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Introduction

Kendall [5] has given a geometrical characterization of vector lattices
among the vector spaces with a generating cone. The characterizing
property is that the cone should have a linearly compact simplex as a
base.

Among the vector lattices we specialize to those which admit a lattice
norm with a certain nice property, called prozimity, which is defined
below. All Abstract Lebesgue spaces have the proximity property.

In this note, we give (for normed lattices with the proximity prop-
erty) a characterization of the norm-closed sublattices among the vector
subspaces. The characterizing property is that of thickness, also defined
below.

These results have application in the operational approach to the the-
ory of statistical systems and elsewhere (see for example [4], {6, Ch. 1]).

Definitions. Let K be a convex set, K, a convex subset of K. Say
that [z, y] is a segment in K, iff z,y € K, and = # y.

Say that K, is a thick subset of K iff for all segments [z, y] in K, we
have

sup{t € R* : 32',y € Ky st 2’ —y' =t(z —y)}
=sup{t € RT : 32’y € K st ' —y =t(z — y)} < 0.

Let Z be a normed vector lattice. Say that Z has the prozimity
property iff for all « > 0 with ||z]| = 1 and all € > 0, there exists ¢ < 1
such that for all z > tz with ||z|] < 1 we have ||z —z|| < €. This amounts
to demanding that

diam((tz +C)NB) — 0 as t 1.

Theorem. Let Z be a normed vector lattice, equipped wilh positive cone
C' and closed unit ball B. Let K denote BNC = {z >0 st ||z]| < 1}.
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Let Zg be a positively generated linear subspace of Z
(so that Zy = Co — Co where Co = ZoNC) and let Ko denote ZgN K.

If Z has the prozimily property, then Zy is a norm closed sublattice
of Z iff Ky is a norm closed thick subset of K.

Proof. Let [z,y] be a segment in K and define

k:max{”(w_y)-{-”’”(y_w)-&-“}> 0; T = (fc ‘“ky)'*'; 37: (y —kfl?)-}-

where 2t = 2V 0. Note that either # or § has norm one. We show that
[#, 9] is the unique thick segment in K parallel to [z,y].

Certainly [Z,%] is parallel to [z,y]. Now suppose [z’,y’] another seg-
ment in K with 2/ — y’ = ¢(Z — §). Assume without loss of generality
that ||2}] = 1. Then

' >2HT-F)VO=1tT since T-y=(z—y)/k.

Hence (taking norms) ¢ < 1, so [z, 7] is thick in K. If t = 1 then 2/ = &
by proximity, whence y' = ¥ also.

Now suppose that Zg is a sublattice of Z. We show that Ky is thick
in K.
" Let [z,y] be a segment in Kj. Then [Z,7] is also in Ky since Z; is a
sublattice. But [Z, 9] is thick in K. Hence K| is thick in K.

Now suppose that Ky is thick in K. We show that for all 2,y € Zg
we have z Vy € Z;.

Since Zg is positively generated, we may assume without loss of gen-
erality that [z,y] is a segment in Ko and that ||Z]| = 1. Since z Vy =
(z — y)* + y it suffices to show that # € Ky. Choose t € (0,1). By
thickness, there exist /',y € Ko st 2’ —y' = t(z — §) for this ¢. But

g >HF-P)vV0o=1tz

as before, so by proximity @' converges in norm to T as ¢t approaches
one. Since Kjp is norm closed, we have 7 € K.

Norm closure of Z o now follows from the norm continuity of the lattice
operations. qed
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Discussion. The term thick used here is equivalent to relative width one
in the sense of P.D. Taylor [8]. This property was used by Anderson and
Batty to characterize Choquet simplexes among compact convex sets by
a facial extension property. See [1}], [2, Lemma 3 Proof].

Clearly every Abstract Lebesgue space has the proximity property, for
if z,2 >0 with ||z|| = 1, ||2]] £ 1, 2 > tz then

llz = 2ll < ||z —te|l + llo — 22| < 2(1 - 1).

Various other characterizations of the closed sublattices of Lebesgue
spaces are known, for example they are precisely the ranges of the con-
tractive positive projections of the space. Generally these projections
can be interpreted as conditional expectation operators applied to the
integrable functions (or measures) making up the space (see for example
(7)) .

In the light of these results the characterization in our Theorem can be
regarded as giving an intrinsic geometric criterion for a set of positive
measures or density functions (representing physical states) to be the
range of a conditional expectation defined on some larger set.

It is important to note that Zg may be a lattice in the order inherited
from C without being a sublattice of Z. For further discussion and
examples of the significance of this point see [3].
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