m(f) =&z, +i(Dsign(Wea (1)), m=1,...,0,
Uz, m(@®) =9 =1 Wem (20)
0, m=05+1,...,N5

where pfm.(t) denotes the switching control parameter and its value is O or 1, and the adaptive updating laws of k7, ,.;(f)
and &z, ,+i(t) are designed as

{sz_,ﬂ'(l) = eay, iz, () (Wea ()" @1

&7, 4i(0) = €'bz, i IWed (D)
10
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where az, ,+i > 0, bz, ,+; > 0, p > 0 are some known constants.

mi mi

O; N;
It is noted that when p¢ .(¢) satisfies 3. 3, p’ .(f) = Ny, it can be calculated that
m=1i=1

WeUp = =WeKe ()G (1) — Wel'e()Sgn(Web (1)) (22)

where Wy = (W2, 41, Wo, 425 w0 W2 )y Ue = (e i1 Uz 12, o iz)T Ko() = diag(kz, ,+1(0), kz, 12(0), ... kz, (1)), Te(t) =
diag(éz,_,+1(0), €z, ,+2(1), ..., €2,()) and Sgn(W, G (1)) = sign(W,G(?)) - 1,.

Remark 5: In the existing literatures, controllers are usually unadjustable during synchronization. With respect to
the characteristic of the proposed model, switching control parameters pfm.(t) m=1,..,00i=1,..,N;, £ =1,....9)
are introduced in the scheme (20). It is seen from (20) that the position and the number of the controllers in the cluster
v¢ are adjustable by taking different values of pfm.(t). For example, let s, < o, (€ = 1,...,q) be an arbitrary positive
integer and take Zﬁ’l pf;“.(t) = N¢, m = sy and lei’l pf;l.(t) =0, m # s¢ in (20). Then, one controller is obtained in the
cluster v, and its position is variable depending on the value of s;. Also, multiple controllers can be obtained by the
proper values of pfm(t). Importantly, pf;”(t) is time-varying and thus the controllers can be adjusted in real time, which
can be designed as the switch trigger in practical applications. Hence, if the systems are maliciously attacked, timely
adjustment of the values of pf;”,(t) can help remedy sudden control problems. In the final simulations, an example will
be given to verify the effectiveness of this control scheme.

0; N,
Theorem 2: 1f Assumptions (H) and (H;) are satisfied and the control parameter pfm.(t) meets Zf i pfm(t) =Ny
=1i=1

(¢ =1,...,9), drive system (1) and response system (4) can realize cluster output synchronization under the control
scheme (20).
Proof: Construct the following Lyapunov-Krasovskii function:

V(D) = Vi(t) + V2(0) + V3(1) (23)

q
Vi(t) = ) @ (Wi (1) Wedo()
=1
Ne

I Wz, 1 +J 2 Wz, +J

-1+ a -1+
Vo) = )3 [ ks () = Ry ap) + =2
s bi

(§Z[,1 +J(t) - gZ[,l +J)2]

q ¢
v, = f P (W, o(5)) Were(s)ds.
=1 [—8[([)

where «, &, lAci, J; are some positive constants.
First, taking the derivative of V|(¢) can obtain

q
Vi) = > [20¢” (Wi (1)) Wb (1) + ape™ (Wedr (1) Weere(1)]
=1
q q . q
=2ae 3" (Wedre()) We| = S00(t) + D Wos fr(@s(e) + D 0uy2s(@ st = (1)) (24)
=1 J=1 J=1

q
+ (1) = Ke(t)6 (1) — Ff(t)Sgn(Wzﬁ'f(l))] + ape” Z (Wb (1)) Wb (1)
=1

Considering that

q
2ae” Z(WZ&Z(I))TWK[IZIZ([) = Le()Sgn(Web(1))]
=

q N
<20 )" 3wy, o s(Tlz s @] = €2, s @) Wi D),

=1 J=1
11



and by employing (14) and (15), we obtain

q q N
Vi(t) < 20" )" (Weae() We(=S ¢ = Ko0)Ge(t) + 20 3" )" wz sz, oy (0) = E7,,40(0) IWeGe(0)]
=1 =1 J=1

q q q q
+20¢ 37" (Myy + M;)) [(Wege@)T| + 20 > 3 ey [(Weee)T | IW, 65 (0)

=1 J=1 =1 J=1
q 4 9q
+2ae” Coy [(Web e[ IW 5t = (0] + ape™ )" (Wi (1)) Wi (1)
=1 J=1 =1
248 According to the adaptive law (21), computing the derivative of V,(¢) gets

9 Ne
Va(t) =20 3" 3wz sl o8 = Ry e )0z, 4s (D (WG (1)
=1 J=1

q Nt
+20 )" D Wz s Er a0 = &gy ) WG (1)

=1 J=1
; 25)

=2ae” Y (Weo (D) We(Ke(t) — Kp)& (1)
=1

9. N
+20¢”" " N Wy s s (O) = &5y ) Wi ()]

=1 J=1
249 Computing the derivative of V3(#) along the error system obtains
. q q
Va(t) < ) IIUWea (D) Wero() = € (1= o) (Wedrelt = £e(t) Wedro(t = £4(1)) (26)
(=1 t=1

250 where Assumption (H») has been utilized.
By (24), (25) and (26), one has

q q

Ne
V() < 20 ) (WeGr (1) Wel=S ¢ = R)ae() +2ae” 3" " wz, sz, s8] = &) IWee(0)
=1 =1 J=1

q 9. 4
+20e" Y (Myj+ M) [(Wea )| +2a¢” Y )" cos |(Weree) | 1W,55(0)
t=1 =1 J=1

9 4 q
+2ae" "N ) [(Wear o) | IWi3 5t = 250 + ape™ D (Wedre(1) Wedro(1)
=1 J=1 =1

q q
" ) I WeG () Wedre(t) = ¢ ) (1= ) 0e(Wedro(t = (1) Wero(t = £0(1))
=1 =1

q N n
Now, we tackle the second term : 2ae” 3 3 wz, . ‘](|HZ(71+ J(t)| — &z, ,+7) |WeGe(2)|. First, note that
t=1J=1

ZII
ML) <0 +105 0] S22 Ut ass + 10, 1)
i=1

A . . A Z4 Ne
Then, by taking &7, ;= ngﬁj+§21”, where EZHH =2 21 (DY, 40i + le@HHJ) and JZ} warJ :MN+MZJ,
i= =

12
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254
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256

257

258
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260

261

262

263

264

265

266

we have

q

N¢ q
20" 3" > we (T (O] =&, ) IWeGo(0)] < =20¢” " (Myy + M) [(Weoo(0))|

=1 J=1 =1
Thus, one has

q 9 4
V(1) < 2ae” Y (Weo () We(=S ¢ = R)Go() +2ae™ > " gy [(Weero(e)! | IW,65(0)]

=1 =1 J=1

9 4 q
+20¢”" "N ) [(Wear ) [IW5 5t = )] + € ) (ap + &I WeG (1)) Wedre(r)
=1

=1 J=1

q
- Z (1 = )9 (Wbt — £0(1))) Wedro(t — &¢(1))
=

Let IE'[ =d, Iy, — S¢, where d, > 0 is a constant to be decided, and one obtains

q q q
V() < & ) (<2ad; + ap + e D)W e(0) Wedro(t) + 2™ 3" ey |(Wedre(0) | IWs6,(0)
=1 =1 J=1

+ 2ae‘”zq: ic},

=1 J=1

q
(WeG e [IW 55t = e(e)l = " > (1= )8 e(Wedro(t = ()" Were(t = £0(1))
=1

Introduce the following notations : ¢ = (IWiG1(D)], IW202(0), .... |WeG o7, @2 = (IWiG1(t — ec®))],

- - T .
(Wadrs(t = (O] oo Wyt = £ @ = (g1 )7, Q = diag( - 2ad; + ap + e19y.... = 2ad, + ap + e9,),
B = dlag(ﬁl - 191/11, ceny ﬁq - ﬂquq).

Then, we can obtain

V(1) < [0 Qo) + 200] Coy + 2a0] C* 03 — ¢} O]
= el S
Q+2aC aC*
where X = oC*T _= )

90+ 20 max(C
Letd, > ap+e” D+ 20 dnax (C)

> ,£=1,...,q, and it is inferred that
o

Q+2aC <0 27)

< y(C*TC*). Thus,

Because C* is norm-bounded, there exists a positive constant y(C* C*) such that | ccr
taking 0 < Va < Apin(—Q — 2aC)B/y(C*T C*), where 8 = min{d;(1 — y;),i = 1, ..., g}, one has

Q+2aC + PCT="1c* < 0. (28)

By Lemma 1, the inequalities (27) and (28) imply that £ < 0.

Thus, it is obtained that V() < V(0) for all # > 0. According to (23), one has ZZ:] e (Wedo(1)T Wi (1) < V(0).
Thus, there exist some constants 6, = 1, ..., g, such that ae? (W, (1))T W;5(t) < 6, < V(0). Hence, |W;G (1) <
\/5556_%)[,1 > 0.

According to Definition 2, drive system (1) and response system (4) realize cluster output synchronization under
the control scheme (20). This completes the proof.

Remark 6: Feedback and adaptive controls are used to realize the synchronization of MNNs in this article, and
they are also effective for the synchronization of traditional NNs. In many existing studies such as [28, 29, 45], some
simple linear feedback and adaptive controllers were considered: u(t) = ko (t) and u*(f) = k*(¢)o(¢). However, they
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cannot ensure the synchronization of MNNs due to parameter mismatches, as indicated in [18, 19]. It can be found
from the proofs of Theorems 1 and 2 that the control terms &sign(-) and £(7)sign(:) in (10) and (20) play a crucial
role in eliminating the synchronization errors of MNNs. Some studies on traditional NNs [46, 47] also considered the
control terms £sign(-) and £(f)sign(-), and the differences between their controllers and ours lie in two aspects. On the
one hand, for the proposed cluster output synchronization model, the controller design is specific and different, such
as containing the information of output weights, which is vital for cluster output synchronization. On the other hand,
the switching control parameters pfm.(t) are introduced in the proposed synchronization model, as discussed in Remark
5. Therefore, compared with the existing controllers in traditional NNs, the proposed one is more flexible and has a
better anti-interference capacity.

Remark 7: Computational complexity is significant for analyzing operation efficiency of controllers. It is seen
from (10) that the computation burden of the first scheme mainly includes a set of scalar addition, multiplication,
division and comparison. Specifically, the scheme (10) involves 3N, — 2 additions, 4N, multiplications, 1 division and
1 comparison where N, denotes the number of nodes in cluster v¢(£ = 1,2, - - , g). By transforming these basic opera-
tions into multiplications [48], computational complexity of the first scheme is approximately 7N, + 9 multiplications.
Applying the Big O notation, computational complexity can be expressed as O(N;). It is observed from (20) and (21)
that the second scheme involves not only the basic operations (i.e., addition, multiplication, division and comparison),
but also differentiation. Thus, on the one hand, by transforming the basic operations into multiplications, (20) and
(21) totally involve o;Ny + 100, + 12N, — 1 multiplications where o, < N, denotes the number of the non-zero weights
in cluster v,. The corresponding computational complexity using the Big O notation is O(o;N;). On the other hand,
to handle the differentiation in (21), computational complexity is O(sk®N;) when applying Runge-Kutta method [49],
where k is the number of stages of generating implicit Runge-Kutta method and s is the number of steps. Therefore,
the overall complexity for the second control scheme is O(o;N; + sk’ N). It is clear that computation complexities of
two schemes grow linearly as the variables increase except k.

Remark 8: The purpose of synchronization in NN is to control the networks toward the expected states for cer-
tain functions (e.g., accurate information expression [13]). Thus, fruitful results have been presented with regard to
MNNSs synchronization, which include various synchronization models such as quasi-synchronization [15], lag syn-
chronization [16], adaptive synchronization[50], asymptotic synchronization [21], and exponential synchronization
[18]. However, their model structures are monotonous and focus on the one-cluster networks. In fact, NNs include
multiple clusters where the nodes from the same cluster collaborate and work together via the combination behaviors
such as the weighted sum of nodes states [33-35]. Therefore, this article proposes cluster output synchronization
model for MNNSs. Figs.1 and 2 indicate that the proposed model can be reduced to the node-to-node model if one
node exists in each cluster. Thus, our study can corroborate previous results, such as those in [20, 50], as special cases.

Clusterl

Cluster2

Figure 3: The network topology among four neuron nodes and the arrow represents the direction of information transfer.
4. Numerical simulation

In this section, we utilize several numerical simulations to verify the accuracy of the theoretical results.
Consider four-neuron MNNs (1) with the network topology shown in Fig. 3, where the nodes can be divided into
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two clusters, and the matrices of memristive connection coefficients in (2) and (3) are

-04 12 025 O

o 11 -055 0 05
Y=Wpea=1 o o5 _15 3
033 0 )

05 13 02 0
S 12 -045 0 045
V=Wisa=| o 051 _12 24
032 0 08 -1.6

-0.7 25 1.1 0
. 14 -02 O 0.1
D = (¢)axa = 0 02 -03 21

015 0 02 —14

-09 2.1 1.12 0
L 13 -03 0 012
D = (¢ij)axa = 0 0.14 -033 24

0.1 0 022 -16

In cluster 1, consider weight output vector W; = (1 2), activation function f;(x) =g;(x) = sin(x), outside input
I; = 0, time-varying delay &;(t) = ¢'/(e' + 1), where i = 1,2, self-inhibition s; = 0.8, s = 0.9. In cluster 2, take
W, = (1 3), fi(x) = gi(x) = tanh(x), I; = 0, &(t) = €'/(2e' +2),i = 3,4, sy = 1.2, s, = 1.1. The initial value of
the drive system (1) is considered as x(f) = (5,7, -1,2)7. The response system (4) whose initial value being set as
y(#) = (1,—1.3,2,—1)T has the same structure as the system (1).

It can be calculated from the above parameters that g;(t) < g; = 1, &@®) < y; = 0.5, =17 =1 =1,...,4),
M= Moo =| 22 2 | = Mo =| TE 28 e — 354, 7, = 7.88. T tee the conditi
= (Mij)a2 = b06 27 | =( ,;,-)2><2 = 109 387 | 1 =354 T2 =7.88. To guarantee the conditions

in Theorem 1, one can take the control gains K; :[ 3(')9 308 ], K> :[ 4(')0 401 and & = 73 = 1,...,4) in the

feedback control scheme (10), and choose other parameters p = 0.1, 7 = 2, a; = b; = 0.5, 6; = 1, i = 1,2. Then,
it can be calculated that h; = 4.7 > 0.5(v; + 01) = 077, hy = 5.2 > 0.5(vy + 02) = 0.62, wié] + wréy = 21 >

2 2
Ti+ 3 (Myy+ M7,) =20.2 and w3és + w3é3 = 28 > T + 3, (Myy + M) = 18.5, which guarantees the conditions
J=1 J=1

in Theorem 1.

Under the aforementioned settings, the node state trajectories in clusters 1 and 2 are depicted in Figs. 4 and 5,
respectively. It is seen from the figures that the node x;(#) in the drive system is not synchronized with the node y;(f)
(i=1,---,4) in the response system, which is confirmed by Fig. 6 where the node error signals do not tend to zero
over time. In contrast, it can be observed from Fig. 7 that the combination outputs of error signals in each cluster

quickly apfproach to zero, which validates the theoretical results of Theorem 1.
In the following, we will demonstrate the effectiveness of the adaptive control scheme (20).

Define switching control matrices P'(¢) = (p}j(t))gxg and P%(¢) = (pizj(l))zxg ,and take P'(r) = P2(y) = ( (1) (1) ) In
light of (20), we obtain two adaptive controllers u; and u3 which are applied to clusters v; and v,, respectively. Suppose
that the adaptive control parameters in (21) are (a; a; az as) = (0.15 0.2 0.25 0.3), (b; by b3 by) = (0.3 0.4 0.5 0.6),
and p = 0.05. If the initial values in (21) are taken as k;(#) = 0.15 and &;(r) = 0.5 (i = 1,...,4), the time responses of
the node errors are presented in Fig. 8. It is seen from the figure that there is no synchronous behavior between the
nodes. However, the simulation result of the combination outputs shown in Fig. 9 indicates that the systems realize
cluster output synchronization. Meanwhile, the trajectories of the control gains k; and &; (i = 1, ..., 4) are given in Figs.
10 and 11, respectively, which are obviously smaller than the obtained ones in the above scheme (10).

Next, to show the anti-interference capacity of the control scheme (20), we consider the case that the controllers
u; and us are attacked when ¢ = 1.5s, that is, u; = u3 = 0 for ¢ > 1.5s. The simulation result is depicted in Fig.
12, where the error signals are increased from the attack instant. In order to handle this problem, one can adjust

P'(t) = P*(¥) :( (1) (1) ) at t = 1.5s and obtain two new controllers u; and us which avoid the attacks to the original
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Figure 4: The node states of the drive and response systems in

Figure 5: The node states of the drive and response systems in cluster 2
cluster 1 under the first control scheme.

under the first control scheme.
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Figure 6: The node errors o (), 02(1), 073() and o74(¢) under the

Figure 7: The combination outputs of error signals in clusters 1 and 2
first control scheme.

under the first control scheme.
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Figure 8: The node errors o1 (t), 02(), 073(f) and 04(¢) under the

Figure 9: The combination outputs of error signals in clusters 1 and 2
second control scheme.

under the second control scheme.
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Figure 12: The combination outputs of error signals subject to Figure 13: The combination outputs of error signals after the adjustment
the attack. at the time ¢ = 1.5s.
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Figure 14: The combination outputs of error signals after the adjustment at the time ¢ = 3s.

nodes. Then, the simulation result presented in Fig. 13 indicates that the combination outputs can still tend to zero. If
we take ¢ = 35 to make the adjustment, Fig. 14 shows the simulation result, where the combination outputs are clearly
reduced and tend to zero from the adjustment instant. These results demonstrate the anti-interference capacity of the
control scheme (20).

5. Conclusion

Herein, cluster output synchronization is studied for MNNs, which is distinct from current node-to-node models
and provides a more practical model structure for exploring NN synchronization. Two specific control schemes were
devised for the proposed model. The first involves designing one feedback controller for each cluster, which saves
control costs, and the other involves utilizing multiple adjustable adaptive controllers to decrease control gains and
increase the anti-interference capacity of the control system. These two can be flexibly chosen according to specific
needs. Simultaneously, a model relationship between MNNs and traditional NNs was established. Via the control
schemes, the model relationship and Lyapunov stability theory, sufficient conditions were obtained to guarantee cluster
output synchronization. Finally, several simulation examples were employed to illustrate the effectiveness of the
proposed model. Although the cluster output synchronization model is first presented, it is still a simplified model for
actual operation patterns in NNs. Thus, further developing some more sophisticated models will be a challenging and
meaningful topic in the future.
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