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Abstract

We construct exact eigenvectors and eigenvalues for Uy (spy,,)- and Uy (507,)-symmetric closed spin
chains by means of a nested algebraic Bethe ansatz method. We use a fusion procedure to construct higher-
dimensional Lax operators. Our approach generalises and extends the results obtained by Reshetikhin and
De Vega—Karowski. We also present a generalisation of Tarasov—Varchenko trace formula for nested Bethe
vectors.
© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The nested algebraic Bethe ansatz is a large collection of methods used to find eigenvectors
and eigenvalues of transfer matrices of lattice integrable models associated with higher rank Lie
algebras. It effectively reduces the problem of diagonalizing quantum Hamiltonians to a set of
algebraic equations, known as the Bethe ansatz equations, that in many cases can be solved using
numerical methods, see reviews [14,18]. In addition, the nested Bethe vectors play an important
role not only in the theory of quantum integrable models but also in representation theory of
quantum groups more generally. For instance, Bethe vectors can be used to construct Jackson
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integral representations for solutions of the quantized Knizhnik—Zamolodchikov equations [17,
19].

The nested algebraic Bethe ansatz for orthogonal and symplectic spin chains in the rational
setting was studied by De Vega and Karowski [4] and Reshetikhin [15,16]. The analytic Bethe
ansatz in both rational and trigonometric setting has been addressed by Kuniba and Suzuki in [8].
An extension towards models with rational orthosymplectic symmetries via a different nesting
procedure was presented by Martins and Ramos in [13]. However there has been little progress
in orthogonal and symplectic integrable models with periodic boundary conditions since. The
O(N) Gross-Neveu model has been recently studied by Babujian, Foerster and Karowski in
[1,2].

This paper aims to fill gaps in the literature by presenting a nested algebraic Bethe ansatz for
U, (spy,)- and Uy (s02,)-symmetric closed spin chains. We employ a fusion procedure similar
to that in [9,10] to construct Lax operators for skewsymmetric or symmetric representations,
with which we build an integrable transfer matrix. The notation used in the paper closely fol-
lows that in [7]. We then proceed to diagonalise the transfer matrix using an approach based
on a mixture of methods that appeared in [4,15,16] and more recently in [5]. We show that the
problem of constructing transfer matrix eigenvectors may be reduced to an analogous problem
for a U, (gl,,)-symmetric spin chain, which we solve inductively, following [3]. Our main results
are Theorem 4.9, stating sufficient conditions for the Bethe vector to become an eigenvector of
the transfer matrix as well as giving its corresponding eigenvalue, and Theorem 4.13, stating a
closed trace formula for the Bethe vectors, which generalises the formula given in [20].

The nesting procedure used in this paper relies on the chains of natural subalgebras of quantum
loop algebras U, (£sp,,) D Uy (Lgl,) D --- D Uy(Lgh) and Uy (Lsoz,) D Uy(Lgl,) D - D
U, (Lgl,). This gives an unambiguous solution to the spectral problem of a U, (sp,,,)-symmetric
spin chain. However, for a U, (s02,)-symmetric spin chain such a nesting breaks the underlying
symmetry of the Dynkin diagram of type D, and additional steps must be taken to arrive at
the correct Bethe equations, see Remark 4.10 (ii) and (iii) for details. This was not observed
in [4] where a different choice of the nested vacuum vector was made and ultimately lead to
a perturbative approach. This paper has resolved this issue. We believe that the results of this
paper will be of interested to a wider community, in particular, in the study of the quantized
Knizhnik-Zamolodchikov equations of type C, and D, in the spirit of [17,19].

The paper is organised as follows. In Section 2 we introduce our notation and discuss relevant
properties of R-matrices. In Section 3 we introduce the spin chain and discuss its structure, un-
derlying symmetries and representations. Section 4 is the main section of this paper and contains
our main results, Bethe vectors and Bethe equations. Appendix A gives a brief exposition of the
quasi-classical limit.
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2. Preliminaries and definitions
2.1. Lie algebras and matrix operators

Let n € N. We will denote by g2, either the orthogonal Lie algebra so2, or the symplectic Lie
algebra sp,,,. The Lie algebra gy, can be realized as a Lie subalgebra of gl,,, as follows. For each
1 <1i,j <2n, let E;; denote the standard generators of gl,, and put 7 = 2n — i + 1. Introduce
elements F;; = E;; — 0;; Ej; satisfying

[Fij, Fuul =8k Fit — 8irFrj +0ij (87 Fii — 8;5Fjn), Fij+06;;Fi7 =0, (2.1

where 0;; =0;0; with ¢; = —1if 1 <i <nand §; =1 if n <i < 2n in the symplectic case or
0; = 1 in the orthogonal case. The algebra g, is isomorphic to spanc{F;; : 1 <i, j <2n}, and
spanc{Fi; : 1 <i <n} forms a Cartan subalgebra which will be denoted by bh»,. The elements
Fij with 1 <1i, j <n form a subalgebra gl,, C g2,; the same is true for the elements F;; with
n<i,j<2n.

For convenience, we set § = —1 for sp,,, and 6 = 1 for s0;,, and §’ = %(9 + 1). We will also
need the following tuple of integers:

Wiy o) =(n+0,—n+1+6,...,-1+6,1-0",....n—1-0",n-0"). 2.2)

Let M e N. For any 1 <i, j < M denote by e;; € End(C™) the usual matrix units over C.
For a matrix X with entries x;; in an associative algebra A we write

Xe= Y 1%7'®e; ® 197 @ x;; e End(CY)®* @ A, (2.3)
1<i,j<M

where k € N>, will always be clear from the context.
For any matrix operator A = ) e;j®a;j with e;; € End(C") and a;; € A, any associative

algebra, and any 1 < k < n, define a k-reduced operator A% := ik 651?k+1,j_k+1 ® a;j with
(k)

matrix units e; ;€ End(C"~**1). Given [ > 1 it will be convenient to say that A®*) is an [-

reduced operator of A®).

n
i,j=1

2.2. Quantum R-matrices

Choose g € R*, g # £1, and set k = n — 6. Introduce a matrix-valued rational function R by
-9 ' a-q”
Ju—1 g*v/u—1

1

R(u,v) = R, +z 0y, (2.4)
where R,, P and Q, are matrix operators on C" ® C" defined by

Ry = Z 7% e ®ejj+(q—q ") Z (eij ®eji —q" "0 eij ® erj),

1<i,j<2n 1<i<j<2n
R .. . - —_ Vi—V; .. .. -
P .= E eij ®eji, Q4= E q ' bijeij Qerj.
1<i,j<n 1<i,j<2n

(2.5)

The matrix R(u, v), obtained by Jimbo in [11], is a solution of the quantum Yang-Baxter equation
on (C?")®3 with spectral parameters,
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Ri2(u, v) R13(u, w) Ryz(v, w) = Roz(v, w) Ri3(u, w) Ri2(u, v), (2.6)

where we have employed the notation (2.3).
Let k > [. (We will not need the case when k < [.) With a slight abuse of notation we introduce
“reduced” matrix operators R((Ik’l), P&D and Q,(Ik’l) on C"—k+l @ Cr=i+1 py

n—k+1n—I+1 n—k+1
k i — k l
R(kl) Z Z ql,e() ()+(q q ) Z Sicje ,(,)®e(/)~
i=1 j=1 i,j=1
n—k+1 © o n—k+1 © " 2.7)
k.l kD) ._ i—Jj
PED= 37 e @l 0= 30 a e ey,
i,j=1 i,j=1

wherei’=i+k—1,j/=j+k—landi=n—k—i+2, j=n—k— j+2. The operators (2.5)
and (2.7) will never appear simultaneously, so there will be no ambiguity. We also note that

_ k.l k.l
(R;k,l)) 1=R;_,), P(kl)Q(kl)P(kl) Q( ) (2.8)

-1 -1

Here the subscript ¢~ means that all instances of ¢ are replaced with ¢~ in the definition of
the operator. Such notation will be used throughout this manuscript.

Recall that C?" = C2 @ C". Let x; ;7 with 1 <7, j <2 denote the matrix units of End(Cz).
Then, for any 1 <1i, j <n, we may write

(1
€n+i,n+j —x22®€ .

2.9

)]
eintj =x12Qe;

1 1
eij =x11 Qe ij ° ij

ij e entij =X21@e€;

Viewing the matrix R(u,v) as an element in End(C 2 ® C2) we recover the six-vertex block
structure,

RID (u, v)
K(l'l)(u,qz’(v) ULy, v)
TOD (v, u) KD, g% v)
RID (y, v)

R(u,v) = ; (2.10)

where the operators inside the matrix above are each acting on C” @ C" and are defined in terms
of those in (2.7), that is

-1

RED(w, v) = R%: nyd - 1P(k,1)7 KED (0 vy _(R(k D, v,
"—
—1 -1
ECT SR ek Myt SRS ek MOV} @11
ufv—1 q " u/v—g~

0*0 @, u) = PEOULD @, u) PP,

@ D

where ¥’ =« — k + 1 and @ is the transposition defined by @ : e g/~ i¢") the inverse of

Jr
Whlchlsw.eg)Hq ﬁ-g,andz=n—z—l+1,]=n—]—l+1.Wealsonotetwomore

important identities,
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-1
00,10 (KD g o™ = T PER RSO, g
v/u —

1
= Res RO (u, wy(K®P (u, g™ w)) ™', (2.12)

V—U w—u

g '—q

(KO @, ¢*u) ' U O, u) =
v/u—1

) (2, N\ =1 plk.k)
(K5 (u, g™ w) P

1
= Res (K®Pw, ¢ u) ' RO (w,u),  (2.13)

V— U w—u

that will play a key part in finding the so-called unwanted terms of the algebraic Bethe ansatz.
Lastly, introduce elements

l —e? - l —d 0 — I
10 =0ija70 — (@ —q Ddicse. €5V =8a% + (@ — g7 Ddicey.

(2.14)
0] e ; +) # -
51']' (u)'_l—ugif +1—u—15if ,
0] _ .
where we have used the notation ¢¢i = Z;’;fl qdi e;'l, ) Then we may write
n—k+1 n—k+1
k ! k I 7
R w v = 3 el @l wmw,  KPwwn= 3" ¢ @€ . wm)°,
i, j=I i,j=1
(2.15)

wherei’=i+k—land j'=j+k—1.
3. Setting up symmetries and representations of the spin chain
3.1. Quantum loop algebras U, (£g2,) and Uy (Lgl,)

Let N =2n or N = n. Introduce elements El.ij[r] with 1 <i, j < N and r > 0, combine them

+

into formal series Eﬁ(u) =20l [r]u™", and collect into generating matrices

L= Y e ®;w). 3.1
1<i,j<N
We will say that elements Eﬁ[r] have degree r.

Definition 3.1. The quantum loop algebra U, (£g2,) (resp. U, (£gl,,)) is the unital associative
algebra with generators Kiij[r] with 1 <i, j < N and r > 0, subject to the following relations:

€;101¢55[0] =1 forall i and €;;[0]=¢};[0]=0 fori < j and (3.2)
Ri2(u, v) L (u) Ly (v) = L5 (v) LT () Ri2(u, v), (3.3)
Riz(u,v)LT ) L5 (v) = Ly (W) LT ) Ri2(u, v), (3.4)

where N = 2n and Rz (u, v) is given by (2.4) (resp. N =n and Rz (u, v) is given by (2.11)).

The following subalgebras of U, (£g2,) will be relevant to the present work:
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e The subalgebra generated by E?;[O] with 1 <i, j <2n, isomorphic to the quantum envelop-
ing algebra U, (g2,) of the direct sum of the Lie algebra g, and a one dimensional Lie
algebra.

e The subalgebra generated by E?;[r] with 1 <i, j <nand r > 0, isomorphic to U, (£gl,).

e The subalgebra generated by E?; [0] with 1 <i, j < n, isomorphic to the quantum enveloping
algebra U, (gl,) of the Lie algebra gl,,.

We write the generating matrices L*() of U, (Lg2,) as

wo_ (AT@) BT

Then viewing L3 (u) and L3 () as elements in End(C? ® C?) with entries in End(C" ® C") ®
UL (La20)[[u*"]], we have

Avw o BTw
+o00 AT () B (u)
HO=\ctw  pfw |
CE(u) DY (u)
AT () By ()
+ . _lw brw
Lyw= AE) BE(w)

CE(u) DF(u)

This allows us to write the defining relations of U, (£g2,) in terms of the matrix operators At (u),
B*(u), C*(u) and D* (u). The relations that we will need are:

A5 ) BF@ K1y Y (u, 4% v) = Riy Y (w,v) B A5 (0) = B 0) AT @) Uy (v, w),
(3.6)
K1y (v, ¢ ) D (v) B () = By () DY ) Ry; (v, 1) = Upy (v, ) B (v) D (),
3.7
(1,1) 2K + + 4t + (1,1 (1,1 + +
K, (u,q U)Cl (M)A2 (v) = A2 (U)C1 () R, (u,v) — U, (u, U)Al (M)C2 (v),
(3.8)
CEFWDF WKy, ¢*v) =Ry, v) DE@)CE(v) — DF ) CEW TS (v, w),
(3.9)
(1,1 2K + + + + (1,1) 2k
K12 (u,q U)Dl (M)Az (v) — Az (U)Dl (”)Ku (u,q™"v)

=BEw)CEW UL w,u) — ULV, v) BEw) CE(v),
(3.10)

and their mixed counterparts obtained in an obvious way, cf. (3.3) vs. (3.4). Operators AL ),
B*(u) and D* () satisfy relations analogous to (3.3) and (3.4) only with RUD (y, v), e.g.,
1,1 1,1
Riy" (u, v) B () By (v) = By ) B 0 R}y (u, v). (3.11)
We now focus on the subalgebra U, (gl,,) C U, (g2,) generated by coefficients of the matrix

entries of A* (). Define a k-reduced matrix AT®) () := Zﬁj:k efli)kJrl,jka ® [Ai(u)]ij and
set
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n—k
BED ) =3 )y @ (AT 0wyl gy (B12)
j=1

O @) =[O @)y,

We also define a suitably normalised check R-matrix

(k l)(u V) 1= v—u P(k D (k l)( v).
quv—q~
The defining relations of U, (£gl,) then yield

—1 —1
+(k+1 qu—q U _4(k+1 q—dq +(k+1
Q/i(k)(v) Bl (k+ )(M) — — B1 (k+ )(u)a/i(k)(v)_i_ B (k+ )(v)@i(k)(u),

ufv—11
(3.13)
AT By ) = By P w )Ai(“(v)R‘“‘)(v,u)——Z/_vq_1 Br Va7 P,
(3.14)
B w) B (v) = By 0) By ) R (u, v), (3.15)
REY @, 0) ATV @ ATV ) = AT ) ATV ) REP . v), (3.16)

plus thle mixed relations. Note that Rg;’n)(u, v) acts as a constant on C ® C = C multiplying by
4v=9 % while Iég’") (u, v) multiplies by 1.

v—u
3.2. Representations
Fix £ € N, the length of a spin chain, and choose cy, ..., ¢, € C*, called inhomogeneities or

marked points. Then choose s1, ..., s, € N such that 1 <s; <n for all i in the symplectic case,
and s; > 1 for all i in the orthogonal case. Our goal is to study a spectral problem in the space

L:=L0W), ® - @ LAY,

where L(AD),, with i =1,...,
weight @) (1) with components given by

(3.17)

¢ denote the (skew)symmetric U, (£g2,)-modules of lowest

Si . —Si
a9 % it =1,
Ci—Uu
Wy :=11 if 1<j<2n, (3.18)
-1 —2k+1
q ¢ —(q u . .
qs;—lci _ q—ZK—si+1u if J= 2n
in the symmetric case, i.e. when g, = s07,, and by
.
q¢i—9q it 1<j<s,
Ci—Uu
)\.S-l)(l/t,cl')lz 1 if si<j<2n—si+1, (3.19)
—Sic. — 72/<+s,~u )
q_zi-H Cl, Z—2K+Si_1u if 2n—s;4+1<j<2n
i
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in the skewsymmetric case, i.e. when g, = sp,,. In particular, given a lowest weight vector
n € L we have

4
E;(u)nzo for i > j and zfj(u)nzl_[x“)(u,ci)n for all j. (3.20)

i=1

Here weights 29 () should be expanded in positive (resp. negative) series in u for E;Tj (u) (resp.
for Z;j (n)).

As vector spaces, modules L (1Y ))c,' are isomorphic to the subspaces Hf[ (C2m)®si  (C2)®si
where Hﬁf are idempotent operators defined by l'[li :=1 and, when s; > 2,

2

TSN l_[ (Rlz(q_w, DPi--Rj_1 (g 9717, I)ijl,j)-
vlg - ._
Jj=si

0 ._
ny =

The lowest weight vector of L(A(i))ci is n; =e1 ® -+ ® ey in the symmetric case, and it is
Nsi = D oes, sign(0)¢' @) - ey (1) ® e52) ® -+ ® €y(s;) in the skewsymmetric case; here /(o)
denotes the léngth of a reduced expression of o € &j;, an element in the symmetric group on
s; letters (full details will be given in [7]). The generating matrix L;t(u) acts on the space L in
terms of a product of R-matrices (2.4),

s

To(u; €)= [ [ | Rai; ¢V Ve (3.21)

i=1j=1

where i; enumerate individual tensorands C?" of LAY ))C;. We will often omit the dependence
on c¢ to ease the notation and write T, (u), its matrix elements will be denoted as #;; (u).

Crucially, the modules L(A(i))ci are irreducible U, (g2,)-modules of lowest weight A0 =

g%,1,...,1,¢q7*) in the symmetric case, and of weight A) = (q,....q,1,...,1,¢7 ", ...,

q‘l) in the skewsymmetric case; here the number of ¢’s and ¢ ~!’s is s;. The subspace
(LD ) =& € LO.O)g,  tyyi jI01E =0for 1 <i, j <n)

is an irreducible U, (gl,,)-module of lowest weight (A(li), e, kﬁ,i)). In particular, we have that
LY :={¢ €L :tyyij)E =0for1 <i,j <n}=LO)2 & - @ L)

The Aflt (u) and D;t (u) operators act on the subspace L% in terms of a product of the “reduced”
R- and K -matrices defined in (2.11),

s
1,1 j—
AP @ =[TTTRG @ gV Ve, (3.22)
i=1j=1

l Si
1,1 i
D =[] Kei;" . g0 ey, (3.23)
i=1j=1
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4. Algebraic Bethe ansatz
4.1. Quantum spaces and monodromy matrices

Choose mg, my,...,m,_1 € Z>o, which we call excitation or magnon numbers. For each

my, assign an my-tuple u® := (u(k) k)) of complex parameters and an mg-tuple of labels

ak = (a’l‘, mk) For mqy we addltlonally assign a tuple a a° (d?, e mo) We will often
use the following shorthand notation:
w0 = @O a®) GO0k = @0 0 ab). (4.1)

Let V(k)1 denote a copy of C" ¥+ Jabelled by “a k 1 and let W:,f),l be given by
W, = V(k) ®---VY,
Mi—1

Let L be a lowest weight U, (£g2,)-module defined in (3.17). We will say that LO:.=]isa
level-0 quantum space. We define a level-1 quantum space by

1 1
LV =@ ew ew, 4.2)
Then for each 2 < k < n we recursively define a level-k quantum space by
LO =@ ewl), (4.3)
where

LEN =g e L%V 4wy =0fori > jand j <k —1}.

Definition 4.1. We will say that 7, (v) is a level-0 monodromy matrix. We define level-1 mon-
odromy matrices, acting on the space LI, by

1 mo
M R (0) N (L, 26 (0) (1,1 (] (1)
Aaam(v,m )) = HKaé’Q @, q*u;”) (HK (v, u ))A ), (4.4)
i=mg i=1
1 mo
1 1,1 0 1,1 — 0
D;a)(),o(v; u(O)) = Dél)(v) 1_[ R( )(U M( )) (1_[ R( )(U q 26 ( ))) (4.5)
i=mg i=1

For each 2 < k < n we recursively define level-k monodromy matrices, acting on the spaces L®,
by

mi—1
k — k k.k k—1
A( )00 . l(v;u(o‘“k 1)) A( )00 . z(v u(o k— 2)) (1_[ R( _)]( ( ))) , (46)
i=1
Mmi—1
k L (0L k—1)y . k.k « (k=1 k (0. k=2
DY iy (05D = (H R 0. q7 uj ))) DY L iu®ED) @)
i=1
where A‘(ZIL)OO ., and DZ];)OO +_, denote the I-reduced operators of AU;O 2)) ., and D:;O (1)) I

respectively.
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Operators Ak )0 0k and D(k)O o are matrices with entries in End(L®)). Thus, to ease the

notation, we Wlll write them as Agk) and Df,k). We will use a similar notation throughout the
manuscript.

Lemma 4.2. For | <k <n — 1 let = denote equality of operators in the space L®. Then

k,k k 0..k— k 0..k—
R;h )(v,w)A(a)(v;u( 1))A}())(w;u( 1))
k — k,k
= A(, )(w, u(O'"k l))A(lk)(U; u(o“'k U)R(, )(‘U, w),

Ri’i"‘)w w)D,gk)(v; u(O...k—l))Dlgk)(w; u(O...k—l))
= D(k)(w; u(O...k—]))Dc({k)(U; u(o...k—l))R(k,k)(w w),

DW (v; w04 1))R(kk (. g2 w)A(k)(u) uO-k=D)

_A(k)(w u(O k— l))R(k (U q w)D(k)(v (0-»-k_1)) (48)

Lab

where k' =k —k + 1.

Proof. The first two identities follow from the Yang-Baxter equation and the defining relations of
A and D operators. For the third identity we additionally need to use the property Cui(v) =0. O

Observe that K -matrices in (4.4) and R-matrices in (4.5) are “at the fusion point”. More pre-
cisely, introduce (skew)symmetric projector [T+ := :i:qulTR(l’l)(qﬂ, DPLD and set V* =
[+ C" ®C". The subspace V* is an irreducible U, (£gl,,)-module with the lowest weight vector
£ given by

gt _eil)(g)e(l) £” _e§1)®e(l) qeél)@)e(l). (4.9)
Denote
1,1 0 1,1 0
3{% = [K(%))(U,CIZQME ))K( 0)(U’u§ ))]jk’

11 0)\ p(l,1 0
9{2] : [R( )(U I/t( ))R( )(U q —20 ( ))]]k7
where the matrix elements are taken with respect to the “a” space. Then %j?kg—e = 9{?,( £9=0

if j > k and

qz q 2,,(0)
351_15+ = <8j<n + 5jn W)S+

-2 2..(0)
q “v—qu;
8,-17(0)'+aj>1>s+,
V—u;

—-1,,(0)
_ quv —q "U; _
3{]—;5 = <5j<n—1 +8j>n-1 v_—(O)l>$ ,
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)

For each 1 < j < my define vector £ recursively by £ := &~ and

. i1 _q
%{1) = e(l) ®$£} ) ®e;l) _qeél) ®§£J ) ®e§1).

We also set & ). = (e il) )®2j . Then for each 1 <k <n — 1 we define a level-k nested vacuum
vector by

n(k =7 ®§-(m0) ® ( (2))®ml R--® ( (k+1))®mk c (L(k))O (410)
where n =5, ® --- ® 1y, is the lowest weight vector of L© = [.. We then denote the (1, 1)-th
matrix element of monodromy matrices (4.4), (4.6) by

@(k)(v; u(()..‘k—l)) — [At(tk)(v; u(O...k—l))]ll,

d(k)(v' u(O---k—l)) — [D(k)(v' u(O--k—l))]]l

) . a )
We will be interested in the action of these operators on 17( ),
Lemma 4.3. Vector n(k) is lowest weight vector with respect to the action of the level k mon-

odromy matrix. The operators ¢® (v; u®-* =Dy and d® (v; u@-*k=Vy act on 77 by multipli-
cation with

4

fork=1: []a{ ), @.11)
i=1
mg—1  _ v—qu(k D
for2<k<n—2: ]_[,\“)( ) ]_[ (k — (4.12)
(n=2) mo g —o (0)
U— M vV — u.
fork=n—1: l_[k(’)l(v) ]_[ C(In =5 ]_[q Lt (4.13)
i=1 —U; i=1 v—u;
My — 1 (n=1) mog 2_¢' 0'—2..(0)
v—qu q v—gq u;
fork=n: Hﬂ”m H w11 o 49
U i=1 v
and
fork=1: ]_[,\“)(v) (4.15)
@ QZKL] (k=1)
for2<k<n-—2: ]_[)\2’” ) ]_[ T (4.16)
i=1 i=1 —q
—1, (n—=2) mo -0 g’ (0)
_ . ) quv—4¢g u; q —q’ u;
fork=n—1: ]‘[An+2()]_[ i ]_! — 4.17)
1= 1
2k’ —1 <n 1)y mo ¢'—2 26", (0)
o M) qv—gq q" Cv—q"""u;
fork=n: ]_!/\ ) () ]_[ e (,, 5 ]_! 0 . (4.18)
1 1= l

respectively. Here k' =k —k + 1 and 0’ = %(1 +0).
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Proof. First, note that the level-k nested monodromy matrix may be written as

_ k,1 0
A,Sk)(v;u(o"'k l))= ( 1_[ K( )(U q2(-) ()))

i=mg

k mp_q
(l_[ Ko @ ‘°’>>A<’<>(v)(l_[ [T R @ u™ “))
i=1 =2 i=1

In order to prove that n(k) is a lowest weight vector, consider the action of the elements
[ (k)(v u0-k= 1)] with i > j. It follows from (2.14)—(2.15) that, when acting on ng_), the R-
and K -matrices become upper triangular matrices in the “a” auxiliary space. That is, for i > j,

-1
I I q v—qu !
() (M/U)é’() = dij (51'/1 —+ 51”>1)€i ),

vV—Uu
-1
l » qu—q u !
E2 i w/o)®e) =3 (am—ﬁ - a,-,<l)e§ g

where the primed notation is the same as for (2.15). Furthermore, as 7 is a lowest weight vector
for L, the action of A,(,k) (v) is also upper triangular,

¢
[AL W] n=8; [[ " @.cppn  fori= .
p=1
Therefore, taking a product of these matrices, the action of the level-k nested monodromy matrix
will also be upper triangular, from which we conclude that n( ) is a lowest weight vector. The

identities (4.11)-(4.14) may be found by

pL— 1, | ! Yg~ v —qulP
[HR( D@, | ey =3 (skl I — +8k>z>
i=1 dj1 i=1 uj
% (e(l))®m] 1
1 7 mo 1-6 o—1, (0
k1 0 1 q V—=q  u;
|: l_[ K(~0)(vvq29u§ )) (65 ))®m0 =8j1 (8kn l_[ L +5k<n)
aa; 0 0)
i=my dj1 =1 47V 4
x (E(l))®m0
M1 ol 0) ] i) qv —61_1'4('0) a
[Tc5 @ u™ | @hHem = akn]_[i(oy +8<n | ()™,
i=1 dn i=1 VU

“ Lt}

where the matrix elements are taken with respect to the space. Expressions (4.15)-(4.18) are
obtained similarly. This concludes the proof in the symplectic case.

The orthogonal case follows by the same arguments and the fact that éinm) is a lowest weight
vector with respect to the action of

1 mo
1,1 0 1,1 0
oo = T st (T,

i=mg i=1
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We will prove the latter by induction on mq. The my = 1 case has already been explained above.

Let s > 1. We assume that SS) is a lowest weight vector for K5 of weight Al[s](v) =1 for
, . —_g-! . .

i<n—1and kl[“](v) =[Tj=) 54 fori =n — 1, n. We write the action of Fls+1 on g6+D

as

[%i[j'—i_l] " (Y+1) Z (5(1,)1 " (qZM/U))(I)[ ] (5(1) (u/v))@
b,c=1

( (1 f(s) ®e(1) qeél) 59) ®€§1))

n
= Y €D @u)? [H, ED @) e’ e el
b,c=1
ifcbfc

—q > (€D @u)? [H], (ED /)
b,c=1
b=c<j

V@Y @l (4.19)

since éf) and e}l) are lowest weight vectors in their relevant representations. Observe that

—1
(€)) o (1) qv—4q u (€))
(5q—1)ji(u/v))w€1 =5ij(8in v —n +8i<n)el
¢ 7a—aH o
+8i<n8jn v/u—1 n—i+1
and

—1

2
) 5> () qu—q_'u Q) =1 m
(5q,1,ji(“/v))wez :51.1. (ai,n—lﬁ +5i7£n—1)€2 —sinsj,n—l u/v_ 131

¢ Gq-9Y @
U/M— 1 n—i+1-

3{ [s+1] E(v+1)

+8i<n—18jn-1

Assume that i > j. It clear from above that 0if j <n — 1. Hence we only need
to consider the case withi =n and j =n — 1. Then (4.19) becomes

2
41 v—u qg-—1
[l 68T =~ (Al w) — :
’ g 'v—qu ujv—1

2 -1
‘ " —1 quv—q~u\ q ) o (1
_qxgﬂ(v)q%/v_l — >e§)®sﬁ”®e§>=o,

as required. Next, assume that i = j = n. Then
[s+1] (s+1)
[#EH],,, &2
-1
v—u v— u
=) <7_1 VeVl gt LM g g e§“>
g 'v—qu vV—u

g g—q!

) () o () o (D
A1 om—1 g ®5 %4
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-1
vV — u
SPYAIC) Rl T . _qu (e%“ RV e gl @Y ® eﬁ”)
+1
— )»,[1S+l](v)§£s ).

In a similar way, fori = j =n — 1, we find

(511 s+
[% ]n—l,n—l .E*
—1
v — u V—Uu
=1, ) <7q I el @eVge) —> P 05V e e§”>
v—u v —qu

g 'q-qgH -1
. ez
g v/u—1 ujv—1

_ )\[S](v)

n

e @l

-1
S qu—q u 1 1 1 1
=L I (" 85" 0el’ —gl @6 @ el")

1 1
=gl

gD

Lastly, when i = j <n — 1 we obtain [%[H”]il = E(_H]). Then, using the arguments

similar to those in the symplectic case yields the wanted result. O
4.2. Transfer matrices, Bethe vectors and Bethe equations
Recall the notion of level-k monodromy matrices, viz. Definition 4.1.

Definition 4.4. We define level-0 transfer matrix by

T(v) =tr, T,(v) = try AV () + tr, DV (v). (4.20)
For all 1 <k <n — 1 we define level-k transfer matrices by

£ ® (p: g O k=D . A;k)(v; u©O-k=1)y
and

?(k)(v; u(o“'k”)) =1r, Dék)(v; u(o“‘kfl)).

Next, for each level of nesting, 0 <k <n — 1, we introduce mj-magnon creation operators.
Definition 4.5. We define level-0 creation operator by
mo
0 0
93;6?0 @®):=T] Bioap @®) 4.21)
i=1
where
n
0 —j 0 1 1 1 1
ﬂ&?a?(ul? D= g ) @ e @ el e End(L©) @ V;?“ ® va(?>*. 4.22)

Jok=1

For all 1 <k <n — 1 we define level-k creation operators by
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k — k+1 k
%t(lk)(u(k);u(o...k 1)) l—[B( + )(u() ...k— 1)) (4.23)
i=1

where

k+1 k k—
B(k )(Ml( );u(o k 1))

>~

n—

— [A;]?(”Ek); u(o“'kfl))]l " ® .(k_H)* c End(L(k)) ® V(k+1)* (4.24)

j=1

Recall the notion of nested vacuum vector 17( ), viz. (4.10). The level-(n — 1) nested vacuum
vector is our reference state for constructing the (off—shell) Bethe vectors.

Definition 4.6. For all 1 <k <n — 1 we define level-k Bethe vectors by

(Dék)(u(k...n—l);u(()...k—l)) l_[gg(l)(u(l) 0...i— l)) n(n 1) (425)
i=k

The level-0 Bethe vector is defined by

q)éo) (u(O...n—l)) = %(%)0 (u(O)) cpél)(u(l...n—l); u(O))‘ (426)
aY

Note that vector CD(gk) (%=1, 4 O-k=1)y is an element of the level-k quantum space L®
and has u©-*=D and ¢ as its free parameters.

ForO<k<n—1set&y, , =6y, x - x &, . Forany o e G, withk <l <n-1
define an action of G,,, , , on CIJék)(u(k'"”_l); u©-k=1) by

0. (kn—1 kon—1) k ! 1
o .y )Hu;(l)" b @® .. u(gl,...,u(” ),
) (0] )
u o (ua(,)(]), cees ua(,)(ml)).

For further convenience we set o;l) € 6,,, to be the j-cycle such that

) (1) (l) 1 (0] (l)
u(,_(u Uilgseees ,(n;,ul,... D-

We will also make use of the notation

O] ._ 0} o O (l)
ugg) WDy .—(v,uj+1,...,um],ul Y )
it

Lemma 4.7. Bethe vector CDék) (k=D O-k=Dy js inyariant under the action of G, _,_,.

Proof. This follows using standard arguments, the fact that R-matrices act on n(" D by 1, and
relations

Bavap ) B0, oo ()

_ © (1 1) (0) (V] 1 V(l 1) (0) (0)
=5; a? 0(“l+1)f3 9 al, ( )( |( i 1+1)) a%a, w5 Uiyy)
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and
k+1 k k— k+1 k .k—
B;k )(ul( );u(() k 1))Bc(Zk )(ul(gl;u(() k 1))
i i+1
k+1 k k— k+1 k k— o (k+1,k+1 k k
= BV @O B ORI D @l )
i i vt

which follow from (3.11) and (3.15); here = denotes equality of operators in the space L®. O

Theorem 4.8. Bethe vector ¢>((91)(u(1'""_1); u©) is an eigenvector of T (v; u®) with the eigen-
value

m 1. e
v— u; :
AD (p: g=n=D, )y ::l—[q q (1), n)‘il)(v)
i=1 VU i=1
n—2mg—1 1y qu(k 1) mg qu—
— @)
+ZH =1 [ (k) H)» (v)
k=2 i=1 —Y; i=1 VU i=1
(n 2) m -1, (n=1)
qu—q  u;
+ H (n ) H =D
u; i=1 VU
-0, (0) 4
¢"v—q @)
xl_[ (0) HA 1 (v)
i=1 v— i=1
240" (0) mp—1 _ (n—1) ¢
Oy —gq u; q —qu; @)
+H ) 1_[ -1 1_[)‘" @)
vV—u; i=1 VY i=1
(4.27)
and an eigenvector of TV (v; u©) with the eigenvalue
- mey gy
RO (s -0 ) o= [ ——L 5 e HAQ)(”)
i=19V — T u;
+r122"ik_[1 qu— 2/( 2%k+1, (k I m l_[ U_q2K72k+2M§k)
(k 1)) — (k)
o v — gy i qu — g2y
(@)
X l_[)‘2n7k+l(v)
+”in_[2qv qs 20, (n 2)m v—q4*29u§"_1)
2 _ 1
o g2y (n ) it qu—g3 29ul§" )

(0) ¢
U—q I/t @)
XH (0) H)‘ )
i=l1
1-26 (n ) mp _24¢ 2—¢ (0) ¢
qv—gq q Vg @)
+ H 220, (n ) H ©) l_[A +1(v)

i=1 V=4 i=1 vy i=1
(4.28)
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provided
Res AP @;ul" D u®y=0 for1<k<n-1,1<j<my. (4.29)

U*)Lt.(/- )
Proof. Step 1. d>él)(u(l"'”_l); u®) is an eigenvector of TV (v, u©®). This is a standard result
(see e.g. [3]), hence we give an outline of the proof only. We rewrite the exchange relations (3.13)

and (3.14) as

k+1), (k qv—q~ul” k1), (k
Q/(k)(v)B(k+ )(M( )) — ! B(k+ )(u( ))ﬂ/(k)(v)
a: i (k) a; !

! vV — Mi i
@
! Res
vV — ul(k) w—)u?k> w

-1, (k)
w — u.
q q U B(1£+1)(v)&(k)(w)7
_ 0
1

v/u

k+1 k k+1 k k+1 k
A @) B @) = BT @) Al ) RED 0, u)

(k)
v/u;
MU Res BUHD () AUHD () REFIAHD (4 )
() k) a; a aat !
v Ltl- w—u; ! i

Then, using the usual symmetry arguments for the Bethe vector, viz. Lemma 4.7, we obtain

T(l)(v; u(O)) q;(gl)(u(lmﬂfl); u(O))

i rrav—q'u
=)@ u®) (l_[ R A B A CF u“””))
=1 VT

« q)é2) (u(2...n—1); u(O,l))

mi v/u(‘l)
J g (1) . O
-2 @ B @ 0y ) u®)
SV aj MY

crm,u(.l)av

mj —1,,()
W =9 Ui Dy O @) (). 1y (O.1)
x Res (l |W@ (w; ™)+t (w,u’ ( )
l' y

2 — 0,1
% q)é )(u(z...n 1); u((7§|>))~
J

Proceeding in the same way and using Lemma 4.3 we find

r(])(v; u(o))cbél)(u(l“'”*l); u(O)) — A(l)(v; u(]...nfl); u(O))cbél)(u(l..‘nfl); u(O))

provided (4.29) holds, as required.

Step 2. <I>él)(u(l"'”’l); u©) is an eigenvector of TV (v, u®). It follows from Lemma 4.2 that
transfer matrices P (v; u(o)) and TD (v; u(o)) form a family of commutative operators in the
space L1, They can thus be diagonalized simultaneously. Assuming (4.29) holds, it is sufficient
to focus on the wanted terms in the exchange relations. In particular, it follows from (4.8) that

26 —2k+2, (k)
vV — u:
4% () BEHD ) = 221 BT W) d® @)+ UWT,
a; quv — q2K72+1u§ ) a;
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k+1 k k+1 k k+1 — k
DL(Ik-‘rl)(v)Bék'f‘ )(ul( )) — Bé{c-’_ )(ul( ))Rc(ljl‘ a)ak(vaq2k 2k+2ul( ))Dék-i-l)(v) + UWT,

where UWT denotes the unwanted terms. The eigenvalue (4.28) now follows by Lemma 4.3 and
the standard arguments. 0O

The Theorem below is our first main result.

Theorem 4.9. Bethe vector CDg)) (w©-"=DY is an eigenvector of T (v) with eigenvalue
A@; a0y = AD @ gD 4 Oy L XD ;g n=D O (4.30)
provided
Res A(v;u®"Dy=0 for 1<j<mg, and (4.31)
U—)u(»O)
J
Res, AV (a0 uO) =0 for 1<j<m, 1<k<n—1 (4.32)
VU
J

Proof. Using (2.8) and (2.11))~((2.13), we deduce RS, " (u, v) = R;E})lz(v, u) and

1,1 _ 1,1 1,1 _
(ki@ g o)™ =Ky, g?w = K0P w g7 ).

These relations allow us to rewrite (3.6) and (3.7) as

1,1 1,1
AF)BF @) =R, (0.0 BF ) AT K (v, g7 w)

Res RD (w, ) BEw) AT @)K SV (w, %),

(
V— U w—u g=1,12

DBy ) =K "V, (v.q 7 w)BF ) D )R}y (v,u)

Res K1V
V—U w—u g71,12

(w, ¢~ Xu)BEW)DEW)RY (w, u).

Then, using (2.11), (4.22) and replacing the A and D operators with their images in End(L©),
we obtain

0 0 1,1 0 1,1 0
AL @) B ") = B ) K 1 0, u AL K L 0, 4% u®)

o a.D ©)y 4 (D (1,1 20 (0)
e ﬂg,ga?(v)wRes@ KM? (w,u; A, (w)Kaa? (w,q*u;”),
L

—>ul

0 0 1,1 — 0 1,1 0
DV ) Bao ™) = B0 YR (w0, g ) DV )Ry (v, 1)

1 1,1 20 (0 1,1 0
— — P Res Ry’ @.q P u) DR ).
—Uu; wW—U; i i

i

The relations above together with Lemma 4.7 and the standard symmetry arguments imply that



A. Gerrard, V. Regelskis / Nuclear Physics B 956 (2020) 115021 19

T(v) (DéO) (u(O...n—l))

- 932%?0 @) (,(1)(1,; 1 @) + 70y u<0>)) oD (@11, 4 )

mo

1
<0> (0)
a Z (0) 93 o o u %u)

j=1v U

% Res((»( O (w; u(0> )+T(1)(w u(O) )Qél)(u(l...n—l);u(%)
./ ./

w—u .
J

Theorem (4.8) allows us to replace D (w; ufro(z))) and ?(1)(11); u (0)) with their eigenvalues, pro-

vided (4.32) holds, giving ' K

7(v) cbéo)(u(()..‘n—l))
— %(%)0 (u(O))A(v’ u(On—l))CDél)(u(ln—l)’ u(O))

(0) ©)
- Z (0) ol o W0,
7

- v—-u

> Reso A(w;u(%),u(l...n—l))(Dél)(u(l...n—l);u(o()o))
w—>u5-) 9

Noting that, from its definition and the exact forms of the AD and K(l), we have that
A(w; u(o) ,u-m=Dy = A(w; u©@-"=D). Therefore, (4.31) implies that each term in the sum

on the second line individually vanishes, and we are left with the desired result. O

Remark 4.10 (i). The equations (4.32) are Bethe equations for a U, (g[,,)-symmetric spin chain,

with an additional factor when j = n — 1 due to level-0 excitations. For convenience, set u( n .

5.0 and m,, := my. Then the explicit form of the equations (4.32) and (4.31) in the symplectlc
case is

M -1,
qu;" —q U

ﬁ)‘gi)(ui'l)) ﬁq_] (1)_qu(1) ma W)
[OPRONE (1 —1,,() (1) 2 ’
i=1 )\2 (uj ) 1751 qu —q 1ui i=1 Mj — U

14 )»](f)(u;.k)) M| ug_k) (k 1) my —1 (k) qu(k) M gy Ek) q—lul(k-i-l)

l_[k(i) (u(k)) - 1_[ *lu(k) (k D l_[ (k) (k) l_[ (k) (k+l) ’

i=1 Me1\U i=1 4 U; U; U =1

l?éj
(4.34)
AN O] (n—1) Mmp—2 (n—=1) _(n=2)  m,_ g -1 (n )] (n—1)
nkk(t)l(u(n 1) ) - l_[ _’:j(n—l) u (n 2) 1_[ (n— 1) _qlu(n 1)
i=1 Ano Gy )iy g u; 1#1 qu; —4q Y
7]

2,0 _ =2, ®
g u; ' —q
xl_[ (n T (n) i (4.35)
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L @) (n) my_1 (n) (n—1) my —2 (n) 2 (n)
oo o = 1 i [ o 30
im1 A () o ‘172“1 q*u; z 142” 72”[

for 2 <k <n — 2 and all allowed j, and weights given by (3.19).
(ii). In the orthogonal case, the Bethe equations for k =1, ..., n — 3 are identical to the symplec-
tic case. For k =n — 2 and n — 1, the equations are replaced by, respectively,

ﬁ)‘(i)z(ui"l_Z)) _"i;:[,% u&"—z) M(" 3) "ﬁz 71 (" 2) qu(" 2)
@) (n—=2)y —1,,(n=2) (" 3) (n— 2) —1,,(n=2)
)Ln 1( J ) i=1 94 1I'tj i= lqu —4q lu,’
i#]
Mt g 1D 107D M D) o, 0
x 1_[ (n ) _ 0D l_[ w2 (4.37)
U e
ﬁ)\(l) (u(n 1)) "in_—lz u;"—l)_ul(”—z) Wﬁl 6]_1 (_"—1) qu l(" 1) W)
N 1 =1 2 1 _ 0> :
i )‘-fll)( (]” )) i1 q luy‘ ) qu(” ) Pl qu(n ) —q lul(n )
i#j

for all allowed j. For the level-0 Bethe equations, however, the eigenvalue contains four poles at
each Bethe root, rather than two. Through use of the identity (see Remark 6.6 in [7]),

Ant2(u) o Ant1(u)
M) Apo1()’
the resulting expression may be factorised to give the following Bethe equations, for 1 < j <m,,,

<nﬁz q_l (n) qu(n 2) my— lqu(n) q—lu(n—l) ¢ )\(i)(u(.")) )
(n)

(n—2) l_[ (n) (n—1) +1_[

ie1 I/t/ _”i e q* M- ql/t )x(l)l(l/l(n))
(Hqu(n) 71 (n) nin_[z 71 (n) qu(" 2) ﬁk(l)l(um)))
X J—
2
g gn) l(n) (n) l(n ) A(’) 1(u(n))
i#]

(4.39)

Observe that setting the first factor to zero is exactly equivalent to (4.38), the level-(n — 1) set
of equations, noting that the sign discrepancy is due to the product in (4.38) excluding the i = j
index. This factorisation is due to an automorphism of the Dynkin diagram of type D,,, which
exchanges the two branching nodes. This symmetry of Dynkin diagram is broken by our nesting
procedure, and so we obtained only a single set of Bethe equations for the level-(n — 1) Bethe
roots. Extending this to the level-0, we set the right-hand factor above to zero to give the level-0
Bethe equations

AN ) (n) Mmp—2 (n) (n—=2) my ,—1 (n) (n)
l_[ k(l) 1(M(n) = 1_[ 1 (n) o (n 2) (n) qlu(n) (4.40)
i=1 )‘n+1(”j SCi) o1 4T i=1qu; —q U
i#j
for all allowed j.

(iii). Rather than taking (4.31) and (4.32) separately, we could instead attempt to recover the
Bethe equations from the condition Resk) A(v; u(o"-"_l)) = 0 for all Bethe roots uﬁk), 0<k<
(

v—>u
J
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n — 1. As one might expect, this turns out to be directly equivalent to (4.32) for 1 <k <n — 2,
however, in the k = n — 1 case we obtain a factorisation identical to (4.39),

my—y —1, (=1 _  (n=2) m,_; (n—=1) -1, (=1 14 @), (n—=1)
(l_[ . L(;j—l) ‘(In“ 2) H ‘1: (n—l)q ui(n—l) _H );1) (“ '(n 1)) )
i=1 Y — YU i=1 94 U —qu; i=1 Al (0 )
i#]
(I’Vln (n—=1) -1 (n) mp—2 —1 (n D qu(" 2) ¢ )‘(1)1( (n— 1))>
« —

qu; —q
1_[ _1,,(=1) (n) l_[ (n D (n 2) +1_[ (1) ( (n 1))

i=19 “j u; =121

for 1 < j <my,_1. This again reflects the fact that the symmetry of the Dynkin dlagram of type
D,, is unbroken at level-0. One might expect that a nesting procedure of the type employed in
[13] for rational closed spin chains and in [6] for rational open spin chains, in which the chain of
symmetry subalgebras is D,, D D,—1 D --- D Dy, would preserve this symmetry of the Dynkin
diagram at all levels of nesting.

Remark 4.11. For n = 2, the Bethe equations (4.38) and (4.40) decouple into two sets of Bethe
equations for U, (sly)-symmetric spin chains, and can be solved separately. This is consistent
with the isomorphism so04 = sl @ sl>. Similarly, for n = 3, the isomorphism sog = sl4 is borne
out in the Bethe equations (4.37), (4.38) and (4.40).

Remark 4.12. Let a;; denote the matrix entries of a connected Dynkin diagram of type C, or
D,, and let I denote the set of its nodes. Then putd; = ... =d, = 1 except d,, = 2 for C,,. Upon
substituting uEk) — qd"z(k) where dy = Zi'(:l d; except d, = Z;’:_II d; for D,,, and taking into

account (3.18) and (3.19), Bethe equations above can be written as

Pty

for 1 <k <n and all allowed j.

M (qdkz(k)) (k) qdkaklz(l)

<>) __1_[1—[ dkaklz(k) 0

k l(qdkz lel i

4.3. A nearest-neighbour interaction Hamiltonian

In the case where L(A(i))ci >~ C", so that L = (C")®¢ and the Lax operators are given simply
by the R-matrix (2.4), a nearest neighbour spin chain Hamiltonian may be extracted from the
transfer matrix by taking the logarithmic derivative at a particular value of v. Indeed, set ¢; =1
for 1 <i < ¢ and define an adjusted transfer matrix by

1—v \*
t(v) = (41> T(v),
q9—9q

with the property that at v = 1 it becomes the shift operator,
t(1) =trg Pat Paz -+ Pag = Pe—1,e Pe—2¢—1--- Pr2.
A nearest-neighbour interaction Hamiltonian is then

[7
d
Hi=2otni@)| = (™) (1) =Y hie +he.
i=1
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where the interaction between adjacent sites # € End(C"” ® C") is given by
PR PO
q—l + 2K . :
-9 g™ =1

hi=1-—

4.4. Trace formula for Bethe vectors
Introduce matrices fy € End((Cz") by f+ = q_len+2,n —qgentin—1 and f_ = —qeny1p.
Then define a transposition  on End(C?") by  : ¢;; +> ;" "/ ej; where i =2n —i + 1 and

J =2n — j + 1. The Theorem below is our second main result.

Theorem 4.13. The level-0 Bethe vector can be written as

n—1 my my
0 — k 0
q)(g)(u(o...n 1))=trW|:<1_[HHR o k O(I/t( ) q29 ( )))

k=li=1j=1I
n—1 mg mg
(HT (u(O)))<HHHR I %j%)
k=li=1 j=1

n—1 my n—1k—1 my
(T ) (T TT Ry iat)

k=1i=1 k=2 1=1 i=1 j=m
X (f)®" @ (e2)®" ® -+ ® (en,n])®mn_l:| N, (4.41)

where the trace is taken over the space W = Wy @ - -+ @ Wyn—1 = (C21)®mottmn—1),

Proof. Recall the trace formula for the Bethe vectors of a U, (gl,,)-symmetric spin chain given
in Section 5.2 of [3]. This result implies the following formula for the level-1 Bethe vector:

n—1 my
1 — 1 k
Cbé )(u(ln 1)’ u(O)) — trw(l) [( 1_[ 1_[ (k) 00 ( ) (0)))

k=1i=1 4@t

n—1k—1 mg
(T I R

k=21=1i=1 j=my

( (1))®m1 R - ®(€(1) 1)®m,, 1:| n(lz’

where the trace is taken over the space w W(l) ® - ® W< & (Cm)y®mit.4ma-1) From
’"/l 1

(4.4), this is equal to

n—1me 1
1 — 1,1 k 0
q)é )(u(l...n 1)’ u(o)) ZtrW(l) [( 1_[ l_[ K( )( ( ) 29 ( )))
k=1i=1 j=mg

1
1
1

n mj  mgo
(l_[l_[HK(l 1)( (k) ;_0)))
k=

i=1j=1
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n—1 myg n—lk—1m
(HHA(l)(”(k)))<HHﬁ [T &% 1.>( *) 31)))

k=1i=1 k=21=1i=1 j=m
1 1 1
X () @@ <e,5,21>®’""1} .

We now introduce the level-0 creation operators in order to arrive at an expression for the level-0
Bethe vector, as given in Definition 4.6,

mo n—1 myg
(Dg)) (u(O...nfl)) — trw(l) [(Hﬁaoao(u(o))> <l_[ l_[ 1_[ K(l 1)( (k) 29 (0)))

k=1i=1 j=mg
n—1 mg mg n—1 my

1,1 k 0 1 k
(HHHK(k 0)(u() ())>(HHA()(M( ))>
k=1li=1 j=1 k=1li=1

(ri_[”i_[llm_k[ l_[ R(l 1)( (k) (l)))

k=21=1i=1 j=m

n,n—1

% (e(l))®m| ®R-® (e(l) )®m,,_|:| r](J)

The next step is to rewrite the above expression in terms of the matrix B(u), cf. (3.5), rather than
the creation operator B(u). Consider the following in expression, in which a matrix operator X
acts non-trivially on the space @ and trivially on the space a”, and vice versa for the matrix
operator Y, and both operators act non-trivially on any number of other spaces,

Baoao @) Xan Voo - (¢ )0 ® (€] )
=D €"a0 ® (e )0 ® ¢ brj () - X0 Yoo - ()30 ® (e ) -

ij
Contracting matrices gives
> a7 by ) X1l = Zq [B@)] X 1Y 1

ij

—Zq F[B2@)] - IX 551 T
—Zq"‘ [X“1;[BY@)] [V 1u

= q_k[Xw B Y]y =g Fu[XBo@yvel].
We have thus arrived at the identity
Baoad 1) X0 V0 - (e )0 ® ()0 = ¢ Ftr [ X B2y Ye ).

Now recall (4.9). Hence we need to consider the cases when (k,[) = (1, 1), (1,2), (2, 1), or
equivalently (/, k=,n),2,n),(1,n—1). Bearing this in mind we define matrices fe(l) €
End(C") by fil) =—q egr)l and fJ(rl) = q_leélr)l qe%l) . This allows us to write the level-0
Bethe vector as follows:
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0 _
q)é )(u(O...n 1))

[(Hlﬁ 1 K“ 1)( () 2 (0))>w”0

k=1i=1 j=mg
n—1 myg mo
w ¢, (0) (1,1) (k) ©)
(Mg (T g
i=1 k=1i=1 j=I

(li_[lﬁA(l)(u(k))> (ﬁﬁﬁ l_[ R(l 1)( (k) )>

k=1i=1 k=21=1i=1 j=m

% (96]9 nf(l))®m0 ® (e(l))®m1 QR (e}gl;l_ )®mnli| N

n—1 my mg
1,1 k 20 (0
g | (T R0 00 <>>)

k=li=1 j=1
n—1 my mo
% (l‘[eqe—nB;uQ(ul{O))> (HHH K(,{ 10)( (k) (0))>
i=1 ! k=1i=1j=1 J
n—1 myg n—1k—1 my
(HHA(I)(M(/O)><HHH l_[ R(l 1)( (k) (1))>
k=li=1 k=21=1i=1 j=m
x (fi)EM @ ()™M @ - @ (el _)®™- } . (4.42)

It remains to show that the form of the Bethe vector given in (4.41) reduces to above form,
by considering the decomposition C?" = C? ® C" as in (2.9), and tracing out all the C? spaces.
Making explicit this decomposition, the formula (4.41) becomes

n—1 my mo
0 - k 0
O (O 1))=”W[<HHHR g <>)>

k=li=1 j=1
n—1 mg mg
<1_[T (u(‘”))(]—[]_[]_[R I zku§°>)>
k=li=1 j=1

n—1 myg n—1k—1 my
XOHHN%XHHHanw<W

k=1i=1 k=21=1i=1 j=my

X (221 ® f )" @ (x11 @ €5))" @ -+ ® (x1 ®en )" I:| -
(4.43)
Recall (2.10) and note that

R(u,v) x11 @ x11 = RV, v)x11 @ x11,
R(u,v) x11 @ x21 = ULV (u, v) x01 @ x11 + KD (w, g% 0) x11 @ x21.
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Next, recall (2.2) and note that

Vpyj—vi=j—0 —(—n+i—1460)=j—i+n—0

for all 1 < i, j < n. This implies the following relationship between the transposition w on
End(C?") and its counterpart on End(C"):

[T°@)];,.; =0a" " taeji1 20-ir1 @) = 0¢° " [B )]

Hence, the action of T (1) and T®(u) on x1; and xp; takes the form

in+j

Tw)xi1 =Aw)x + Cu)xa,
Tu)xz1 = 0" "B () x11 + A () x21.

The identities above imply that the numbers of x11’s and x3;’s inside the trace in (4.43) are
conserved individually under the action R-matrices. Therefore, the only possibility for the partial

trace over the C2 spaces to be nonzero is if the action of the T (u(o) ) maps (x21), 0 to (x11), 0.
That is, each T“g(u( )) acts as g7~ ”QB“’ (u( )) Since each (x21) 0 must be acted on by T (u(o))
the R-matrices to the right of the T (u(o) )’s must not permute the (x21), 0 with the (xn) K for

k > 1. That is, the R, K o(u(k), q 2“ (O)) each act as K(1 1)( (k) (.0)) in order for the trace to

be non-zero. Finally, a]l other R-matrices in (4.43) act on sultable pairs x11 ® x11 only, and may
simply be replaced with R(1:D (u, v), for appropriate u, v. This proves that taking the partial trace
over the C? spaces in (4.43) we arrive at (4.42), as required. O

Below we provide two examples of level-O0 Bethe vectors obtained using (4.43). We will
assume that m; = 0 for 0 <i <n — 1 if not stated otherwise. We also use the notation

Pk i=8kn-19"2(q—q7h.

Example 4.14 (Symplectic case). For n > 1 and mg = m > 1 we have

0 0 — 0
VW, u ) =g 11 @)ty @) .

Forn>2and mo=m; =1 with 1 <k <n — 1 we have

0, ©0) 0 k
CD(_)(ui ), ul uy )= [tn,n+1(u§ ))tk,k+1(u§ )

(0)
Pk o )
‘I’(k)il(o)(tn 1 n+](u1 )—I—[n n+2(u( )))tnn(l/lg )):| -

Forn>2and mo=2,my=1with1 <k <n — 1 we have

0 0 0 k
0@ O, O 0 _

1 sl Uy ())

_ 0
q 2[ln,n+1(u§))ln,n+1(u )t k1 (u
(k) 71u(0)

0)

0 q

+ Pk (th n+l(ul )(tn 1n+1(u( ))+th n+2(u2 )))
Uy Uy
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0 k —1..(0 k -2 (0
Mg ) (C]ug ) —q 1ug) q2u§ ) —q 2,0 (O))>

(0) 2
th—1, +1(l/t ) I, +2(u
u(lk) _ M(IO) u(lk) _ u(20) p=Ln 1 u(lk) _ Lt(20) n,n 1

0 k
X by i1 (1 ))>tk+1,k+1(u§ ))} .

Example 4.15 (Orthogonal case). For n > 1 and mg = m > 1 we have

m

0 0 — 0 0
O, uf) =TT (471001 ) = tns2@™)) 1.
k=1

Forn>2and mg=mj; =1 with1 <k <n — 1 we have

Skn—1 M(k) =Sk -1 M(O)
@ES)(MEO)’MYC)): |:C] 1 4q 1

2P — )
— 0 0 k
% (72011 ) = 20 g1 @)

0
Pi+1U _ 0 0 k
+ (k) ](0) (q 2fn—2,n+1 (u(l )) - qtn,n+3(14§ ))> tk+l,k+1(u§ )):| -n.
up — i

Forn>4and mo=2,m; =1with 1 <k <n — 3 we have
0, (0 (0 (k - 0 0
O ul u) = (4201001 @) = 11042
_ 0 0 k
x (4720101 @) =t ) i @)
The k =n —2 and kK = n — 1 cases have long tails, hence we have not written them out explicitly.
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Appendix A. The semi-classical limit

In order to retrieve the results of [15] and [4], we investigate the semi-classical ¢ — 1 limit,
or equivalently the # — 0O limit. The limit must be taken in a particular way, as the spectral
parameters have a hidden ¢ dependence. Setting u = ¢*", v = ¢’ and g = ¢" and expanding

in powers of 7, we recover the Zamolodchikov R-matrix [21,12],

2n
R, — I, — :=Ze--®e--,
4 5.0 2 =0 Q L
i,j=1
P 0

R(u,v)thR(x—y)i:I_x_y_K—(x—y).

The reduced R-matrices become the Yang R-matrices,

p&.D
R(k’l)(u, v) — R(k’l)(x —y) = J&D _ )
h—0 X =Yy
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The eigenvalues given in Theorem 4.8 in the limit become

mi y_x(l)+1 f .
A(l)(y;x(]...nfl);x(O))zl_[ i - ngl)(y)

i=1 Y X i=1
n—2mg—1 (k 1) _1 mg y— (k) l 0
l
> [1— N [T (k) HA )
k=2 i=1 i=1
+Win_[2 (n 2) 1mn 1 Xl-(n_l)+1 (O)+9/
( 2) (n—1) 0)
" i=1 y_xin i=1 Y—X
xnkf,'ll(y)
Mmp—1 (n 1) _ 1M (0) /
y— +2-—-6 @)
+H (n ) l_[ (0) l_[)‘ »)
i=1 Y=
and
- mi y (1)
i=1Y — X
n—2mg—1 (k—1) my
y—x; —k+k —x —k+k—-1
+ -

(&)
X 1_[)‘2n—k+l(y)
i=1

my—2 y— (11—2) +9 —1 my—1 y— l(n—l) +9 —1

_l’_
11_{)} (n2)+9 2,1)’ (n1)+9 2
mo (0) r L
y—X; -0 @)
i=1 YK i=1

where the rational weights are given by

— b —s:
YT T it j=1,
. . y—bi
W) — 1)) =11 if 1<j<2n, (A1)
- —bi—k+1
y=oi—k+ if j=2n

y—bi—k+1—s

in the symmetric case, i.e. when gy, = s07,, and by
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y—b,' —1
y —b;
k;i)(v)}:gky)(y) =11 if si<j<2n—s;i+1, (A2)
y—bi—k+si
y—bi—k+si—1

if 1<j<s,

if 2n—s;4+1<j<2n

in the skewsymmetric case, i.e. when gy, = sp,,; here b; = ﬁlogci € C are the inhomo-
geneities.

The Bethe equations may be obtained in the same way. Denoting x(")
their explicit form is, in the symplectic case,

(0) and m,, :=my

¢ Agi)(xj(l)) mi x(l) (1 _1m2 D _ (2)+1

l_[ l_[ MO 1_[ ’ (1) @

PE 1
iy )\é’)(x]( )) l:_] i ( )+1 i
i#j
]£[ A0 (x®) rrﬁ £ ﬁxglo_ lgk)_lrrﬁlx<k> D 4
(@) N (k) (k—1) (k) (k) (k) (k+1) ’
VA O57) o X —1ix; Lo X
i#]
AN (n—1) mp—2 n=1) _ _(=2) mu_ (n D _ (n—l)_
25 =TT o T e
@), (n=1)y — (n—1) (n—2) (n n_ (n—l)
i1 Ao (X)) i=1 *j —X —1 i;l X X +1
i#]

m 1D _ ) 4 o
XH RN
1= l

¢ (i)( (n)) my—1 (n) (n—1) my (n) (n)_2

X. —X. A
J ! ] Yi
1_[ (t) 1_[ (n) (n—1) (n)

(n) (n)
A G5 X =y =2 %" =" +2
i#]j
for 2 <k <n —2 and all allowed j, and weights given by (A.2). In the orthogonal case, the
Bethe equations for k =1, ..., n — 3 are identical to the symplectic case; fork=n—2,n — 1,n

they are, respectively,

ﬁ )\.<l) 2(x(n 2)) nﬁS x;n72) . xi(nf3) mﬁz xj(‘n72) _ xi(n72) 1
(z) (n 2) (n—2) (n—3) (n-2) (n—=2)
1A, (x ) im1 X —X; —1 i=1 Xj —X; +1
i#]
e (n 2) (n—1) n =2 (”)
Mu—1 —X; +1" X x; +1
x H (n D _ <n71) n=2) _ _(m
' i=1 X -

e I = S I

J i j i
l_[ @), (n—=1)y — 1_[ (n—1) (n—2) l_[ (n—1) (n—1) ’
iz An(x X; ) im1 X; —X; —1 l.-;]. Xj —X; +1
7]

' 2
ﬁ A.(l) 1(x;n)) - Wﬁz x;n) _ xi(n ) my, x;n) i(n) 1
@ .y (1) (n—2) OO
i=1 A1 () oy X _11;1 At |

i#]
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for all allowed j, and weights given by (A.1). Substituting x](.k) — w;k) - Ek with ;i’k and assum-

ing restrictions on n as in Remark 4.12, the Bethe equations for both symplectic and orthogonal
cases take the form

ﬁ K(i)(w(.k) - 67) Hﬁ w(k) w() — ldkakl
(l) 0 _ (k) _ (1)
M1 (W lel iel W + sdran

for 1 <k <n and all allowed j.
Finally, the trace formula for level-O Bethe vector (4.43) takes the form

n—1 mg mgy

@O0 =t | | TTTTTT Rete o(x(k) X —0)

k=1i=1j=1

n—1 myg mg

mo
(T (TTTT] R =+
i=1 ’

k=1li=1j=1
n—1 my n—1k—1 my
(T D7) (TTTTITTT Rt =
k=1i=1 k=21=1i=1 j=m

X (f)®™ @ ()" @+ @ (en.n1)®™ | -1,

where the trace is taken over the space W = Wo®: - @W,n1 = (C2my®Umot-tmu—iyand fy €
Mp—1

End(C?") is defined for orthogonal and symplectic cases respectively by fi = e, ln—1 —€n+2.n
and f_1 = eu+1,2, and T,(x)’s are defined via the rational fusion procedure analogous to that in
Section 3.2 (see [9] and Section 3.1 in [5]) and ¢ is the transposition defined by 7 : ¢;; — ej;.
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