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The Electromagnetic Field in Rotating 
Coordinates 

A. GEORGIOU 

The electromagnetic field equations in rotating coordinates 
obtained by various authors, are based on incorrect expressions 
for the divergence and curl operators and the electromagnetic spa- 
tial vectors. This is a serious error in this most important aspect o f  
electromagnetic theory. Maxwell’s equations are shown to be valid 
in rotating Coordinates. 

The problem of the electromagnetic field equations in rotating 
coordinates has been discussed in the literature by a number of 
authors. In particular, Schiff [I], and Atwater [2] obtained field 
equations which are extremely complicated and distinctly unlike 
Maxwell’s equations. This i s  a serious problem in electromagnetic 
theory, because it challenges the validity of Maxwell’s equations 
in rotating Coordinates. We shall show that these treatments are 
faulty because they are based on incorrect expressions forthe elec- 
tromagnetic 3-vectors and the 3-current and charge densities, as 
well as the divergence and curl operators. 

Shiozawa, (see remarks by T. Shiozawa in [2]), seems to have 
obtained Maxwell-like equations in rotating coordinates, but his 
treatment i s  also based on incorrect expressions for the various 
quantities. The main source of  error in all these treatments, is the 
failure to take account of the fact that the geometry of physical 3- 
space in rotating coordinates i s  non-Euclidean. 

A treatment of Maxwell’s equations in general coordinates was 
given by MQller [3]. We have also shown that these equations are 
valid in all coordinate systems in flat and curved spaces [4]. Here 
we shall deal specifically with rotating coordinates. 

We shall use theconvention in which Greek indices take theval- 
ues 1,2,3,4for the spacetimecoordinates with x4 = t, Roman indices 
take the values 1,2, 3 for the space coordinates, the signature of 
the spacetime metric tensor g,, is +2, a comma denotes partial dif- 
ferentiation and we shall use M K S  units. 
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The electromagnetic field equations in vacuum electrodynamics 
expressed in tensor form are 

FP”,h + FA,, + Fir.” = 0 

(J-g F P ” ) , ”  = I N  
Po J-g 

1 
(1 ) 

where F,. and Fp’ = g””gU4Fmu are the covariant and contravariant 
electromagnetic tensors, i s  the electric 4-current, po is the mag- 
netic permeability of the vacuum, and g = lgpv1. We shall assume 
that (1) are valid in all coordinate systems in both curved and flat 
spacetimes. The controversy concerns Maxwell’s equations, which 
are the electromagnetic field equations expressed in terms of the 
spatial vectors E, H, D, B,j and scalarp. Here, E and Hare theelectric 
and magnetic intensities, D and B the corresponding inductions, 
j and p the 3-current and charge densities. 

I t  may be shown [3], [4] that in any coordinate system in curved 
or flat spacetimes, (1) may be reduced to Maxwell’s equations 

i a  
Jr at 

curl E = -- - (Jy B), div B = 0 

i a  
Jy at 

curl H - -- (Jy D) = j, div D = p 

where 

(3) 

with c the vacuum speed of light. Furthermore, y = I?,, 1 where y,, 
= g,] + y,y/, with y, = g,,/J-g,, i s  the spatial metric tensor, and 
e,kp = J y , k p ,  etkp = are the completely antisymmetric per- 
mutation tensors, e,kp being the Levi-Civita symbol whose values 
are +I, -1,orOaccordingastowhetherrkp isan even permuation, 
an odd permaution, or no permutation of 123. Note that the mag- 
nitudeof the spatial vectory,will not be used here, so noconfusion 
should arise between this magnitude and y. The divergence and 
contravariant curl of a spatial vector a and the contravariant vector 
product of two such vectors a and b are defined in a coordinate- 
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independent manner by use Cartesian forms for the divergence and curl operators. These 
are the reasons for the complicated form of their electromagnetic 
field equations in rotating coordinates. 

Shiozawa (see [2]) uses all four of the electromagnetic spatial vec- 
tors and obtains Maxwell-like equations. His expressions for B in 

1 
div a = - (Jy ak) , ,  

JY 
curl a = e’kPap,k (a x b)’ = eIkPakbp. 

\-I 

We note that the indices of spatial vectors are lowered and raised 
using the tensors y,, and y” respectively, and that the forms 
(covariant or contravariant) of thevarious quantities in (2), are those 
indicated by(3) and (4). We may further deduce after some lengthy 
algebra by expressing the F”’ in terms of the F,. and using (3) and 
the third equation of (4), that the constitutive relations are 

where eo i s  the electric permittivity of the vacuum and ~,,p,, = 1/c2. 
In the case of the coordinates x’ = (x y z  t) rotating with respect 

to the Lorentz coordinates X, = (X Y Z  T )  in the manner described 
in [I], (21, we have the transformation equations 

X = x cos w t  - y sin w t  

Z = Z  r = t  (6) 
wherew = (OOw) isthe(constant)angularvelocity.TheIineelement 
in the rotating coordinates xp i s  given by 

Y = x sin wt + y cos wt 

C2 ds2 2 dx2 + dp + d l  + ~ W X  dydt - 2wy dxdt - - d? (7) r2 

terms of F,,, of D in terms of F”’ and of j and p’in terms of /” are 
incorrect, however. Furthermore, he wrongly treats the spatial 
geometry as Euclidean and so his divergence and curl operators 
have Cartesian forms. The combination of these errors give Max- 
well-like equations. 

We have pointed out the errors made by Schiff [I], Atwater [2], 
and Shiozawa (see [Z]), and have shown that Maxwell’s equations 
arevalid in rotating coordinates. According to thegeneral principle 
of relativity, accelerated systems of coordinates are equivalent to 
inertial systems for the description of nature, but we must be pre- 
pared to abandon Euclidean geometry in these cases. (See p. 255 
in [3].) 
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where r = (1 - w2r:/c2)-1’2 with r 2  = x2 + $. We thus obtain for 
the nonzero elements of the symmetric tensors g,, and g”” A Novel Interpretation of Prony’s Method 

gll = g14 = -wy g22 = 1 g24 = 
G. M. PITSTICK, J. R. CRUZ, AND 

(8) R. J.  MULHOLLAND 
C2 

g, = -- r2 g,, = 1 

wx 1 
(9) 

w2x2 g22 = 1 - - $4 = - g” = 1 g a  = -- 
C2 C2 CZ 

with g = -c2. The spatial vector 7, is y, = r(-wy/c WX/C 0) and so 
we find for the nonzero elements of the symmetric tensors y,, and 
Y” 

r 2 w +  r2w2xy 
711 = 1 + - c2 Y12 = -- 

rzW2x2 
yz2 = 1 + - c2 Y33 = 1 

C2 

wi thy = r2. It is important to emphasize that the geometry of phys- 
ical 3-space in rotating coordinates with spatial metric tensor y,, 
whose elements are given by (IO) is non-Euclidean [3]. 

Using (3) we obtain 

1 1 
E = E, = F,4 D = -- FI4 H = H = - (F2, F3’ F12) 

Po r PO 

1 1 1 
(12) B = B‘ = - (FZ3 F31 f12) j = j ’  = - )’ p = - J4. r r r 

With these and the expressions in (4) for the divergence and curl 
operators in curvilinear coordinates, the electromagnetic field 
equations (1) reduce to Maxwell’s equations (2). After a somewhat 
lengthy algebra involving the use of (9) for the elements of g” to 
obtain the P’ in terms of the F,”, and the use of (3) and the third 
equation of (4), we may show that the constitutive relations (5) are 
also satisfied. 

Schiff [ I ]  and Atwater [2] do not see the need to use all four of 
the electromagnetic spatial vectors. Furthermore, they treat the 
geometry of physical 3-space in rotating coordinates as if it were 
Euclidean, although it i s  clearly not so. Consequently, theywrongly 

This letter presents a novel interpretation of Prony’s method. The 
key steps in this method are shown to be: I) the generation o f  a 
nonhomogeneous, constant coefficient, linear difference equa- 
tion, whose nonhomogeneous part is minimized in the least 
squares sense; and ii) the approximation o f  the general solution to 
the difference equation by the homogeneous solution that mini- 
mizes the particular solution. 

I. INTRODUCTION 

The purpose of this letter is to present a new interpretation of 
Prony’s method [I]. This interpretation, which originally appeared 
in [Z], provides new insights into a technique which i s  almost two 
hundred years old. 

The key step in the derivation of Prony’s technique, as i s  usually 
presented [3]-[5], i s  to recognize that the exponential approxi- 
mation is the homogeneous solution of a constant coefficient, 
homogeneous, linear difference equation on the approximation to 
the measured samples. The key step in our interpretation i s  to rec- 
ognize that the exponential approximation can be viewed as the 
homogeneous solution of a nonhomogeneous, linear difference 
equation on the measured samples. 

Once this fact i s  recognized, the extended Prony method can be 
set up in a more straightforward manner than i s  usually presented. 
In addition, it provides a new interpretation of the procedure in 
terms of two minimization problems with an intermediate poly- 
nomial rooting. It i s  shown that the technique first minimizes the 
Euclidean norm of the vector whose components are the values 
of the discrete forcing function of the nonhomogeneous differ- 
ence equation. The second step can also be viewed as the min- 
imization of the Euclidean norm of the vector whose components 
are the values of the particular solution of the nonhomogeneous 
difference equation. 
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