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Abstract: In this short paper, we will review the proposal of a correspondence between the doubled geometry
of Double Field Theory and the higher geometry of bundle gerbes. Double Field Theory is T-duality covariant
formulation of the supergravity limit of String Theory, which generalises Kaluza-Klein theory by unifying
metric and Kalb-Ramond field on a doubled-dimensional space. In light of the proposed correspondence,
this doubled geometry is interpreted as an atlas description of the higher geometry of bundle gerbes. In this
sense, Double Field Theory can be interpreted as a field theory living on the total space of the bundle gerbe,
just like Kaluza-Klein theory is set on the total space of a principal bundle. This correspondence provides a
higher geometric interpretation for para-Hermitian geometry which opens the door to its generalisation to
Exceptional Field Theory.

This review is based on, but not limited to, my talk at the workshop Generalized Geometry and Applications
at Universitdt Hamburg on 3rd of March 2020.
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1 Introduction

One of the most characteristic and fascinating features of String Theory, when compared to the usual field
theories, is the appearance of T-duality: an additional, hidden symmetry of the theory. Double Field Theory is
a T-duality covariant formulation of the supergravity limit of String Theory which makes this symmetry man-
ifest. Double Field Theory was proposed in [63] and seminal work includes [85, 86]. See [10, 13] for reviews.
As enlightened by [9, 10], Double Field Theory can be interpreted as a generalisation of Kaluza-Klein theory,
which geometrically unifies the metric with the Kalb-Ramond field, instead of a gauge field.

The higher geometry of T-duality.

The Kalb-Ramond field is, geometrically, the connection of a bundle gerbe ¥ — M, a categorification of a
U(1)-bundle, which was introduced by [71, 72] and reformulated in terms of Cech cohomology by [55]. In [74],
bundle gerbes are formalised as principal co-bundles in the context of higher geometry. Given a good cover
{Uqa} of the base manifold M, the connection of a bundle gerbe is given by local 2-forms By € 0?(Uy), local
1-forms A, € QYU Up) and local scalars Gapy) € €%(Ua N Ug N U,), which are patched on overlaps of
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patches by
H = dB,

Bg) = By = dA(p) (101)
Aap) + Agy) + Aya) = AG(apy)
G(apy) = Ggy8) + G(y6a) ~ G(sap) € 27TL.
Since the Kalb-Ramond field is the connection of a bundle gerbe, T-duality has been naturally formulated in
the context of higher geometry. Topological T-duality [17-20] is based on the topological properties of bundle
gerbes and T-duality has been formulated as a particular isomorphism of bundle gerbes in [25, 26, 42-45, 75].
We will now briefly introduce such a formulation, by unravelling [26, Definition 2.8].

Let us consider two T"-bundle spacetimes M 2y My and M i Mg over a common base manifold Mg, with
first Chern classes ¢1 (M) € H?>(My, Z)" and ¢, (M) € H*(Mo, Z)". Then, consider the couple of bundle gerbes

g L Mand9 & M, encoding two Kalb-Ramond fields respectively on M and M, with Dixmier-Douady
classes of the form

= [Z hi®51(1|71)’} cH’M, 7), [H] = [Z Hi®c1(M),} c H*(M,7), (1.0.2)
i=1 i=1

where h; and h' are respectively the generators of the cohomology of the fibres T" and T". Then, the bundle
gerbes ¢ and ¢ are geometric T-dual if there exists an isomorphism

T- duahty

NZaN
\ / 103)
/

<& XM()

)
g

such that the following condition, known as Poincaré condition, is satisfied: for any given point x € My, we
must have

. .
. B = HX(T"x T", Z)
[T-duality|x] = {Z h; — h} € G & i )’ (1.0.4)

where we used the fact that an isomorphism of bundle gerbes is equivalently a U(1)-bundle on its base man-
ifold.
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This diagram is closely related to the diagram in [29], which formalises T-duality in the context of generalised
geometry:

TK & T'K

Mo T'M TMa&T'M (1.0.5)

/T /T

TMy & T"My & (Mg x R?™)

where we called K := M xy, M. This is because we can interpret the Courant algebroid as a geometric object
which embodies the infinitesimal symmetries of a bundle gerbe [51]. In this sense T-duality is a geometric
property of bundle gerbes.

1.1 Introduction to local Double Field Theory

Here, we will give a brief introduction to the formalism of local Double Field Theory.

Doubled patch.

Let us consider an open simply connected 2d-dimensional patch U. We can introduce coordinates (x*, x) :
U — R?4, which we will call collectively x* := (x*, X,,). Now, we want to equip the vector space R?? with the
fundamental representation of the continuous T-duality group O(d, d). Since the action of O(d, d)-matrices
on R?? preserves the matrix nyy := (9§ ), we can define a metric n = nyydx” @ dx" € ©>T"U with signature
(d, d). Here, © is the symmetric product defined by A1 ® -+ ® Ap := % ZUES,.Al ® - -+ ® Apn, where Sy is the
symmetric group on n symbols.

Gauge algebra.
We want now to define a generalised Lie derivative which preserves the n-tensor, i.e. such that £xn = 0 for
any vector field X € X(U). Thus, for any couple of vector fields X, Y € X(U) we can define

(exY)" = xNoy¥" - P ypor XVY7, (1.1.1)

)M
where we defined the tensor
PME p = 838N - ™ nwe, (11.2)
which projects the GL(2d)-valued function 0, X" into an o(d, d)-valued one. The generalised Lie derivative
is also known as D-bracket [X, Y]p := £xY. The C-bracket is defined as the anti-symmetrisation of the D-
bracket, i.e.
1
[X, Y]c := E(HX, Ylp - [Y, X]p)- (113)

Now, if we want to construct an algebra of generalised Lie derivatives, we immediately find out that it cannot
be close, i.e. we generally have
[Lxs Lv] # Lpx,v]c (1.1.4)

Thus, to assure the closure, we need to impose extra conditions. The weak and the strong constraint (also
known collectively as section condition) are respectively the conditions

nMNaMaNq,'),- =0, T'IMNaM(l)laN(pz =0 (115)



DE GRUYTER Towards an extended/higher correspondence = 305

for any couple of fields or parameters ¢1, ¢p,. The immediate solution to the section condition is obtained by
considering only fields and parameters ¢ which satisfy the condition 5"(]) = 0. Therefore, upon application
of the strong constraint, all the fields and parameters will depend on the d-dimensional quotient manifold
U := U/ ~ < U, where ~ is the relation identifying points with the same physical coordinates (x*, x;,) ~
(x™, };1). In particular, vector fields X € X(U) satisfying the strong constraint can be identified with sections
of the generalised tangent bundle TU & T" U of generalised geometry. Moreover the C-bracket, when restricted
to strong constrained vectors, reduces to the Courant bracket of generalised geometry, i.e. we have

H_’ _]]C FY = [_a_]Cou (1.1.6)

In this sense, the geometry underlying Double Field Theory, when strong constrained, locally reduces to gen-
eralised geometry.

Generalised metric.
We can define the generalised metric § = Gyydx” @ dx" by requiring that it is symmetric and it satisfies the
property S P Spy = nuy- Thus, the matrix Gy can be parametrised as

_ Ap Av
_ [ 8w By/tg Bpﬁ By}tg
Sun = ( _ghp, b (1.1.7)

where g,y and By are respectively a symmetric and an anti-symmetric matrix. Finally, we must impose the
strong constraint on Gy, so that its components are allowed to depend only on the x* coordinates, and not
on the X ones. Now, g := g,vdx* ® dx" is a symmetric tensor and B := 1B, dx* A dx” is an anti-symmetric
tensor on the d-dimensional quotient manifold U. These can be respectively interpreted as a metric and a
Kalb-Ramond field on the d-dimensional patch U. If we consider a strong constrained vector V := v+ Vv €
X(U) ® QY(U). The infinitesimal gauge transformation given by generalised Lie derivative 6Syy = £y Sun is
equivalent to the following gauge transformations:

bg =Lvg, 6B=LyB+dv (1.1.8)

where Ly is the ordinary Lie derivative. This, then reproduces the gauge transformations of metric and Kalb-
Ramond field. Therefore, the infinitesimal generalised diffeomorphisms of the 2d-dimensional patch U unify
the infinitesimal diffeomorphisms of the d-dimensional patch U — U with the infinitesimal gauge transfor-
mations of the Kalb-Ramond field, in analogy with Kaluza-Klein theory.

The globalisation problem.

However, the Kalb-Ramond field B is geometrically the connection of a bundle gerbe and hence it is glob-
alised by the patching conditions (1.0.1). Thus, it is not obvious how the local patches (u, ~, 1, 9), which
we introduced here, can be consistently glued together? This is the substance of the globalisation problem of
the doubled geometry underlying Double Field Theory. Seminal work in this direction was done by [11]. The
purpose of this paper is to try to answer this question.

We know how to globalise the local geometry of Double Field Theory for particular classes of examples, where
the gerby nature of the Kalb-Ramond field is not manifest. In particular, global Double Field Theory on group
manifolds [15, 16, 52, 61] is well-defined. Also, doubled torus bundles [60], which are globally affine T2"-
bundles on an undoubled base manifold [8], are well-defined. However, there is no conclusive answer on
how to globalise this geometry in the most general case. Moreover, it has been argued in [56] that the doubled
torus bundles should be recoverable by imposing a certain compactified topology to a general doubled space,
whose geometry, however, remains an open problem. A problem which becomes even more obscure in the
case of the geometry underlying Exceptional Field Theory.
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1.2 Para-Hermitian geometry for Double Field Theory

The first proposal of formalisation of the geometry underlying Double Field Theory as a para-Kdhler mani-
fold was developed by [89] and then generalised to a para-Hermitian manifold by [90]. The para-Hermitian
program was further developed by [6, 7, 48, 49, 53, 64, 69, 70, 84, 87, 88].

Para-complex geometry.
An almost para-complex manifold (M, J) is a 2d-dimensional smooth manifold M which is equipped with a
(1, 1)-tensor field J € End(TM), called almost para-complex structure, such that J? = idry, and that the +1-
eigenbundles L. ¢ TM of ] have both rank(L.) = d. An almost para-complex structure is, then, equivalently
given by a splitting of the form

™ = L@ L- (1.2.1)

Therefore, the structure group of the tangent bundle T)M of the almost para-complex manifold is reduced to
GL(d,R) x GL(d, R) C GL(2d, R). The para-complex structure also canonically defines the following projec-
tors to its eigenbundles:

. = %(11 7 : TM — L. (1.2.2)

An almost para-complex structure J is said to be, respectively, +-integrable if L. is closed under Lie bracket,
i.e. if it satisfies the property
[F(M, Li)y F(M, Li)]

The *-integrability of J implies the existence a foliation F: of the manifold M such that L. = TF.. An almost
para-complex manifold ()V(, J) is a para-complex manifold if and only if J is both +-integrable and —-integrable
at the same time.

C (M, L.). (1.2.3)

Lie =

Para-Hermitian geometry.
An almost para-Hermitian manifold (M, J, ) is an almost para-complex manifold (M, J) equipped with a
metricn € Qz T"M of split signature (d, d) which is compatible with the almost para-complex structure as
it follows:

nJg-,J-) = -n(=,-). (1.2.4)

A para-Hermitian structure (J, 17) canonically defines an almost symplectic structure w € Q?(M), called fun-
damental 2-form, by w(-, -) := n(J-, -). An almost para-Hermitian manifold can be equivalently expressed
as (M, J, w), since the para-Hermitian metric can be uniquely determined by n(-, -) = w(J-, -). Notice that
the subbundles L. are both maximal isotropic subbundles respect to n and Lagrangian subbundles respect
to w.

Recovering generalised geometry.
The para-Hermitian metric immediately induces an isomorphism nﬁ :L. — L}. In the case of a +-integrable
para-Hermitian manifold, this implies the existence of an isomorphism

™ =~ TF, o T F. (1.2.5)

given by X — I1.(X) + n*(II-(X)), for any vector X € TM. As shown by [48, 69], it is possible to define a
bracket structure [-, -Jp : X(M) x X(M) — X(M) which is compatible with the para-Hermitian metric, so
that (TM, [-, -]p, 1) is a metric algebroid, and which makes a generalised version of the Nijenhuis tensor of
J vanish [69, p. 13]. If we consider any couple of sections X + &, Y + { € I'(M, TF. & T"F,), the bracket can be
rewritten as

[X+&Y+{p = (IX, Y]+ Lx¢ - 1yd8) + ([€, 4] + LY - 1,d'X) (1.2.6)

Dorfman bracket on TF,.®T*F .,
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where [-.-]", Lff) and d” are operators induced by the Lie bracket of TM. Therefore, if we restrict ourselves to
couples of strongly foliated vectors, i.e. X+¢&, Y+ { € X(F:) 0Y(F,), we recover the usual Dorfman bracket

[[X+f’ Y+(]]D = [X’ Y]+£/X(_1Yd£’ (1.2.7)
i.e. we recover generalised geometry.

An almost para-Hermitian manifold (M, J, n) is, in particular, a para-Kdhler manifold if the fundamental 2-
form is symplectic, i.e. dw = 0. In the general case, the closed 3-form X € le(M) defined by X := dw, which
embodies the obstruction of w from being symplectic, is interpreted as the generalised fluxes of Double Field
Theory.

Born geometry.
A Born geometry is the datum of an almost para-Hermitian manifold (M, J, w) equipped with a Riemannian
metric § € (O T"M which is compatible with both the metric 7 and the fundamental 2-form w as it follows:

r1_19 = 9"1)1 and w'G=-Glw. (1.2.8)

Such a Riemannian metric can be identified with the generalised metric of Double Field Theory.

Generalised T-dualities.

As explained by [70], the generalised diffeomorphisms of Double Field Theory can now be identified with
diffeomorphisms of M which preserve the para-Hermitian metric 7, i.e isometries Iso(M, 1). Thus, at any
point p € M, the push-forward f«[p : TpM — T, M of a generalised diffeomorphism f & Iso(M, n) is
given by an 0(d, d) C GL(2d) transformation. The Jacobian of such a diffeomorphism can then be seen as an
0(d, d)-valued function, which we will call f« € €>=(M, 0(d, d)), by a slight abuse of notation.

This group of symmetries can be further extended to the group of general bundle automorphisms of TM
preserving the para-Hermitian metric n. Thus, a generalised diffeomorphism induces a morphism of Born
geometries

O T, @, 9) — O, fo, f9), (1.29)
which is an isometry of the para-Hermitian metric, i.e. such that it preserves n = 1.

Particularly interesting is the case of the b-shift, which can be interpreted as a bundle morphism e? : TM —
TM covering the identity id, of the base manifold. Given b € A?L}, we can define this bundle morphism by

e?(X) = X, + bH(X) + X_, (1.2.10)

for any vector X = X, +X_ with components X: € L.. This transforms the para-complex structurebyJ — J+ bt
which also implies w — w+b. Therefore, a b-shift maps the splitting TM = L, &L toanewone TM = L\, &L,
preserving the eigenbundle L_, but not L,. Therefore, it does not preserve +-integrability.

The patching puzzle of para-Hermitian geometry.

However, as shown in [2], if we are interested in recovering a general conventional geometric back-
ground, given by a general spacetime manifold M equipped with a general bundle gerbe connection
(B(a), A(a/;), G(a/s«,))’ we encounter a conceptual problem.

If we want to consider a conventional bosonic supergravity background, there must exists a foliation F- of
M such that L- = TF- and the leaf space M := M/F- of this foliation must be a smooth manifold. Thus, the
foliation - is simple and the canonical quotient map 77 : M — M = M/F_ is a surjective submersion, making
M a fibered manifold. Let now (x,, x*) be local coordinates adapted to the foliation F_, i.e. fibered, on any



308 — LuigiAlfonsi DE GRUYTER

patch Uy,. Then, the fundamental 2-form w € Q%(M) must have the form [70, p. 40]
w = d}(a)y A dtha) - ﬂ*B(a). (1211)

Since, this satisfies 7°H = d(n"B(,)) = —dw, where H € Q3 (M) is the curvature of the Kalb-Ramond field,
we would expect to be possible for the local 2-forms By, to be patched as a general connection of a bundle
gerbe. In other words, by defining the patches of the leaf space by Uy := m(U«), we would expect the following
general patching conditions

B - B =dAwp  onUan Up,
A(aﬁ) + A(ﬁ’)’) + A(’YD‘) = dG(aﬁ’y) on Uy N Uﬁ N UA/, (1212)
G(aﬁ'y) + G(ﬁa&) + G(’Yﬁé) + G(&a'y) € 2nZ on Uy N Uﬁ N U»y N U5

to be allowed. However, as shown by [2], the transition functions of M on two-fold overlaps of patches Uq NUg
force, in general, the bundle gerbe to be trivial. Therefore, if we want to embed a conventional supergravity
background into an almost para-Hermitian manifold, we have some troubles.

Thus, we have two main questions to answer about para-Hermitian geometry. Firstly, why does it work so well?
We are currently unable to provide a well-defined generalisation of para-Hermitian geometry to Exceptional
Field Theories, but if we could be able to derive para-Hermitian geometry from a more fundamental geometric
principle, perhaps this would give us the key to find such a generalisation. Secondly, how can we modify its
globalisation such that recovering a conventional supergravity background becomes possible? The formalism
proposed in [1, 2] tries to answer both questions. To explain how, we first need to introduce more elements of
higher geometry.

2 Bundle gerbes

In this section we will briefly introduce some fundamental notions in higher geometry, with particular focus
on bundle gerbes. For an introductory self-contained review, see [21].

Let Diff be the ordinary category of smooth manifolds and coGrpd the (oo, 1)-category of co-groupoids.
Roughly, a smooth stack .2 is defined as an eo-functor

2 : Diff’® — coGrpd (2.0.1)

which satisfies some higher gluing properties, known as descent. For more details, we redirect to [83]. This
can be thought of as a generalisation of the notion of sheaf which takes value in Lie co-groupoids. We will
call H the (oo, 1)-category of smooth stacks on manifolds.

Example 2.1 (Manifolds as smooth stacks). Given any smooth manifold M € Diff, we can easily construct a
sheaf €*°(-, M) € H of smooth functions to M, which is in particular a stack. This is nothing but a Yoneda
embedding Diff — H of the smooth manifolds into the (e, 1)-category of stacks.

The abelian bundle gerbe is a categorification of the principal U(1)-bundle introduced by [71, 72]. More re-
cently, in [74], the bundle gerbe has been reformalised as a special case of principal co-bundle, where the
structure Lie 2-group is G = BU(1), i.e. the circle 2-group.

Definition 2.2 (Circle 2-group). The circle 2-group BU(1) € H is defined as the group-stack which sends a
smooth manifold M to the groupoid BU(1)(M) whose objects are U(1)-bundles on M and whose morphisms
are bundle isomorphisms. The group-stack structure is given by the following bundle isomorphisms

PloP~ MxUQ1), PoP!'x~MxUQ),

- , . (2.0.2)
PP @P) = (PRP)®P
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where, for any given circle bundle P, we called P! its dual bundle, which is a circle bundle with opposite 1st
Chern class, i.e. such that c;(P™1) = —c;(P).

Thus, the tensor product ® plays the role of the group multiplication, the trivial bundle M x U(1) plays the
role of the identity element and P! plays the role of the inverse element of P.
Let us now give a concrete description of this geometrical object.

Definition 2.3 (Bundle gerbe). Let M be the smooth manifold that we can identify with usual spacetime. A
bundle gerbe is defined as a principal BU(1)-bundle ¥ Ty M by the following pullback diagram in the
(o0, 1)-category H of higher smooth stacks:

Y — *

I (2.0.3)

M —L . By

where the higher stack B>U(1) := B(BU(1)) is the delooping of the group-stack BU(1) and themap f : M —
B2 U(1) is the Cech cocycle of the bundle gerbe.

In this paper, the two-headed arrow — is used to denote epimorphisms and the hooked arrow — to denote
monomorphisms.

Remark 2.4 (Bundle gerbe in local data). Let U := {Uq} be any good cover for the base manifold M. The Cech
groupoid C(U) is defined as the co-groupoid corresponding to the following simplicial object

. ; y
C Uggy Ua MU N Uy —— gg UaNUp —— g Ue —» CQW. (2.0.4)

Now, by using the natural equivalence between the Cech groupoid C(U) and the manifold M in the (o, 1)-
category of stacks, we can express the map between M and the moduli stack B2 U(1) as a functor of the form

M~ tw —L - B2UQ). (2.0.5)
By using the definition of the Cech groupoid, such a map can be presented as a collection of cocycles| | B Uan
Ug — BU(1) which are glued by isomorphisms on three-fold overlaps of patches |_|aﬁ7 Ua N Ug N Uy. Since,
as we have seen, any map U — BU(1) from an open set U is equivalently a U(1)-bundle P — U, we obtain
the following diagram:

{Mapy) : Pap @ Pgyy — Pary} Lag P

| |

_
Uagy Ua N UgNUy ———— [pp Ua N Up — 7 Uy Ua

|

M

(2.0.6)

More in detail, we have a collection of circle bundles { P, — UaNUpg} on each overlap of patches UsNUg C M
such that:
* there exists a bundle isomorphism P,z = Pﬁé on any two-fold overlap of patches Ua N Upg,

o there exists a bundle isomorphism p,p.) @ Pag ® Pp, =, Py on any three-fold overlap of patches
Ua N Ug N Uy,
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* this isomorphism satisfies y(,p-) © p(’ﬁlw 5 ©° y(’wlaa) ° U(sap) = 1 on any four-fold overlaps of patches Ua N
UB NnU, N Us.
We, thus, recovered the Hitchin-Chatterjee formulation [55] of the bundle gerbe IT : ¥ —» M.

Remark 2.5 (Topological classification of bundle gerbes). Notice that the trivialisation we introduced de-
fines Cech cocycle [G(aﬁv)] € H? (M, e=(-, Sl)), where €=(-, S?) is the sheaf of maps to the circle. It is a
well-established result (e.g. see see [55] for details) that there exists an isomorphism H? (M , (-, Sl)) ~
H?(M, Z), induced by the short exact sequence of sheaves 0 — Z — €=(-, R) — €=(-, S') — 0. The image
of [G(aﬁv)} along such an isomorphism will be an element of the 3rd cohomology group of the base mani-
fold M, which we will call Dixmier-Douady class dd(%) € H>(M, Z) of the bundle gerbe. Thus, bundle gerbes
¢ c H are topologically classified by a Dixmier-Douady class dd(¥) € H>(M, Z).

Lemma 2.6 (Automorphisms of the bundle gerbe). As seen by [24], the 2-group of automorphisms of a bun-
dle gerbe ¥ Iy Mis
Aut(¢) = Diff(M) x H(M, BU(1)) (2.0.7)

where H(M, BU(1)) = BU(1)(M) is the 2-group of U(1)-bundles on M.

2.1 Bundle gerbes with connective structure

Let BU(1)conn € H be the stack of U(1)-bundles with connection.

Definition 2.7 (Bundle gerbe with connective structure). Let M be the smooth manifold that we can identify
with usual spacetime. A bundle gerbe with connective structure is defined as a principal BU(1)conn-bundle
g Ty M by the following pullback diagram in the (oo, 1)-category H of higher smooth stacks:

g *

I (2.1.1)

(A(ap)»Gap))

B(BU(1)conn)

where the higher stack B(BU(1)conn) is the delooping of the group-stack BU(1)conn and the map
(A(aﬁ), G(aﬁw)) : M — B(BU(1)conn) is the Cech cocycle of the bundle gerbe with connective structure.

Such a cocycle is given by a collection of local 1-forms Ap) € QY (Ugn Up) and local scalars Gapy) € C=(Ugn
Ugn U,) such that:

Ap) + Agy) + Ayy = AG(apy)s 21.2)

Gapy) = G(p10) * Gr60) ~ Giap) € 2712

Lemma 2.8 (Automorphisms of the bundle gerbe with connective structure). We can now refine lemma 2.6
to a bundle gerbe ¢ with connective structure. As explained in [39], the co-groupoid of automorphisms of the
bundle gerbe ¢ with connective structure

Aut(¢9) = Diff(M) x H(M, BU(1)conn) (2.1.3)

This is nothing but the higher geometric version of the gauge group Gppr = Diff(M) x _le (M) of DFT proposed
by [62]. In fact, the natural map H(M, BU(1)conn) — _le (M) is just the curvature map sending a U(1)-bundle
to its curvature b € Q34(M).
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Definition 2.9 (Connection of a bundle gerbe). Let M be a smooth manifold. A bundle gerbe with connection
is given by a cocycle
(B> Aap)» Gap)

M B2U(1)conn, (2.1.4)
where the stack B?U(1)conn € H is defined as follows:
B’U(1)conn : U+— H(2(U), BU(1)) (2.1.5)

for any differential manifold U and where &2(U) is the path co-groupoid of U. The cocycle (B, Aapys G(aﬁv)) :
M — B(BU(1)conn) is given by a collection of local 2-forms B,y € Q'(Ua N Up), local 1-forms Ap) € QY (Usn
Uﬁ) and local scalars Gapy) € C=(Uqs N UgN U,) such that:

Bg =B = dA@p)
Awap) + Agy) * Aya) = dG(apy); (2.1.6)
Gapy) = Gipyo) * Gyoa) = Gioap) € 271L-
Notice that there is an obvious couple of forgetful functors:

B2 U(1)conn —» B(BU(1)conn) —» B*U(1). Q.1.7)

3 Global Double Field Theory on bundle gerbes

In this section we will construct the correspondence between the doubled geometry of Double Field Theory
and the higher geometry of bundle gerbes. We will define an atlas of a bundle gerbe and we will show that it
can be identified with the doubled space of Double Field Theory. This will have the consequence that Double
Field Theory can be globally interpreted as a field theory on the total space of a bundle gerbe, just like ordinary
Kaluza-Klein theory lives on the total space of a principal bundle.

Definition 3.1 (O-truncation of stacks). Let Hy be the ordinary category of sheaves on manifolds. Then, the
inclusion Hy < H has a left adjoint 79 : H — Hg which is called O-truncation and which sends a higher stack
Z € Htoits restricted sheaf 792" € Hy at the 0-degree.

Definition 3.2 (Atlas of a smooth stack). An atlas of a smooth stack 2" € H is defined by a smooth manifold
A equipped with a morphism of smooth stacks

O: A — X (3.0.1)

which is, in particular, an effective epimorphism, i.e. whose O-truncation 1¢®@ : A —» 7¢9 2" is an epimor-
phism of sheaves.

This formalizes the idea that to a smooth stack 2~ € H we can associate an atlas which is made up of ordinary
manifolds A. This provides a remarkably handy tool to deal with higher geometric objects. See [54] and [66]
for more detail. Moreover, the notion of atlas will be a pivotal in establishing a relation between doubled and
higher geometry.

Remark 3.3 (Gluing morphisms of stacks). Given a smooth stack 2" € H equipped with an atlas @ : A —
2, we can write the Cech nerve of @ as the following simplicial object

— 5
LT X Axg Axg A — S Axg A2 A -2 2, (3.0.2)
— —

For simplicity, let us now consider just a geometric 1-stack 2" € H. A complicated object such as a morphism
of stacks 0 : 2~ — ., for some . € H, can be equivalently expressed on the atlas .A of the stack 2. This
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can be done as the map induced by the atlas

s (3.0.3)

together with an isomorphism of the two maps induced by the kernel pair of the atlas

/U\J
AX%'A ﬂ
~_ v

0_,

R (3.0.4)

such that it satisfies the cocycle condition on A x 5~ A x - A. For more details, see [54].

The idea of gluing morphisms of stacks on an atlas will be useful in this section, when we will have to consider
geometric structures on a bundle gerbe.

3.1 The double/string correspondence

The aim of this section will be to prove the existence of a correspondence between doubled and higher geom-
etry in a linearised form.

Definition 3.4 (string Lie 2-algebra). Let us call string := R? &bu(1) the 2-algebra of the abelian Lie 2-group
R4 x BU(1). It is well-understood that any L..-algebra g is equivalently described in terms of its Chevalley-
Eilenberg dg-algebra CE(g). In our particular case this is

CE(string) = R[e“, B]/(de® =0, dB = 0), (3.1.1)

where {e?} witha =0, ..., d - 1 are generators in degree 1 and B is a generator in degree 2.

The Lie 2-algebra string = R? @ bu(1) — R9 can be interpreted as a linearisation of a bundle gerbe, in the
sense proposed by [40]. Thus, such a Lie 2-algebra can be thought as trivially made up of a flat Minkowski
space and a trivial Kalb-Ramond field. Now, we want to introduce a notion of atlas for this 2-algebra.

Remark 3.5 (Transgression element). A transgression element of a cocycle u € CE(g) on a fibration g ., g
is defined as an element B € CE(g) on such that dB = IT"(u). Morever, it can be proved (see [44]) that, if the
fibration is the higher central extension
g
hoﬁb(y)l
g

then such a transgression element is universal. This means exactly that, given a transgression element w €
CE(h) of u € CE(g) for another fibration h ——» g, then there is a unique morphism of fibrations

3 *
(3.1.2)
s pr(1),

\ / (3.1.3)
m hofib(y)

9

such that w = ¢"(B).
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Remark 3.6 (Atlas of an L.-algebra). By linearising the notion of atlas of a smooth stack [65, 83], we obtain
that an atlas of an L..-algebra g can be defined by an ordinary Lie algebra atlas equipped with a homomor-
phism of L..-algebras ¢ : atlas — g that is surjective onto the O-truncation of g. In this dissertation, we will
also require that the dual homomorphism ¢” : CE(g) — CE(atlas) of dg-algebras is injective.

We will also need the following slight specialisation of the notion of atlas of an L..-algebra, which will be
useful to deal with our physically motivated examples.

Definition 3.7 (Lorentz-compatible atlas). Let g — R be an Le-algebra fibrated on a Minkowski space and
equipped with an atlas ¢ : atlas — g. We say that the atlas is Lorentz-compatible if atlas comes equipped
with a SO(1, d - 1)-action such that

1. it non-trivially extends the natural SO(1, d — 1)-action on R,

2. ¢is SO(1, d - 1)-equivariant,
and if dim(atlas) is the minimal dimension for which the above conditions are satisfied.

Notice that, in a Lorentz-compatible atlas, the images of the higher generators of g through the map ¢" :
CE(g) — CE(atlas) are non-zero elements which are invariant under Lorentz action. We are now ready to
present the main result of this section.

Lemma 3.8 (double/string correspondence). There exists a unique Lorentz-compatible atlas for the Lie
2-algebra string and it consists of the para-Kéhler vector space (Rd ® (RY, J, w), where
e ] is the para-complex structure corresponding to the canonical splitting R? & (R9)",
e w is the symplectic structure given by the transgression element of the higher generator of string to
the space of the atlas R? & (R9)".

Proof. Recall the definition 3.6 of atlas ¢ : atlas — string for an Le.-algebra. The map ¢ can be dually
given as an embedding ¢” : CE(string) — CE(atlas) between their Chevalley-Eilenberg dg-algebras. Thus,
we want to identify an ordinary Lie algebra atlas such that its Chevalley-Eilenberg dg-algebra contains a 2-
degree element

w = ¢ (B) € CE(atlas) (3.1.4)

which is the image of the 2-degree generator of CE(string) and which must satisfy the equation
dw = 0, (3.1.5)

given by the fact that a homomorphism of dg-algebras maps ¢”(0) = 0. Recall that atlas must be an ordinary
Lie algebra, so its Chevalley-Eilenberg dg-algebra CE(atlas) will only have 1-degree generators. Since we want
a Lorentz-compatible atlas, w must also be a singlet under Lorentz transformations. Thus the generators of
the atlas must consist not only in the images {e? := ¢"(€%)}40.....a-1, but also in an extra set {€a}4-0,...a-1
which generates (R?)". This way the image of the generator b € CE(string) is

w = éq N e, (3.1.6)

which is Lorentz-invariant. Indeed, the generators {e“} of R4 transform by e — N¢, e? for N € SO(1,d - 1),
while the generators {€,} of (R%)" transform by é, > (N~')é,,. Now, the equation dw = 0, combined with
the equation de? = 0, implies that the differential of the new generator is zero, i.e. de; = 0. Therefore, we
found the dg-algebra

CE(@ouble) = R[e“, eq]/(de” =0, deq = 0) 3.1.7)

where we renamed the Lie algebra atlas to double. This ordinary Lie algebra is immediately double = (Rd &
RH*, [, -] = 0), i.e. the abelian Lie algebra whose underlying 2d-dimensional vector space is R? & (R%)".
Now, recall that the Chevalley-Eilenberg dg-algebra CE(g) of any ordinary Lie algebra g is isomorphic to the dg-
algebra (Qy(G), d) of left-invariant differential forms on the corresponding Lie group G = exp(g). Therefore,
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we have the isomorphism
CE(ouble) ¥ (Q}(R?), d) (3.1.8)

where we called R%4 the abelian Lie group integrating double whose underlying smooth manifold is still the
linear space R x (R9)”. Thus, the smooth functions €=(R%?) are generated by coordinate functions x and
Xq and the basis of left-invariant 1-forms on R% is simply given by

ea = dxa, ga = d}a (3.1.9)

Thus, the transgression element w € CE(double) is, equivalently, the symplectic form w = dxzAdx“. Moreover,
the canonical splitting R? & (R9)" induces a canonical para-complex structure J, which is compatible with the
symplectic form w. Therefore, the atlas of string is equivalently a para-Kéhler vector space (Rd a®RY", J, w) .

O

Remark 3.9 (Emergence of para-Hermitian geometry). On one side of the correspondence, the Lie 2-algebra
string = R? @ bu(1) is the linearisation of a bundle gerbe and, on the other side, the para-Kéahler vector space
(]Rd o) (Rd)*, I, w) is the linearisation of a para-Hermitian manifold. The latter is an atlas of the former.

RY & bu(1) ﬂs\(ﬂ@ & ®Y), J, w)

bundle gerbe para-Hermitian manifold
(i.e. doubled space)

Figure 1: para-Hermitian geometry (i.e. the geometry of doubled spaces) as atlas description of bundle gerbes.

Notation 3.10 (string Lie 2-algebra). Usually, the name "string Lie 2-algebra" is reserved to the central exten-
sion string®(g) of an ordinary Lie algebra g by the Lie 2-algebra bu(1), corresponding to a cocycle ¢ € H>(g, R).
However, in this paper, we call string := R? & bu(1) string Lie 2-algebra. This has a two-fold reason. Firstly,
our definition is a particular case of the latter, even if a trivial one. Secondly, this nomenclature conceptually
matches the notation used by [43-45], where the symbol "string" is used to denote the (super) Lie 2-algebras
which can be interpreted as the linearised (super) bundle gerbes underlying Type II and heterotic supergrav-

ity.

Remark 3.11 (Kernel pair of the atlas of string). Now let us discuss the kernel pair of the atlas ¢ : atlas —
string. This is defined as the pullback (in the category theory sense) of two copies of the map ¢ of the atlas.
The homotopy pullback diagram of is

double X gy Oouble ? double L string. (3.1.10)

To deal with it, we can consider the Chevalley-Eilenberg algebras of all the involved L..-algebras and look at
the homotopy pushout diagram of the cokernel pair which is dual to the starting kernel pair (3.1.10). This will
be given by the following maps of differential graded algebras:

CE(double) Licg(string) CE(@ouble) T CE(double) <L) CE(string). (3.1.11)
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Let us describe this in more detail. When composed with ¢", the two maps at the centre of the diagram both
send the generators e” € CE(string) to e” € CE(double)Ucg(sing) CE(00uble). However, they map the generator
B € CE(string) to two different elements w = e, A e? and w' = e, A e?, where é, and e, are such that
they both satisfy the same equation de, = de,. This implies that they are related by a gauge transformation
e, = eq + dA4. This can be seen as a consequence of the gauge transformations B = B + dA with parameter
A= Aq€%

Remark 3.12 (T-duality on the double algebra). The ordinary Lie algebra double is not the atlas only of the Lie
2-algebra string, but of an entire class of Lie 2-algebras. For example, we have

Oouble

y \i (3.112)

string string

where we called % the Lie 2-algebra whose Chevalley-Eilenberg dg-algebra is given by CE (m) =
R[ea, INS'} /(déq = 0, dB = 0) and where (7) is the atlas mapping the generators by &4 + &4 and B — e? A &q.
The Lie 2-algebra s/t;t_n/g = (RY" @ bu(1) can be immediately seen as the T-dualisation of string along all
the d directions of the underlying spacetime. More generally, double will be the atlas of any T-dual of the Lie
2-algebra string: this is nothing but a linearised version of T-duality of bundle gerbes.

3.2 The doubled space/bundle gerbe correspondence

In the previous subsection, we established a correspondence between linearised doubled geometries and Leo-
algebras, which interprets the former as an atlas description of the latter. In this subsection we will globalise
this relation and we will construct a method to extract a doubled space from a bundle gerbe.

Remark 3.13 (On the nature of the extra coordinates). The 2d-dimensional atlas of the bundle gerbe is the
natural candidate for being an atlas for the doubled space where Double Field Theory lives. This way, we
can completely avoid the conceptual issue of postulating many new extra dimensions in extended geometry,
because the extra coordinates which appears in the extended charts describe the degrees of freedom of a
bundle gerbe. In this sense, a flat doubled space R%¢ can be seen as a coordinate description of a trivial
bundle gerbe.

Remark 3.14 (Atlas for the Lie 2-group). Let R?xBU(1) be the Lie 2-group which integrates the Lie 2-algebra
string := RY @ bu(1). Let us call again R%4 the the ordinary Lie group which integrates the ordinary abelian
Lie algebra R? & (R9)". Therefore, we have a homomorphism of Lie groups

exp(¢) : R*? — RYxBU(1), (3.2.1)

which exponentiates the homomorphism of Lie algebras ¢ : atlas — string from the previous section.
Consequently, this is also a well defined atlas for R? x BU(1), seen as a smooth stack.

Definition 3.15 (Lorentz-compatible atlas of an co-bundle). Let us define a Lorentz-compatible atlas for an
oo-bundle 2 L M as an atlas whose charts are Lorentz-compatible in the sense of definition 3.7.
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Theorem 3.16 (Doubled space from a bundle gerbe). There exists a unique Lorentz-compatible atlas of
abundle gerbe ¥ 1, Mwith connection and it consists of a para-Hermitian manifold (M, J, w), where
e ] is the para-complex structure corresponding to the splitting of TM into horizontal and vertical
bundle induced by the connection of the bundle gerbe,
e w is the fundamental 2-form given by the transgression of the connection of the bundle gerbe, i.e.
which satisfies 7'H = —-dw with H € le(M) curvature of the bundle gerbe and where 7 : M — M
is the projection induced by IT on the atlas.

Proof. Let ¥ — M be a bundle gerbe on a base manifold M. Thus ¢ can be locally trivialised as a collection
of local trivial gerbes {Uq x BU(1)},¢; 0n a given open cover {Uq } 4¢; 0f the base manifold M. Thus, we have
an effective epimorphism @q : R? x BU(1) — Uq x BU(1) for any chart. These can be combined in a single

morphism | |,; RYxBU(1) M 4. As explained in [74], this is in particular an effective epimorphism.
To see this, notice that we have a pullback diagram

Uges RY<BUQ) — ¢

l (3.2.2)

Upe;RY —— M,

where | |,; R? — M is an atlas, and in particular an effective epimorphism, by construction. Since effective
epimorphisms are stable under (o, 1)-pullback, the upper arrow is an effective epimorphism too. Thus, we
can cover the bundle gerbe with copies of the Lie 2-group R x BU(1). Since this Lie 2-group comes equipped
with the natural atlas (3.2.1), we can define the composition maps @, : R%4 &p—mb)> RY x BU(1) 2=

Uq x BU(1). By combining them we can construct an effective epimorphism

o | |rid ety (3.2.3)

acl

From now on, let us call the total space of the atlas M := | |,; R%4, Notice that, in general, this is a disjoint
union of R%4-charts. We can now use the map (3.2.3) to explicitly construct the Cech nerve of the atlas. What
we obtain is the following simplicial object:

d,d d,d dd — 2 d,d dd — dd {Palacr
|| R4 g ROy R —— | | R xg R | R — g,

a,B,yel a,Bel acl

which tells us how the charts of the atlas are glued by morphisms. Let us describe this diagram in more detail
in terms of its dual diagram of function dg-algebras. Let us also call (By), Aap)s G(aﬁv)) the Cech cocycle of
the bundle gerbe. The two maps of the kernel pair send the local 1-degree generator to dx* and the local 2-
degree generator to a couple of local 2-forms ngl;’ = d?((a)y Adx* and a)g;;’ = d}(ﬁ)y A dx* on the fiber product
of the a-th and B-th charts. Now the local 1-forms d)N((a)y and d)N((ﬁ)y are required to be related by a gauge
transformation dx ), = dx(g), + d4(sp), Where the gauge parameters A, are given by the cocycle of the
bundle gerbe. Equivalently, the two 2-forms must be related by a gauge transformation wgg = w&‘;’ +dAgp)
with gauge parameter A g := Ay, dx*. The gauge parameters are required to satisfy the cocycle condition
Aap) + Agy) + A(ya) = AG(gp.) on three-fold overlaps of charts.

On the atlas M of the bundle gerbe, we can define a 2-form w e Q*(V) by taking the difference Wy =
a)gl‘;’ - n*B(a) of the local 2-form ng‘;’ and the pullback of the local connection 2-form By, of the bundle gerbe
from the base manifold on each chart R%¢, This definition assures that W = W) on overlaps of charts
R%9 x, R%4, Therefore, this 2-form is globally well-defined and we can write it simply as w, by removing the

a-index. In local coordinates we can write

w = (d}(a)u + B(a)uvdxv) A dx* (324)
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Notice that the form w is, more generally, invariant under gauge transformations of the bundle gerbe. From
the definition of w, we obtain the relation with curvature of the bundle gerbe:

mH=-dw, with He Q}(M), (3.2.5)

where H € .le(M) is the curvature of the bundle gerbe, i.e. a closed 3-form which satisfies the equation
Hl|y, = dB(, on any open set Us C M of our cover. Now, we want to show that M is canonically para-
Hermitian with fundamental 2-form w. The projection 7 : M — M induces a short exact sequence of vector
bundles:

0 — Ker(mt+) — TM "% 7' TM — O. (3.2.6)

The fundamental 2-form w immediately induces a map w* : TM — TM. In particular, this is a projector to
the vertical bundle, i.e.
w*: TM — Ker(r.). (3:27)

To see this, it is enough to notice that the fundamental 2-form w = (dx(g), + B(a)ydx") A dx* induces the
map (V) = (Vu + B(a)yvv")gi‘ € Ker(m+), where V = v¥o, + VVSV is any vector on the atlas, expressed in the
coordinate basis. Therefore, the 2-form w defines the splitting 77- & w® into horizontal and vertical bundle

™M =~ 7'TM @ Ker(m«). (3.2.8)

This splitting canonically defines a para-complex structure J € Aut(TM). If we split any vector in horizontal
and vertical projection X = Xy + Xy, the para-complex structure J is defined such that J(X) = Xy - Xy. Notice
that, since J defines a splitting TM = L. @ L- of the tangent bundle of M, as seen in section 1.2, this identifies
L, =" TM and L_ = Ker(r1+). Therefore, the atlas of a bundle gerbe is a para-Hermitian manifold (M, J, w)
with para-complex structure J and fundamental 2-form w, defined above. O

Remark 3.17 (Towards an extended/higher correspondence). We can easily notice that not any para-
Hermitian manifold can be obtained as an atlas of a bundle gerbe with connection. Therefore, there exists no
bijection between para-Hermitian geometries and bundle gerbes with connection. However, as we are going
to see in the final section of this paper, the para-Hermitian atlas of a given bundle gerbe is also an atlas for any
string background which is T-dual to the original bundle gerbe. As shown in [1, 2], most of the known exam-
ples of doubled spaces, including the ones underlying non-geometric or non-abelian T-duality, can be derived
from the structure of a bundle gerbe with connection. Therefore, our method of extracting a para-Hermitian
geometry from a bundle gerbe can be applied to all the relevant examples of doubled spaces coming from the
physics literature. Moreover, the idea that a general doubled space must be an (almost) para-Hermitian man-
ifold is something which has been postulated, not strictly proved. Thus, it is legitimate to speculate towards
the establishment of a full extended/higher correspondence.

Remark 3.18 (Principal connection of the bundle gerbe). Let Q2 € H be the usual sheaf of differential 2-
forms over smooth manifolds. We can define a differential 2-form w on the bundle gerbe ¥ asamap ¢ £, 0%
Notice that, given the fundamental 2-form w in (3.2.4), we can construct a 2-form ¢ £, Q2 given as follows:

W(a)
o v /\
M C g = 5 0%, Mx(gmﬂ Q% .
W ~_ v
Wp)

Since Q? is a O-truncated stack, the 2-morphism in the second diagram is just an identity. In other words we
obtain that w € Q?(%) is given on the atlas by a collection of local 2-forms w,) = (X (@ + Biayuvdx") A dx*
on any chart, which satisfy w4 = w () on any overlap of charts. Thus, the fundamental 2-form w on the atlas
M from the previous theorem can be interpreted as a 2-form w on the bundle gerbe ¥.
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Remark 3.19 (Analogy with a principal U(1)-bundle). The way of expressing the fundamental 2-form on our
atlas as in remark 3.18 is, despite of the appearance, very natural and familiar. When we write the connec-
tion of a U(1)-bundle in local coordinates, we are exactly writing a 1-form w4 := df,) + A(a)y(x(a))dx’(‘a) €
Q'(R*1) on the local chart R, where {df,, dxé‘a)} is the coordinate basis of Q1(R9*1). On the overlaps
of charts we have W) = Wp) which assures that the the 1-form we are writing in local coordinates is equiva-
lently the pullback w, = ¢,w of a well-defined 1-form w on the total space of the U(1)-bundle. Notice that
this is in perfect analogy with remark 3.18.

Example 3.20 (Topologically trivial doubled space). Let us consider a topologically trivial bundle gerbe ¥ =
M x BU(1) with connection. The corresponding doubled space is a para-Kidhler manifold (M, J, w) where
M = T"M is just the cotangent bundle of the base manifold, the para-complex structure J corresponds to the
canonical splitting TM = TM @ T"M and the connection w = dx, A dx* is the canonical symplectic form on
T"M with {x*, X,,} Darboux coordinates.

Example 3.21 (Doubled Minkowski space). If, in the previous example, we choose as base manifold the
Minkowski space M = R, the corresponding doubled space will be the para-Kihler vector space (R%4, J, w).

Remark 3.22 (Correspondence between sections of the bundle gerbe and the doubled space). Let us con-

sider again a topologically trivial bundle gerbe ¥ = M x BU(1) with connection. Any section M (—I> @ will
be a U(1)-bundle I — M, while any section M <! M will be an embedding x = x(x). These two objects are
immediately related by

‘w = curv(l) (3.29)

where curv(-) is the curvature 2-form of a U(1)-bundle. Since any bundle gerbe can be locally trivialised, it is
possible to generalise this relation to the general topologically non-trivial case. The relation between bundle
gerbes and doubled spaces was firstly presented and studied in [1] by using this observation.

Remark 3.23 (A doubled-yet-gauged space). The principal action of the bundle gerbe is transgressed to the
atlas by a shift (x*, X)) — (X", Xy +Au(x)) in the unphysical coordinates, which can be identified with a gauge
transformation B — B + d(A,dx*) of the Kalb-Ramond field. Moreover, the property ¢/BU(1) ¥ M of bundle
gerbes, when transgressed to the atlas, can be identified with the idea that physical points correspond to
gauge orbits of the doubled space [76]. Remarkably, this gives a global geometric interpretation of the strong
constraint of Double Field Theory [1]. Therefore, an atlas of the bundle gerbe is naturally a doubled-yet-gauged
space, according to the definition given by [76].

Remark 3.24 (Basis of global forms). In general it is also possible to express the principal connection w =
eq A e® in terms of the globally defined 1-forms eq = dX(,), + B(y),dx” and e? = dx“ on the atlas. We pack
both in a single global 1-form E4 withindex A = 1, ..., 2d which is defined by E* := e and E, := 4. In this
basis, we have that the connection can be expressed by w = wyp EA A EB, where wyjp is the 2d-dimensional
standard symplectic matrix.

Definition 3.25 (Generalised metric). A global generalised metric can be defined, in analogy with a Rieman-

nian metric, as an orthogonal structure ¢ é 0(2d)Struc on the bundle gerbe, where the stack 0(2d)Struc
which we will now construct explicitly. A map ¢ — 0(2d)Struc is defined as a twisted bundle given as it
follows:

TY — GL(2d)//02d) —— *

l l (3.2.10)

¥ ———— BO(2d) ———— BGL(24d).

:N(aﬁ)
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The bundle T¢ is naturally classified by a cocycle valued in BGL(d) x bu(1)conn on the base manifold M of
the bundle gerbe. Notice that this can be embedded in a cocycle valued in BO(d, d), i.e.

BGL(d) x bu(1)conn — BO(d, d) — BGL(2d). (3.2.11)

Such a cocycle is given by the following O(d, d)-valued matrices on each overlap of patches:

N 0
Nag) = [ &P (3.:2.12)
(aB) -T |>» 2.
o (dA(aﬁ) Nap)

where N,z are the transition functions corresponding to TM and (A ap), G(4p.)) is the Cech cocycle corre-
sponding to the bundle gerbe. The cocycle N(,4) can be seen as the cocycle corresponding to TM appearing
in the short exact sequence (3.2.6). Moreover, notice that O(d, d)n0(2d) =~ 0(d)x0(d). Therefore the inclusion
BO(2d) — BGL(2d) which defines a general orthogonal structure reduces to B(0(d) x O(d)) — BO(d, d).
On the atlas (M, J, w), this will be given by a collection of Riemannian metrics G, with the following patching
conditions:

9(a)
9 /\
M—2 .4 2 . 0@dstruc. , M xg M ﬂ 0(2d)Struc,
Se

which assures that they are patched by the condition ) = N(Ta B)S(Q)N(aﬁ).

As explained in [1], if we require the generalised metric structure to be invariant under the principal BU(1)-
action of the bundle gerbe, this will have to be of the form

G = SupEA0EP = g e?0e’ + g%, 08, (3.2.13)

where we called the matrix G5 := (g ® g7 })4p and where g € ©2Q'(M) is a Riemannian metric on the base

manifold. In the coordinate basis {dx‘(“a), dX(q), } we find the usual expression

_ Ap Av

8w = Bayua8 " Baypp B8

Smn = # P H , (3.2.14)
@ -g" By g

where B, is the connection of the bundle gerbe. As explained in remark 3.23, invariance under the principal
BU(1)conn-action can be seen as the global geometric version of the strong constraint of Double Field Theory.
This was called higher cylindricity condition in [1], in analogy with Kaluza-Klein theory.

3.3 The NS5-brane is a higher Kaluza-Klein monopole

In this subsection we will present an immediate application of the correspondence between doubled spaces
and bundle gerbes. We will, indeed, formalise the NS5-brane of 10-dimensional supergravity as a topologi-
cally non-trivial higher Kaluza-Klein monopole on the bundle gerbe.

Definition 3.26 (Higher Dirac monopole). A higher Dirac monopole is a topologically non-trivial bundle
gerbe ¥ —» R x (R* - {0}).

Here, R*-{0} can be seen as the transverse space of the monopole and R+ as its world-volume, magnetically
charged by the Kalb-Ramond field.

Remark 3.27 (Higher Dirac charge-quantization). Notice that R* - {0} ~ R* x S, where R* gives the radial
direction in the transverse space and S> the angular directions. Since R**> x R* x §> is homotopy equivalent



320 — LuigiAlfonsi DE GRUYTER

to S3, we have dd(¥) € H3(S?, Z) ~ Z. This implies
dd@) = % [Vol(S)], (331
with m € Z, in direct analogy with the ordinary Dirac monopole.

Now we can give a precise definition of a higher Kaluza-Klein monopole, which is constructed by directly
generalising the ordinary Kaluza-Klein monopole [50] to a bundle gerbe.

Definition 3.28 (Higher Kaluza-Klein monopole). A higher Kaluza-Klein monopole [1] is a non-trivial bundle
gerbe ¥ —» R1 x (R* - {0}) equipped with a generalised metric § such that, on the atlas M, it takes the
form y
&Y
h(r)
where the curvature of the gerbe and the harmonic function are respectively

G = nudx*dx” + n*'dx,dx, + h(r)6ijdyidyj + (dy; + B,-kdyk)(df/]- + Bjkdyk) (3.3.2)

H=*pdh, h()=1+ rﬂz (33.3)

withm € Z and r? := Gijyiyj radius in the four dimensional transverse space. Here, the atlas (M, w, J) of the
bundle gerbe, with fundamental 2-form w = dx, A dx* + (dy; + Bydy’) A dy' and {x*, X} are coordinates on
T'R"® and {y', ;} are local coordinates on M|g:_yo}-

Notice that this monopole is nothing but a globally-defined Berman-Rudolph monopole [12]. As observed by
[5], the Berman-Rudolph monopole gives rise to the non-geometric branes. In the global geometric context,
the arising of non-geometric branes was studied in [1].

Remark 3.29 (NS5-brane is higher Kaluza-Klein monopole). By higher Kaluza-Klein reduction of (3.3.2) to
M =R xR* x S we get the following metric and gerbe connection

g = udxtdx” + h(r)6ijdyidyj, B = Bj; dy' A dy (3.34)

which satisfy the conditions (3.3.3) on the transverse space. These are exactly the metric and Kalb-Ramond
field of an NS5-brane with H-charge m € Z in 10d spacetime M.

Therefore, the higher Kaluza-Klein monopole encompasses a higher Dirac monopole from definition 3.26, just
as the Kaluza-Klein monopole does with an ordinary Dirac monopole. The Kaluza-Klein brane appears when
spacetime is a non-trivial circle bundle and, analogously, the NS5-brane appears when the bundle gerbe is
non-trivial.

3.4 Recovering generalised geometry

Here we will show that generalised geometry is naturally recovered from the bundle gerbe perspective upon
imposition of the strong constraint, i.e. invariance under the principal BU(1)-action.

Remark 3.30 (Generalised geometry on the atlas). Let {0y} = {0y, 5"} be the local coordinate basis of TM.
A vector on the atlas (M, J, w) can be written in local coordinates as V = V{‘g)a M = v’(‘a)ay + V(a)ugﬂ, where
the components V(I'g) are locally defined. The fundamental 2-form w will project this into a vertical vector
w(V) = (V(a)u + B(a)yvv(va))g“. Now, if we call {D4} the basis of globally defined vectors on M dual to the global
1-forms {E#}, we can write a vector on the atlas by V = V4D, where now the components V4 are globally
defined. We can now express the isomorphism 77+ @ w in (3.2.8) by

A ~
74 DA = Vﬁx)ay + (V(a)u + B(a)wv‘(’a))a“ (341)
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Notice that, if we restrict ourselves to strong constrained vectors, i.e. vectors whose components Vé‘o’f) only
depend on the coordinates of the base manifold M, these are immediately sections of a Courant algebroid
twisted by the bundle gerbe ¢ — M with local potential B,.

We have already shown that strong constrained vectors on such an atlas reduce to sections of a Courant
algebroid. Now, we want to show that the bracket structure of the Courant algebroid also comes from the
bundle gerbe. This was mostly explored in [1].

We can now introduce the infinitesimally thickened point
D! := Spec(R[e]/ <ez)). (3.4.2)

Notice that this is not a stack, i.e. D* ¢ H. However, it is possible to define a new (oo, 1)-category Heoma by
enlarging the category Diff of smooth manifolds, on which the objects of H are presheaves. It well-understood
that this can be achieved by using the category Diff;,; . of formal smooth manifolds, i.e. smooth manifolds
possibly equipped with infinitesimal extension. For details about this construction see [65, 83]. From now on,
we will commit a slight abuse of notation and we will denote Hgy,; 1, just by H.

Definition 3.31 (Tangent stack). We define the tangent stack of a stack .2~ € H as the internal hom stack
TZ :=[D', 2], where D! is the infinitesimally thickened point.

Remark 3.32 (Atiyah sequence of the bundle gerbe). For a given a bundle gerbe with connective structure
¢ s M, we can define its tangent stack by T% = [D!, ¢]. A direct calculation shows that [D!, M] = TM and
[DY, BU(1)conn] = BU(1)conn X bu(1)conn, where bu(1)conn is the stack of real line bundles with connection.
From this, we obtain the short exact sequence

00— % x bu(Deonn — T4 " 7' TM — 0. (3.4.3)

This sequence is nothing but the stack version of the short exact sequence (3.2.6). If we also choose a connec-
tion B, for the bundle gerbe, we will have induced an isomorphism of stacks

T9 ~ 1 TM & % % bu(1)conn, (3.4.4)
which is the stack version of the isomorphism (3.2.8).

Definition 3.33 (Atiyah L..-algebroid of the bundle gerbe). We can define the Atiyah L..-algebroid of our
bundle gerbe by aty := T¥¢//BU(1)conn —» M, in perfect analogy with the Atiyah algebroid of a principal
bundle.

Remark 3.34 (Courant 2-algebra). The isomorphism (3.4.4) induces the isomorphism of L..-algebroids on
the manifold M
aty = TM @s M x bu(1)conn, (3.4.5)

where @5 is the semi-direct sum. This, on sections, gives the isomorphism of L..-algebras
I'(M, atyy) = X(M) ®s bu(1)conn(M), (3.4.6)

where bu(1)conn(M) is the 2-algebra of line u(1)-bundles with connection on M. In [1] we showed that the
sections of such algebroid encode the infinitesimal symmetries of a bundle gerbe with connective structure.
As also seen in [1], a section V e I'(M, aty) can be expressed in Cech dataas V = (v + Vi) f(,xﬁ)), where
v € X(M) is a global vector field, V(a) € 0Y(U,) is a collection of 1-forms on each patch Uy of M and fap) €
C=Ua N Uﬂ) is a collection of functions on each overlap Uq N Ug of M. These local data are glued according
to

S = 5@ = ~txdAqp + dfiap)

fap +figy +fo = 0

(3.4.7)
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where (A(aﬁ), G(aﬁ,y)) is the Cech-Deligne cocycle corresponding to the connective structure of the bundle
gerbe ¥.

As shown by [35], the Lie 2-algebra structure of X(M) ®s bu(1)conn(M) is isomorphic to the Lie 2-algebra
structure of the standard Courant 2-algebra, whose 2-bracket is the Courant bracket [—, —]coy. If we write
sections V, W € I'(M, aty) of the Atiyah L..-algebroid on the atlas, in the notation of remark 3.30, we will
have the 2-bracket

[V, Wlcoy = [v, WlLie + Lyw - LyV - %d(lvVV — twV) + tyiwH, (3.4.8)
where H € le(M) is the curvature of the gerbe.

Let us conclude this section by mentioning the relation between this stack perspective on generalised geom-
etry and symplectic dg-geometry.

Remark 3.35 (Relation with NQP-manifolds). It is well-understood that, given a Le-algebroid a — M, its
Chevalley-Eilenberg dg-algebra CE(a) can be seen as the dg-algebra of functions on a dg-manifold, also known
as NQ-manifold. In the case of the Atiyah L..-algebroid, we have

CE(aty) = (e“(T*[z]T[uM), QH) (3.4.9)

where the dg-manifold T"[2]T[1]M, called Vinogradov algebroid, is canonically symplectic, i.e. it is a NQP-
manifold. The Poisson bracket, combined with the differential Qp, reproduces the Courant 2-algebra [78].
Inspired by this relation, a purely dg-geometric approach to Double Field Theory was developed by [28, 36—
38].

4 T-duality, non-geometry and bundle gerbes

Recall that we already described a linearised version of T-duality in remark 3.12, where we showed that every
couple of T-dual Lie 2-algebras share the same atlas.

"doubled space"
atla/ atlas
- >
T-duality

bundle gerbe

bundle gerbe

Figure 2: the "doubled space" seen as the atlas of both a bundle gerbe and its T-dual.
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If two different bundle gerbes ¢ and < are T-dual, they will have the same atlas M. In other words, we will
have a correspondence

M
y \5 (4.0.1)
% 9.

This can be seen directly by looking at the Cech data of the T-dual bundle gerbes with the respectlve connec-
tions, as it was done in [1, 2]. It is not hard to see it from the isomorphism ¥ xy, M=~ M x Mo 7 underlying
T-duality between ¥ — M and & — M.

As we will show in the next subsection, the lift of the T-duality to the atlas will be an isometry (M, J, w) —
(M, J, w) of para-Hermitian manifolds, i.e. a smooth map which preserves the para-Hermitian metric
n(=,-) = w(-, -) of M.

4.1 Topological T-duality

Lemma 4.1 (Topological T-duality on the doubled space). Let¥ 2y Mand 9 L Mbe two bundle gerbes
equipped with connection, such that they are T-dual. Then their atlases, respectively (M, J, w) and (M, J, w),
are related by a para-Hermitian isometry, i.e. a change of polarisation as defined by [69].

Proof. Let us start from the T-duality diagram of two topologically T-dual bundle gerbes. An atlas will sit on
top of the diagram as it follows:

(4.1.2)

Let us consider the atlas (M, J, w) of the bundle gerbe ¥ — M. Let e! ¢ O1(M) be the connection of the T"-
bundle M — My. As shown in [1, p. 46], we can expand the local 2-form potential of the bundle gerbe in the
connection e! € Q'(M) by

By = B(O)e’ nel+ B(l) dx” Ael+ Bﬁy dx* A dx” (4.1.2)

where ng(.’) is a globally defined scalar moduli field on M and, therefore, we omitted the a-index. The corre-
sponding fundamental 2-form on the atlas M will be

w = (e+ Bg.))ej) Ael+ ey Aek, (4.1.3)
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where we patch-wise defined the following global 1-forms on the atlas:

et = dx¥ el = deéa) + Aéa)ydx"
N N @) _ _ @ (4.1.4)
ey = dX(y, + B(a)yvdx e; = dfy; + B(a)mdx"
Let us explicitly construct the para-Hermitian metric n of the atlas. This will globally be
n=-) = wl-,-) = n=¢oe+e,oe (4.1.5)

Since b := Bl(.}(.))ei A el € Q*(M) is a global 2-form, the moduli field Bg.)) € C*(M, so(n)) can be interpreted as
a global B-shift. Thus, there exists an isometry of our para-Hermitian manifold [69, p. 15] given by

W =e’w=72¢neé +ey e, (4.1.6)
By using this isometry, we forgot the moduli field and we retained only the topologlcally relevant component
of the connection. Now, let (0, ] , ) be the atlas of the bundle gerbe & —» M. Since we started from a couple
of T-dual geometric backgrounds ¢ and ¢, we already know that the potential 2-form of the latter is
E(a) = BOg, A e+ Aéa)ydx” A€+ Bgzgyvdx" A dx” (4.1.7)
where BOV s a global moduli field (which can be explicitly obtained by using the Buscher rules) and AE' -
is the 1-form potential of the T"-bundle M — Mj. Therefore, the T-dual corresponding fundamental 2-form
will be
@ = (e'+BOe) ne;+eune (4.1.8)

Similarly to the first bundle gerbe, b= E(O)if"e'i A ej is a global 2-form and, thus, the map
o =é'w = eiAEi+EyAey (4.1.9)

is an isometry of the para-Hermitian metric. Now, let us callJ' and J the para-complex structures correspond-
ing to w’ and @’. We need to find a morphism of para-Hermitian manifolds f : (M, J, w) — (M, J,@") such
that @' = f'w’ and check that it is an isometry. This is immediately the map f : (X(@)» X(@)» O 5(00) —
(x(a), X(a), é(a), G(a)) which is given by the exchange of the torus coordinates 8 and 0 on each chart and
is clearly an isometry. Therefore, by composition, we obtained an isometry e’ o f o e™® : (M, ], w) —
O, 7, @). O

Remark 4.2 (Buscher rules). In [1, p.47], we also showed that the Buscher transformations (glo) B(O))

(g4, BOW) of the moduli field of the metric and the Kalb-Ramond field follow directly from applying the
isometry of the lemma to the generalised metric, i.e. § = f*G.

4.2 Non-geometric T-duality

We identified the isometries of our atlas (M, J, w) with changes of polarisation, i.e. with changes of T-duality
frame. However, in general, it is not be possible to identify the target (M, J, @) of an isometry with the atlas
of another bundle gerbe. In general, we can also obtain an almost para-complex structure J which is not
integrable. In this case, the background described by the transformed atlas (M, J, @) s, then, a non-geometric
background.

For a detailed discussion of the non-geometric cases, such as T-folds, in the context of higher geometry and
atlases we redirect to [1, 2].
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5 Outlook

The correspondence between doubled spaces and bundle gerbes we explored in this paper sheds new light
on the global geometry underlying Double Field Theory. Moreover, it provides a higher geometric explanation
for the appearance of the extra coordinates and for para-Hermitian geometry. These results are particularly
important for the investigation of the other extended geometries, i.e. the exceptional geometries underly-
ing Exceptional Field Theories, whose globalisation is significantly more obscure. In particular, the higher
geometric perspective will allow to find a generalisation of para-Hermitian geometry for Exceptional Field
Theory. Even if exceptional generalised geometry [33, 34, 77] is well-understood, such a generalisation is still
completely unknown. A generalised para-Hermitian formalism would be extremely fruitful, for example, in
the current research in exceptional Drinfel’d geometries [14, 67, 68, 73, 80, 81].

In [30-32], extended geometry has been studied in algebraic terms, in the light of representation theory.
The extended/higher correspondence will then provide a complementary global geometric perspective to
extended geometry, as well as new connections between higher geometry and representation theory.

Moreover, since the non-perturbative quantisation of strings and branes can be achieved by higher geometric
quantisation [22, 23, 39, 79], the close relation we established between extended and higher geometries will
have a profound impact on the problem of quantisation. This issue, among other ones, was started to be
studied in [3].

The higher structure which encompasses the global geometry of the C-field of 11-dimensional supergravity
can be seen as a bundle 5-gerbe twisted by a bundle 2-gerbe [41], which gives rise to the following diagram:

M —————— *
Iys
Gy —— S BUQ) ————— 5 * (5.0.1)

vz

fuass

M B°U(1)//B2U(1), —— B3U(1),

fmz

where the twisted cocycle fy,,5 can be also generalised to a 4-cohomotopy cocycle M M S*, where the
4-sphere can be given in terms of its minimal Sullivan dg-algebra by
CE(SA) = R[gl}’ g7]/<dg4 = O’ dg7 +84 N84 = 0>’ (5-O~2)

where g, and g7 are respectively 4- and 7-degree generators. In the context of L..-superalgebras, a notion of

super exceptional space Ré;(loB 2 has been defined by [44, 46, 47]. Notice that, in its bosonic form, i.e.

R;},{w _ Rl,lO ® A2(]R1,1O)’* @ AS(RI’IO)*, (503)

can also be interpreted as the atlas of the linearised version of the twisted bundle 5-gerbe % — M. If we
split the base space in time and space by R1'1° = Rl ¢ R1°, we obtain the decomposition

1,10 _ 10 2 10y* 2mp10 5 10y* 6110
Rex~ = R7T @ARY) AR OA(RT) @ APRY (5.0.4)
pp-wave M2-brane M9-brane M5-brane  KK-monopole
which agrees with the description of brane charges in M-theory [59]. Notice that, if we split the base space in
an internal and external space by R*19 = R1:3 ¢ R7, we obtain

RLI0 = R13 g (R7 e N R) e NPR) @ A6R7) S ee, (5.0.5)
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where the terms we explicitly wrote correspond to the (4 + 56)-dimensional extended space underlying E; ;)
Exceptional Field Theory [57]. Moreover, the terms we omitted are mixed terms involving wedge products
between R'>3 and R” which correspond to tensor hierarchies [27, 58] at 0-degree. Moreover, as already argued
by [4, sec. 9.2], the naturally expected structure generalising the fundamental 2-form to the exceptional case
would generally be an almost n-plectic structure. Recently, [82] proposed a local generalisation of the Born
o-model of the string to the M-branes. These are equipped with 3- and 6-forms which appear to be closely
related to the transgression of the higher field whose curvature comes from the dg-algebra (5.0.2). All these
are strong hints that the correspondence between extended geometry and higher geometry via atlases can
be well-defined for the exceptional cases too.
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