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1 INTRODUCTION

In order to estimate physical conditions in the extended pmm

ABSTRACT

| investigate the effect of non-uniform magnetic fields ie textended structures of radio
galaxies on the observed synchrotron and inverse-Comphéiss®n. On the assumption of
an isotropic field, with a given power spectrum and a Gausdistnbution of the Cartesian
components of the magnetic field strength, | derive a simpiegral that can be used nu-
merically to calculate the synchrotron emissivity from atgctron population. In the case of
power-law spectra, | show that it is possible to estimatalifierence between the synchrotron
emissivity from a region with such a field and that from the aoonly assumed arrangement
whereB is constant everywhere, though fully tangled, and thatdliisrence is small, though
it increases if the electron energy density scales with #d.fAn aged electron spectrum in
such a field produces a characteristic curved synchrotrectispm which differs significantly
from the classical Jaffe-Perola spectrum, and | discusesffacts that this might have on
standard spectral age fitting. Finally, | show that inveCsgnpton scattering of the cosmic
microwave background is only moderately affected by suckld tructure, with the effects
becoming more important if the electrons follow the field. gviatic-field estimates in the
literature from combined synchrotron and inverse-Comptaalelling will give reasonable
estimates of the mean magnetic field energy density if the isahon-uniform but isotropic.

Key words: galaxies: active — radiation mechanisms: non-thermal —oradntinuum:
galaxies

[Blundell & Rawling5 (2000) for alternative views]. Finallin a
very few sources, observations of inverse-Compton enmissio
which the radio/X-ray ratio varies as a function of positi@ng.

nents of radio galaxies (jets, hotspots and lobes) from liserved 1 2004: Hard & Croston. 2005: | <paDs:
(e.g. Hardzasdl

synchrotron and inverse-Compton emission

] 0B X 005), some si Goodger et al.._2008) also imply that at least oneN¢E) and

pllfylng assumptions must be made. In inverse-Compton mod-

B vary on large spatial scales, and, in conjunction with multi
frequency radio observations, can be interpreted as skyothist

elling, in particular, it is typically assumed that the éfea number both must vary|(Hardcastle & Crostdn, 2D05). Moreover, the-g

density as a function of electron energyhereafteN(E)) is spa-

erally smooth appearance of inverse-Compton emission livbes

tially uniform, and that the magnetic field strength |n.thgm.e of when observed at high resolution (H e & C Hp00-

interest (e.g. a jet, lobe or hotspot) can be characterigedsingle
value ofB, where the magnetic field is assumed to be fully tangled
on scales much smaller than the scale of interest.

These assumptions are clearly not valid in detail. It has
been known for many years that the radio (synchrotron) eamiss
from lobes and plumes shows complex fine (‘filamentary’) stru

ture on a range of scales (e.g. Fomalont et al.,11989; Cerill.,

plies that the variations in physical conditions respdesibr the
filamentary radio structure are very unlikely to aris\ifE) alone.
Modelling of the synchrotron and inverse-Compton emis§iom
lobes should therefore ideally take into account thesetiaris in
physical conditions. In the present paper | shall focus om &a-

pects of this modelling where non-uniforBhandN(E) are likely

[1991; | Swain et al., 199¢; Laing etlal., 2008). The existente o

to be important: spectral ageing and inverse-Compton ntindel

these structures proves that at least oneBadnd N(E) is not ‘Spectral ageing’ is the name given to the long-established
spatially uniform within these structures. The fact thag tta- technique of using changes in the observed synchrotrorirspec
dio spectra of different regions within the source are nenid to infer the time since the particles in the region of interesre
tical (often attributed to ‘spectral ageing’, which will bdis- last accelerated, and thus make inferences about the sagece

cussed below in more detail) is generally taken to imply that and/or the lobe dynamics (elg. Jaffe & Perbla, 1973; Blrefz1
N(E) varies with position [though see Katz-Stone etlal. (1998) an IMyers & Spangler, 1985; Alexander & Leahy, 1987; Carilli £t a

(© 0000 RAS



http://arxiv.org/abs/1306.1640v1

2 M.J. Hardcastle

11991; [Liuetal.,[ 1992] Mack et all, 1998; Murgia et al., 1999;
Jamrozy et dll, 2008). K(E) is initially a power law in energy as
a result of the acceleration process, then at some latet tinfewe
expectN(E) to have a characteristic form dependingto8ince for
synchrotron radiation the characteristic timescale fargylosses
goes as 1E, N(E) att > O will always be characterized by de-
pletion of the highest-energy electrons. The appropriatenfof

may be very wrong in the presence of an inhomogeneous field.
Synchrotron self-Compton emission obviously depends emlis
tribution of N(E) andB in a much more complicated way.

There are two possible ways to improve our understanding
of the expected synchrotron and inverse-Compton progedfe
radio galaxies. In principle the best approach would be toyca
out full numerical modelling of the lobes, including all eghnt

N(E) depends on whether there is no pitch angle scattering of the physical processes that could affect the electron energgtispn.

electrons|(Kardasheyv, 1962; Pachol¢zyk, 1970, hereaft@okef-
fective pitch angle scattering (Jaffe & Pefdla, 1973, hiceedP).
In the KP model, some very high-energy electrons survivefind
initely because their pitch angles are very small and tha@rgy
losses negligible; thus the high-energy cutoff of the etetspec-
trum is that imposed by the original particle acceleratioocpss,
but there is a break in the electron energy spectrum whegrattd
over pitch angle at the point at which losses become norigieigl
for electrons with larger pitch angles. Pitch angle scattgis more
plausible a priori for realistic, turbulent magnetic fielonfigura-
tions because of the expected resonant scattering of lparon
the field, which is effective on scales comparable to the loanra-
dius of the electrons, and hence much smaller than the tesolu
of observations (see also discussio 9Bt }he
JP model, in which pitch angle scattering takes place, tieeee
critical energy, a function df, above which there are no remaining
electrons, and this in turn gives rise to an exponentialftindhe
synchrotron spectrum at high energies.

Both JP and KP models are in principle models of the shape
(not normalization) oN(E) and so are independent of our assump-
tions about electron number densities and magnetic fiedtgths,
but in practice ‘JP spectra’ and ‘KP spectra’ are normallicica
lated and fitted to data on the assumption of a uniform magneti
field strength, and, moreover, it is often assumed that the ifie
which the particle energy spectrum has evolved is the sartteabs
in which it is currently radiating. Early and important wodn
the problems with these assumptions was dorle by Tfibble3)199
who showed numerically that a distribution of magnetic feld
would give rise to synchrotron spectra that were signifigamod-
ified with respect to the JP and KP spectra, a point reiterfted
different assumptions about the distribution of field sgtés by
[Eilek & Arendt (1996). More recent work (elg Eilek ef al., 799
[Kaiser| 2005) has focused on analytical modelling of twieHéys-
tems, where ageing can take place in both fields but the emissi
is dominated by the high-field region; however, while thisais
alytically tractable and suffices to show that even simpleava
tions of the field strength will give rise to observable effecn the
synchrotron spectrum, the assumption of only two field sfites
is a limitation of these models. With the new-generationiaad
telescopes providing much better frequency coverage ofyhe
chrotron spectrum, it is timely to look again at modificaida the
spectral ageing model.

The inferences drawn from inverse-Compton emission from
lobes are also affected by inhomogenedi&) andB. N(E) of
course affects inverse-Compton emission directly. Fostimplest
case, that of inverse-Compton scattering of the cosmicawave
background (CMB), the inverse-Compton emissivity depeordg
on the number density of electrons wigh~ 1000, and since these
are too low in energy to be depleted by loss processes inalypic
radio source lifetimes, the inverse-Compton emissivitg@y de-
pends on the low-energy normalizationfE). However, inverse-
Compton emission is used to estim&@eby comparing the syn-
chrotron emissivity, which depends Bnwith the inverse-Compton
emissivity, which does not: these estimates of a charatieB

This approach was pioneered, though with very low resahuiad
for axisymmetric jets, by Matthews & Scheluer (1990b,a). &
cently, [ Tregillis et al. [(2001) have carried out 3D MHD simul
tions including acceleration processes, and the stateeoathfor
this type of work is represented by the type of code descriyed
IMendygral, Jones, & Dolag (2012), which can in principleegar-
bitrarily detailed inverse-Compton and synchrotron speets a
function of position. The key advantage of such work is that t
relationshipbetween the particle and field populations should be
realistic, with no simplifying assumptions necessary. disadvan-
tages are that such studies are computationally very eixeetiseir
results depend on the input assumptions about the micrishys
of, for example, particle acceleration and dissipation egnetic
fields, and they necessarily only sample a very small ardzeqba-
rameter space that it is possible for radio-loud AGN to ogcés

a result, while such work is essential to provide a detailedes-
standing of these systems, it is difficult to abstract fromeiheral
methods for interpreting observational data.

In the present paper | take the complementary approach
of using analytical calculations, supplemented by simieet
independent numerical modelling. | revisit some of the vzl
and numerical calculations originally carried ou),
[Tribblé (1998) and Tribble (1994), giving a clear statemafrthe
analytic approach used and extending the numerical worhgusi
currently available computing power. In Section 2 | deseribe
general approaches used in the paper and discuss theizap|ity
to real radio sources. In Section 3 | apply them to obsematiaf
aged synchrotron emission, noting in particular the imgureffect
of structure on finite-sized regions on the observed sfdesttepes,
and in Section 4 | consider the consequences of the emisgida m
els developed in Sections 2 and 3 for inverse-Compton agslys
Discussion and prospects for further work are presentee@ i@

5.

2 THE METHODS

The analytical method used to describe synchrotron ennissia
random magnetic field was described by Tribble (1991). Tisicha
assumption he used was that the field is a Gaussian random field
i.e. that each component of the field at each point is drawm fio
Gaussian distribution with mean zero and identical dispershis
would be the case, for example, if the magnetic field stractsir
generated by homogeneous, isotropic turbulnicethis case, the
distribution of the magnitude of the magnetic field strengghtor
is a Maxwell-Boltzmann distribution. We can then considher ¢éx-
pected synchrotron emissivity for an arbitrary electroargg dis-
tribution. Let the electron energy spectrum be describedl (&),

1 In general we expect MHD turbulence to be anisotropic (e.g.
3). My approach in this paper is to ignarisatropy

in the hope that this is a reasonable assumption for smaliginegions of
the source. Simulations of realistic MHD turbulence arednelythe scope

of this paper.

(© 0000 RAS, MNRASDOG, 000-000



whereE is the energy of the electron aid(E)dE is the num-
ber density of electrons with energies betw&eandE + dE. The
single-electron emissivity as a function of frequency igegi by

(Longait[2010)

() = VoS @

whereB is the local magnitude of the magnetic field strengtrs
the charge on the electrogy is the permittivity of free spacé; (x)

is defined|(Rybicki & Lightmar, 1979) as
Fx)=x | Kss(2)cz @

with Ks/3 the modified Bessel function of ordey3 andx is a
dimensionless function of the frequency, field strengthemergy:

v 4mmicty 3)
" ve  3eE?Bsina
If we further assume that the pitch angle distribution iswkndthe
standard assumption being that the electron populati@otspic,

i.e.pg = % sina), then we can write down an integral that gives the
emissivity from the entire population at a given frequency:

W) :/ /"/Emax \/§BegsmaF
0 Jo JEw, 8mecme
(cf.[Eilek & Arendl{1995) wherep andpg are the probability dis-
tributions of the pitch angler and the magnetic field strengih
respectively. As noted abovpg for a Gaussian random field is the
Maxwell-Boltzmann distribution, which we can write in a geal
form with a parametea:

2 BZexp(—B?/2a2
po — 2Bz ©

Itis convenient to consider a field with a given mean magrfiid
energy density, for which

/ B?pgdB = B3

which sets the value of the parametet By/+/3.

(X)N(E) pa pgdEda dB (4)

(6)
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Figure 1. Synchrotron surface brightness from a spatially unifosm: Q)
power-law electron energy distribution and a spatiallyyirag field as de-
scribed in the text. Magnetic field with = 5.667,kmin = 1 andkmax = 256

is generated in a 512512x 512 box and the synchrotron emissivity pro-
jected along the-axis. Lighter shades of grey indicate brighter regions; th
scale is logarithmic with 0.89 dex between the brightestfaimiest regions.

for the computational box used, so that the largest possinige
of spatial scales is present in the models.) The Fouriestoam of
the magnetic field is then

B(k) = ik x A(k)

and | take the inverse three-dimensional Fourier transfoftine
three components of this, using code provided by the FFTYaryh
to find the real values of the components of the magnetic fiedd v

Equatiori% can then be integrated — in the general case, aumer tor B, which are then renormalized to physical units. (For most of

ically — over the known electron, pitch angle and magnetikd fie
distributions to give a synchrotron spectrum. This is thehoe
used b[g(L_@l) and, although not explicitly stafEbble

) must have used numerical integration of a versiorgofe
tion[.

(1994) described a numerical method, which would be
expected to give the same results but which allows visu#dizaf
the synchrotron-emitting region rather than merely a dat@n of
its total emissivity, in which a box of random magnetic fieddyen-
erated and the emissivity of each cell can be calculated.n®rge
method for generating a random magnetic field with particsia-
tistical properties was described@%l). Thaesaeth-
ods were used 04), hereafter M04, modtfied
generate a magnetic field that might be appropriate for aitemi
cascade, and | closely follow the approach of M04 in whabfed.
Specifically, | generate the three components of the Fotraes-
form of the magnetic vector potentii\l(k) by drawing their com-
plex phases from a uniform distribution and their magnituflem
a Rayleigh distribution whose controlling parametef|Ay| in the
notation of Murgia et al) depends on the wavenuntteso = k¢
between minimum and maximum wavenumblgxs, andkmax and
is taken to be zero elsewhere.(In the numerical realizatioat fol-
low | take kmin = 1 andkmax to be the maximum value possible

(© 0000 RAS, MNRASD0Q, 000—-000

the runs used in this paper this is done using a 6522 x 512
box.) This process, of course, gives rise to a Gaussian nafiedd
with zero mean, and the power spectr{Bp|2 0 k~(¢~2 (M04).

To compute the synchrotron emissivity from the box | use the
method suggested by eq. 22 of M04: that is, the effective ®tagn
field is taken to be the component perpendicular to the lirsghft
(which | take to be the-direction of my Cartesian co-ordinates),
sothatB, = |B|sin6 = Bsin#. Since only electrons with pitch an-
glesa = 6 contribute non-negligibly to the resulting radiation sthi
means that the single-electron critical frequency is evbgre pro-
portional toB, E2. For speed, rather than numerically integrating
over the electron energy density at every point in the gigdnhpute
the emissivity for a single value &, for all required frequencies
(using equatiofi]4 but witlpg and py as delta functions), fit a cu-
bic spline to it, and then scale its normalization and basguency
using the values d8, andB appropriate to each cell.

An example of the projected synchrotron emissivity for such
a magnetic field configuration (assuming a power-law electro-
ergy spectrum witiN(E) O E~P: see below) is shown in Fifl 1;
here we assume a uniform electron density throughout theTiax
appearance of the synchrotron emission from the regioreaigl
expected to be strongly dependent on the power spectrunfaised
the vector potential, i.e. okyin, kmax and Z; it will also depend
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on the electron energy spectrum. One way of characteriziag t
synchrotron emission is to find its power spectrdﬂimﬁ
showed that a given power spectrum of the magnetic field trans
lates into a particular two-dimensional power spectrumhef ab-
served emission. Taking the two-dimensional Fourier fians of

the projected emission and averaging its amplitude in Féuiies

to find the power on each spatial scale, | find that, as expected

a power law is recovered, with the amplitude goingka8 where
n=~ %(Z — 3) for flat electron energy spectraf 2); there is only a
very weak dependence on the electron energy ingléx the sense
that higher values op give rise to higher values af Carrying out
the same procedure on some high-quality radio images, | fiad t
power laws for the amplitudes of the observed synchrotrois-em
sion from well-resolved bright radio lobes have- 2 in the range
in which they are well described by a power lavkifwhich in prac-
tice is a range of scales starting significantly below the sizale
of the lobes and ending significantly above the nominal apeds-
olution), so that we should adogt~: 6 to reproduce these. In what
follows | take a standard value ¢f=5.667, as used in the image
shown in Fig[l, since this corresponds to a Kolmogorov spett
for B. The fact that the observed properties of radio lobes are con
sistent with a simple model of magnetic turbulence togettiéhn
a uniform electron energy spectrum gives us some confidérade t
the model used here is at least somewhat relevant to reahsyst
What is of course missing from the numerically modelled
synchrotron-emitting regions is any of the large-scalarfédatary
structure seen in real radio lobes. There are two reasonhifr
firstly, the simulated region cannot, because of the way ¢ois-
structed, have any contribution from structures largen tha half-
size of the box: secondly, the most striking of the filamensruc-
tures are almost certainly a result of the large-scalenatatynam-
ics of the lobes, and are a symptom of the processes thattteve
turbulence rather than of the turbulence itself. | do noardghis
as a serious problem since the only modelling | intend toycauit
will be of regions small enough that the electron energy spet
does not vary significantly across them; that is, the modedsilsl
be taken to represent regions much smaller than the chasticte
size of the lobes (with the caveat that, of course, we haveotew
servational constraints on the properties of magnetiaterize on
those scales).

3 SYNCHROTRON SPECTRA
3.1 Power-law electron spectra

The synchrotron spectrum of a region containing a non-umifo
magnetic field, for a given electron energy distributiom ceow
be investigated. | choose to restrict this to the situatibrens the
electron energy spectrum is the same, apart from normializait
all points in space: this is reasonable if the diffusion tiimeelec-
trons throughout the region is much shorter than the loss, tga
that, averaging over loss times, all electrons probe theesasan

magnetic field strength. (See Tribble (1993) and Eilek 5£197)

for modelling in which this is not the case.) Since there ims@v-

idence thatN(E) does vary on the largest scales, these models are

not applicable on those scales.

We can begin by considering a power-law distribution of elec
trons,N(E) = NgE~P. In this situation it is clear from the standard
arguments that we still expect a power-law synchrotron tspec
with the usual frequency dependendgy) O v—(P-1/2_Only the
normalization can change. In fact, for the case where we havé-
form N(E) independent oB, we can see that if the mean squared

magnetic field strength is the sanﬁ%, the total electron energy
loss rate to synchrotron emission in the region must be thesa
and as the spectral shapes are the same except at the ersdgfoint
the power law, the normalizations should be essentiallytidal.
Another way of seeing this is to integrate the standard pdawer
emissivity approximation,

(-1

J(v)=KNgv~ "2z B

= @)
where K is a constant, over the distribution of magnetic field
strengths, obtaining

fooma- 2,(2)*r(25)

where the leading numerical term differs from unity by only a

few per cent over a physically reasonable rangep@2—3); that

is, the emissivity from a Maxwell-Boltzmann distributiofi feeld

strengths is only very slightly different from that fropg = 6(B —

Bo), a fully tangled field with a constant magnetic field strength
Somewhat more interesting is the case where the normaliza-

tion of the electron energy spectruidy] is not a constant in space.

It is clear that if the variations itNg are uncorrelated with those

in B, then there will be no effect on the synchrotron emissivity i

tegrated over a sufficiently large volume — we simply replee

constantNg in the equations above with its mean valNg More

interesting is the case where the local normalization dépen the

magnetic field strength. We may assume some general power-la

relation,
B S
No O | =—
0 (BO)

wheres = 0 corresponds to no dependenceBands = 2 to what

we could think of as ‘local equipartition’ — the energy densif

the particles scales everywhere with that in the field. E{E389)
suggests that intermediate values,df—1.5, might be reasonable in
trans-sonic turbulence. Then the ratio between the entigginthis
situation and that in the fully-tangled, uniform-densityiform-
field case with the same mean magnetic field and particle gnerg
density becomes

/BSB“’%” pgdB (2>

(p+1)

(p-1)

KNov™ 2 By? (8)

9)

(3%

() —\3
By 2 /BSdeB

This is an almost linear function o which goes from~ 1 at
s=0to~ 15 ats= 2, more or less independent gfin the
range discussed above. Thus we expect the total emissivitypd-
els in which the electron density follows the field strengihbe
up to a factor 1.5 higher than in the uniform-density, comista
field-strength models for a power-law spectrum. We also expe
power spectrum of the resolved emissivity to have a steepeep
law index, since the effect of increasiags to increase the contrast
between the brightest and faintest regions of the map. lctipea
this is a small effect, with the value ofincreasing by only~ 0.1
fors=2,p=22.

Finally, it is important to note that the preceding analyisis
for the idealized case where we integrate over an infinitarnel
In real systems, and in particular in systems where a tunbut@g-
netic field power spectrum extends to the largest availataées,
as discussed in Sectibh 2, there will be considerable sdatthe
relationship between mean electron and magnetic field gueng-
sity on the one hand, and emissivity on the other. We retuthiso
point below.

(10)
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]0—10

10—12

Emissivity (arbitrary units)
Emissivity (arbitrary units)

]0—14

10—16

10-18

10°
Frequency (Hz)

-20
10
108

Non-uniform magnetic fields 5

10°
Frequency (Hz)

Figure 2. Aged spectra in TIJP and classical JP models. Left: solid ls®w the the spectrum arising from numerically integgatire JP electron spectrum
over the Maxwell-Boltzmann distribution of magnetic fiellemgths, with spectral ages of A(flattest, top), 2« 107... 10° years (steepest, bottom) with
Bp = 1 nT. An order of magnitude in normalization is inserted kesw each curve. Dotted lines show the classical JP spectitmavixed magnetic field
strength of 1 nT. Right: spectra from ten numerical realiret of finite-sized regions containing JP electron spestiawing the dispersion that arises from
the magnetic field structure in such regions, with each eatotresponding to runs for the age values plotted in thehlaftd panel.

3.2 Aged spectra

We may now consider spectral ageing. | adopt the JP elegbexs s
trum, i.e.

NoE P(1—ECH(P2 E<1/Ct
N(E) = | N ( ) / (11)
0 E>1/Ct
whereC is the constant such that

i.e.C takes account of both radiative and inverse-Compton losses

407

e

(Longaif,[201D) whereJic is the energy density in photons and
Ug.loss = BE)SS/ZHO is the energy density in the effective field
seen by the radiating electrons over their post-acceteréfetime,
which in general will be different from the loc8l

The JP spectrum is the only one of the two ‘traditional’ elec-
tron spectra discussed above that it is reasonable to @nsids
discussed in Section 1, the turbulent magnetic field thatmpose
would be expected to lead to effective scattering as longha®t
is structure in the magnetic field on scales comparable th&ne
mor radius of the electrons. Such an electron energy spedsrax-
pected in a non-uniform magnetic field model if, as notem

C (UIC + UB,Ioss) (13)

(© 0000 RAS, MNRASD0Q, 000—-000

@), the electron diffusion coefficient is independdrarergy —
in this case all electrons in a given volume can be taken te ta
same average loss history, and we can aBggt= By. (This is also
true, independent of the diffusion coefficient, if inveiSempton
losses dominate, i.8,c > Bjgss)

This electron spectrum can then be used if&q. 4 to compute
the synchrotron emissivity (throughout this section ofpilaper we
assumes = 0). Fig[2 shows plots of the aged synchrotron spectrum
for a Maxwell-Boltmann distribution of magnetic field stggh, as-
suming a uniform electron density that does not depen& (for
simplicity | refer to these as Tribble-Jaffe-Perola, or,lsj&ectra in
what follows). To allow a concrete comparison to real syotion
spectra | seBg = 1 nT, Bjgss= 1 nT, andU,c appropriate for the
z= 0 CMB; this is a regime appropriate for lobes of powerful ra-
dio galaxies in the local Universe. The age varied between 70
and 16 years. Also plotted, for comparison, are the JP synchrotron
spectrum appropriate for a singsefield value,B = By.

Several important points can be noted on this plot. Firstlpf a
we see that the spectral shape is significantly altered bpdbe-
tion of a Maxwell-Boltzmann distribution foB: the TJP spectrum
cuts off at higher frequencies and curvature is visible aeider
frequency range. This is not at all surprising, since we daw v
these spectra as the weighted sum of many individual siigji-
JP spectra, with the break frequency for each being shiftedrd-
ing to eq.[8. The spectra resemble the classical JP spectha in
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sense that, unlike the case in KP spectra, the spectral inelex
tween any two frequencieg and v; = Cvg gets monotonically

steeper ayy moves upwards in frequency. However, we also see
that the spectra do not have the same shape as classicalcifa spe

either — a TJP spectrum matched to a single-frequency J&smpec
at high and low frequencies is more strongly curved at inésfiate
frequencies, and this excess curvature could in principleded to
distinguish between them. Sensitive observations spgrabroad
frequency range, such as will soon be provided by combinidg L

FAR and JVLA data, will be needed to see if these models can be

tested.

however, see Harwood et al.(submitted), for an example evtier
TJP and JP models do not give significantly different answers

4 INVERSE-COMPTON MEASUREMENTS
4.1 Scattering of the CMB

If the electron number density is constant, the results ofice

[37 are good news for inverse-Compton estimates of magfietic

strength that involve scattering of an isotropic photordfiich as
the CMB. The emissivity from this process depends on the num-

Secondly, we see that the normalization of the two spectra is per density of low-energy electrons (ejg~ 1000 for scattering

very similar; this follows from the type of argument we usédwee
to discuss power laws. Since the TJP extends to higher fneips
we would expect its normalization to be slightly below thathe
uniform-field spectrum, which is observed.

Finally, we see that in the realizations of the TJP spectra

using the numerically modelled regions, plotted in E. igHt-
hand panel), there is very substantial scatter, partiguiarsteep-

of CMB photons to keV X-ray energies) and therefore on the nor
malization of the electron energy spectrudy, The magnetic field
strength is then essentially estimated from synchrotrosenia-
tions using ed.J7 (in the case of a power law), so

B0 (%)pﬂ »

spectrum regions. This comes about because the magnedc fiel \yhere the assumption is that there is a single valttbfoughout
structure that we have generated has its maximum power &8sca  the region of interest.

comparable to that of the box itself — they are not simply altes
tion effect, but show the real expected degree of scatteiGaus-

As we saw in Sectioh 31, replacing a single magnetic field
strengthB with a distribution of field strengths characterized by

sian random magnetic field with a power spectrum of the type we 3 mean squared fielB2 barely changes the normalization of the

have chosen. We expect this to be a realistic descriptioagibns
much smaller than the lobe size, where the largest scalerfafcgu
brightness variation is larger than the region size, so langhe
power spectral indeg is not too flat. As the plots show, finite-size
realizations (which is what we always see in practice) méfgidi
significantly from the idealized spectra derived by intéigraof eq.
[. In steep-spectrum regions of highly aged spectra theedigm
in the predicted flux density can easily be an order of magdeitu
(and would be larger still fos > 0).

As pointed out b4), the emissivity for such an
aged electron spectrum, for appropriately high frequendie a
very strong function of magnetic field strength, becauseldbal
B determines the break frequency of the local synchrotros&imi
ity. It is a general prediction of models in which the obseirfiéa-
mentary structure is determined by magnetic field variattian the
filamentary structures will become more prominent as we ntove
higher observing frequencies, or, equivalently, thathtegregions
will have flatter spectra than fainter regions.

If real radio galaxies have spectra described by the TIP inode

what are the consequences of the widespread fitting of thdasta
JP model with its assumption of a uniform magnetic field? QGne i
obvious: for a given electron age, the TJP spectra cut offgdeh
frequencies, so we would expect JP models to underestithate t
true spectral age. Although this effect is not large (Elgit23 in
the sense expected from the generally accepted conclusbthe
spectral ages underestimate the dynamical ages of radigigsl
(e.g.,6). Another consequence is slightly lesgals.

Because the TJP models are more curved than the JP modeis at lo

frequencies, fitting a JP model over a finite frequency rangd,
the ‘injection index’ — i.e. the low-frequency spectral éxd- left
as a free parameter, will tend to produce artificially higjedtion
indices — the TIJP model flattens more at frequencies belosetho
that are observed than the JP model expects. The magnitukde of
effect will depend on the frequencies used and the locatigheo
spectral break with respect to them, and so is hard to qyabtit
some simple tests suggest that the effect is not neglidilders of
the JP model should treat best-fitting injection indiceswéution;

relationship betweehly and synchrotron emissivity(v) (eq.[3).
Therefore magnetic field estimates derived in this way acel gs-
timates of the mean fiel8y. Even if we consider the case where the
electron energy density scales with the field energy delfsity2
in eq[3) we saw that the normalization of the’) — Ny relationship
changes at most by a factor 1.5 (in the sense that more emissio
produced for a given mean number density of electrons). he i
tegrated inverse-Compton emissivity, which depends omtéan
value of Ny, is unchanged in such models, and so the change in
synchrotron emissivity would mean that the mean magnetid fie
strength would be overestimated by at most a faetat.3 (for
p = 2). Similar results will hold for more complex spectra, such
as the curved spectra of Sectionl3.2, though here additaysal
tematic errors in the standard calculations will resultrfrimcor-
rect assumptions about the mapping between the electragyene
spectrum and the synchrotron spectrum.

One interesting feature of inverse-Compton emission is tha
it is possible to test the class of models where the electron e
ergy/number density scales with field strength (i.e. wisere0 in
ed.[9); as noted above, these models have little effect dmaglo
properties of the synchrotron spectrum such as the powetrspe
index. If s> 0, we expect to see structure in the inverse-Compton
emission that will correlate with structure in the synchoatemis-
sion — the correlation will not be perfect (since the emisigis in
inverse-Compton and synchrotron are always different limaar
functions of the local magnetic field strength) but will bermap-
parent for high values . We can visualize this reasonably well,
without doing a detailed calculation by assuming that tiverise-
Compton emissivity scales a4, examples are given in Fifl 3.
Sources that show bright, resolved inverse-Compton eomss-
low us to put constraints on the values(iGoodger et al., in prep.).

4.2 Synchrotron self-Compton

Synchrotron self-Compton (SSC) emission is a much more-chal
lenging problem, since the photon field is no longer isotr@pid
the spectrum from every illuminating point may be differeve
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Figure 3. (Top) synchrotron and (bottom) inverse-Compton emissiomfthe same magnetic field distribution, with the electroargy density dependence
on the magnetic field strength increasing from left to righ& three panels shos= 0, 1 and 2 respectively. Grey levels are logarithmic andleesame for

each set of images.

expect the SSC emission from a region with variable magnetic
field strength to be non-uniform even if the electron denisityni-
form. To calculate the SSC from our numerical models we need,
in principle, to consider the illumination of every point leyery
other point, integrating the full anisotropic inverse-Gaion ker-

nel over the distribution of electrons and incoming photdriss is
computationally very expensive, and so shortcuts of varsurts

are normally taken to avoid having to do the full integrat{erg.,
Hardcastle et all, 2002; Hardcastle & Croston, 2011). Ireotd

get an estimate of the effects of inhomogeneous magnetitsfiel
consider only power-law spectra, which has the effect tfeaheed

not consider a different synchrotron spectrum from eachimel
element, though | still take account of the anisotropic sivity

of synchrotron radiation. | treat anisotropic inverse-@bom scat-
tering using the approach lof Hardcastle étlal. (2002), basetie
inverse-Compton formulations m@om, whicle amte-
grated over the power-law photon and electron distribstias-
suming scattering from a fixed radio frequency to 1-keV Xsray
(i.e. well away from the Klein-Nishina regime). All of thesenpli-
fications reduce the computation for each pair of volume etgm

to a few simple operations, rather than any numerical iat&gn.
Even so, theN® dependence of execution time makes the use of
512 boxes, as in earlier parts of the paper, impossible, andethe r
sults in what follows are based on Fdfloxes, which can be run in

a few minutes on a moderate number of compute cores. (For con-
sistency, | continue to use cubical boxes even though thengep

(© 0000 RAS, MNRASD0Q, 000—-000

affects the emissivity for the SSC process, because of dtes
and a cube is not a realistic shape for an astrophysical objie
scaling results should be the same whatever the shape wideons

We would expect that the mean SSC emissivity from a box
wheres= 0, so that the electron density is uniform, would be com-
parable to the emissivity for the case where both the elestamd
field (and hence the synchrotron emissivity) are uniforna s
is indeed what we see: the SSC emissivity is not uniform inefini
sized realizations, because of the non-uniform synchmotmis-
sivity, but it is much less strongly structured than the $yotron
emissivity because photons from the whole volume illuréret-
ery region. Fois > 0, the results are expected to be more interest-
ing, because now higher densities of electrons are coratedtin
regions of higher photon energy density, and indeed we sae th
structure begins to appear in the inverse-Compton imaggd4):
The mean inverse-Compton emissivity also increases, bytarfa
1.3 fors=1 and 1.6 fors= 2 — thus it tracks, rather closely, the
increase in synchrotron emissivity discussed in Se¢fidnas we
might expect (Fid.J5). The effect of such models would thenebe
on average to increase both synchrotron and SSC emissiaiyg
or less in step. Since for power-law SSC we know that

JsscU NOsznch (15)
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and so from ed.]7

R\ 7
BO (L“"h) (16)
Jssc
then the fact thalssc averaged over the volume scales roughly as
Jsynchmeans that, as with the CMB inverse-ComptBrfield esti-
mates derived in the conventional way will be wrong only bae f
tor~ 1.3 for p=2,s= 2. Infinite-sized regions there will of course
be scatter in both the synchrotron and SSC emission, bubthe f
mer is dominant (Fid.]5). If the spectra have substantialature,
as in the models of Sectign 8.2, then the dynamic range of 8@ S
images would be expected to increase significantly (paatiyuas
high-frequency photons in the synchrotron emission areitapt

for efficient SSC scattering to X-rays by low-energy elect)o We
might also expect the SSC results to be somewhat dependém on
power spectrum of fluctuationg,

As with the CMB inverse-Compton, we could in principle
test fors > 0 by looking at the strength of the correlation be-
tween SSC and synchrotron surface brightness. Howevert mos
well-resolved lobes are unlikely to be dominated by SSC. One
exception is Cygnus A (Hardcastle & Croston, 2011) but X-ray
inverse-Compton emission is only barely detected in thize®
against the thermal fore/background emission from the tlost
ter, and mapping it spatially will almost certainly requinext-
generation instruments.

5 SUMMARY AND CONCLUSIONS
The key points from the analysis presented in this paper are:

(@) 1 have given an explicit formula (efl 4) for the synchootr
emissivity in a large region with a Gaussian random magietid
— this was implicit, but never written out in this simple farin the
earlier work of Tribble.

(i) A comparison of the synchrotron emissivity between
uniform-field models and more realistic random-field modsls
particularly simple if we assume that the two have the samenme
magnetic field energy density: in this case we find that thenrmea
emissivity is almost unchanged, a result that can be deried
ther from simple physical arguments or from integrating skie-
chrotron emissivity function oveB. If the electron energy density
scales as some power of the magnetic field strength, whenieg
the same mean value, then the mean emissivity increasespbut
by large factors. Standard minimum-energy arguments éaon
uniform-field assumptions fd are not wrong by large factors.

(iiiy JP electron spectra in random fields give rise to a well-
defined synchrotron spectrum (the ‘TJP spectrum’) thatgsiki
icantly different from the standard JP synchrotron spectithave
presented a simple recipe for calculating this model nura#yi
The applicability of the TJP spectrum to real sources caregied
using fits to broad-band data from the current generatioradibr
telescopes. Numerical modelling shows that there may hesigr
nificant scatter in finite-sized realizations of this spectrdue to
structure in the synchrotron emissivity. Fitting a TJP $pen with

(© 0000 RAS, MNRASDOG, 000-000



a JP model may cause the low-frequency spectral index ¢lioje
index’) to be overestimated and the spectral ages to be esiiler
mated.

(iv) Random fields give rise to inverse-Compton emissivity
which is generally very close to the expectation from umifeor
field models: the energy densities in magnetic field estichediéh
the standard assumptions from inverse-Compton obsengatice
therefore good estimates of the mean energy density, ifidotren
energy density is independent of field strength. If the ebecen-
ergy density scales as some power the magnetic field strength,
the field strength will be overestimated, but only by smattdas
for plausible values dof. The relationship between the resolved sur-
face brightness of synchrotron and inverse-Compton eoms$-
pends on the value afand this can in principle be tested by obser-
vations.

Harwood et al. (submitted) discuss fits of the TIP spectrum to
real data, while Goodger et al. (in prep.) will attempt to stoains
from observations of resolved inverse-Compton emissiqplida-
tions of these models to the polarization of radio galaxiestaeir
depolarization by the external medium will be discussed lamter

paper.
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