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Abstract 17 

The double cantilever beam (DCB) tests are widely used to assess the interfacial delamination 18 

properties of laminated composites. For quasi-static loads, the DCB tests are standardized based on the 19 

beam mechanics; for dynamic loads, however, such as high-loading-rate impact and cyclic loads, there 20 

is no established analytical theory. This presents a significant obstacle preventing the research 21 

community from assessing the delamination behavior of composites or adhesives for their application 22 

under complex in-service loads. In this paper, the theory of evaluating dynamic mode-I delamination 23 

driving force for DCBs under general displacement loads is developed for the first time, accounting for 24 

structural vibration effects. The developed theory is demonstrated by two examples: high-loading-rate 25 

split Hopkinson bar impact and cyclic fatigue loads. The analytical solutions are validated by published 26 

experiment results and in-house tests. This work provides a fundamental analytical tool to study and 27 

assess the fracture behavior of fiber reinforced polymer composite and adhesive materials under various 28 

loading conditions. 29 

 30 

Keywords: Double cantilever beam test; Dynamic energy release rate; General displacement loads; 31 

Cyclic loads; High loading rate and impact  32 
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Nomenclature 33 
a   Delamination length 34 

nc   Coefficient of nth polynomial displacement component 35 

md   Magnitude of mth cyclic displacement component 36 

E   Young’s modulus 37 

f   Frequency of applied cyclic displacement 38 

dynf   Dynamic factor 39 

( )nF x   Shifting function for nth polynomial displacement component 40 

G   Dynamic energy release rate (ERR) as the total ERR 41 

applG , 
dynG   Applied ERR component, ERR component due to dynamic effect 42 

U

stG   ERR component due to the strain energy of quasi-static motion 43 

( )mH x   Shifting function for mth cyclic displacement component 44 

( )P x   Shifting function for initial time-independent displacement component 45 

( )Q t   Induced displacement 46 

R   Ratio of minimum to maximum applied displacement in cyclic load 47 

( )iT t , ( )iT t   Modal displacement and velocity of ith normal mode 48 

t   Time 49 

( )0w t   Applied general displacement 50 

1w   Applied initial time-independent displacement component 51 

( ),w x t , ( )fv ,w x t   Deflections for total and free vibration responses 52 

( )iW x   ith normal mode 53 

i   ith vibration mode’s wavenumber 54 

ij   Kronecker delta 55 

max , 
min   Applied maximum and minimum cyclic displacement 56 

m   Angular frequency of mth applied cyclic displacement component 57 

   Poisson’s ratio 58 

range , 
mean   Contribution of applied range and mean of displacement 59 

i   ith induced vibration contribution 60 

   Density 61 

( )i x   ith mode shape 62 

i   Ratio of 
i  and 

range  63 

i   Angular frequency of ith vibration mode 64 

1. Introduction 65 

Carbon-fiber-reinforced plastics (CFRPs) are widely used in the aerospace, automotive, 66 

civil engineering, energy and other sectors, where the light-weight structures are desired due 67 

to their high specific stiffness and strength [1][2]. Without reinforcement in the transverse 68 

direction, however, CFRPs are prone to delaminate along the interfaces between laminae 69 

[3][4][5]. Many studies focused on the improvement of fracture toughness by toughening the 70 
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resins/adhesives [6][7] or by using additional transverse reinforcements (stitching [8][9] or z-71 

pins [10][11]) to improve the delamination-resisting force. To assess the mode-I delamination 72 

behavior and to measure the fracture toughness or fatigue delamination growth rate, usually 73 

double-cantilever beams (DCBs) are employed according to a standardized test method in 74 

ASTM D5528 [12], but this is performed in the quasi-static loading regime. For real 75 

engineering structures, however, for instance, aeronautical components, which are prone to 76 

impact and in-service cyclic loads, the conventional measurement of delamination driving 77 

force, that is, energy release rate (ERR), is not adequate, and further fundamental knowledge 78 

of their fracture behavior under dynamic loads is required [13]. It is worth noting that under 79 

dynamic and cyclic loads, not only the strain energy can be dissipated during delamination 80 

advancement but also the kinetic energy, therefore, the delamination driving force is called 81 

ERR or dynamic ERR rather than strain energy release rate [14][15][16][17]. As noted by 82 

Freund [14], dynamic fracture addresses the fracture phenomena when material inertia 83 

becomes significant, and, therefore, the assessment of delamination driving force must consider 84 

the inertial effect and kinetic energy associated; this driving force is the dynamic ERR. For a 85 

DCB under impact load, the dynamic ERR G as the total ERR can be partitioned into two 86 

components, namely, the ERR component due to strain energy of quasi-static motion U

stG  and 87 

the ERR component due to dynamic effect Gdyn, where 
U

st dynG G G= + . For a DCB under cyclic 88 

load, the dynamic ERR G can be partitioned into two components, namely, the applied ERR 89 

component Gappl and the ERR component due to dynamic effect Gdyn, where G = Gappl + Gdyn. 90 

This definition is described in Section 2. 91 

The assessment of delamination behavior under impact or high loading rates was initially 92 

studied with using a servo-hydraulic machine [18] (with a limited range of high loading rates), 93 

and drop weight impact [19] (which suffers from the issue of mixed-mode loading due to 94 

unsymmetric opening), and more recently, split Hopkinson bar [20][21]. The last method is 95 

more efficient in generation of high-loading rates as well as producing symmetric opening to 96 

assess a pure mode-I delamination behavior. But since there is no theory to guide the 97 

experimental setup and to post-process the experimental data, the researchers [21][22][23] had 98 

to adopt experimental-numerical methods. Usually, the delamination driving force is calculated 99 

with numerical simulations, which require experimental data first, such as the applied 100 

displacement or external force, crack length, and, then, incorporate these data into numerical 101 

models to derive the ERR with respective numerical methods, such as virtual crack-closure 102 

technique (VCCT) or cohesive-zone modelling (CZM). This method lacks transferability that 103 
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4 

enables one numerical model to be directly adopted to study other cases, since numerical 104 

models are mostly suitable for specific cases, so there is a pragmatic requirement for theoretical 105 

development to resolve this. 106 

DCBs under cyclic loads can be used to measure fatigue delamination-initiation toughness 107 

and study fatigue delamination-propagation behavior under cyclic loads. The conventional 108 

method standardized in ASTM D6115 [24], allows the fatigue delamination behavior to be 109 

tested at frequencies only between 1 and 10 Hz [25][26] to avoid heating effects. Also the 110 

solution for the fatigue delamination driving force, that is, maximum strain energy release rate 111 

(rather than maximum ERR) accounts only for quasi-static motion, without considering a 112 

dynamic effect of cyclic loads. Nevertheless, Maillet et al. [27] designed a novel device capable 113 

of applying a frequency of up to 100 Hz with an insignificant temperature rise. For even higher 114 

frequencies, heating effects can be mitigated by cooling [28] or intermittently interrupted 115 

cooling [29]. The assessment of the fatigue delamination driving force in ASTM D6115 [24], 116 

however, still requires measurement of the applied load, but under high-frequency cyclic loads, 117 

the slender DCB structure experiences significant vibration due to inertia. In this case, therefore, 118 

the external force cannot be measured accurately, resulting in an incorrect assessment of 119 

dynamic ERR. To address this, an analytical theory considering the dynamic effect of DCB but 120 

allowing no measurement of external force is desirable, which can be used to investigate the 121 

cyclic-load-induced dynamic effect as well as the frequency effect for fatigue delamination 122 

driving force. 123 

As discussed above, the previous literature was focused more on experimental analysis 124 

using experiments at high loading rates, impact and cyclic loads. To the authors’ best 125 

knowledge, no analytical model was developed to study the dynamic effect explicitly; therefore, 126 

researchers have to resort to experimental-numerical methods. Accordingly, in this paper, the 127 

theory of dynamic mode-I delamination in a DCBs test is developed for general displacement 128 

loads including high-loading-rate and cyclic ones to provide an analytical solution that can be 129 

employed to study the dynamic effect and to post-process the experimental data for 130 

delamination initiation. The theoretical solutions for the delamination driving force in presence 131 

of structural vibration would allow measurements of the dynamic fracture toughness at 132 

initiation under arbitrary dynamic loads as well as investigations of fatigue delamination 133 

behavior. Note that the delamination propagation under dynamic loads, as a dynamic moving 134 

boundary problem, is beyond the scope of this paper, since it requires consideration of crack-135 

propagating speeds, the dispersive nature of the beam as 1D waveguide to supply the energy 136 

flux to the crack tip, and the Doppler effect due to the fast-moving crack tip. The interested 137 
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readers can consider [16]. In this paper, the theory is derived in Section 2 and applied to 138 

delamination problems under split Hopkinson bar impact and cyclic loads. Validation by 139 

experiments and verification against numerical models are presented in Section 3. Conclusions 140 

are given in Section 4. 141 

2. Theory 142 

In this section, a theoretical solution for the dynamic ERR of a DCB specimen under general 143 

displacement loads (as the loading conditions) is derived analytically in the context of structural 144 

vibration based on beam dynamics. The configuration of the symmetric DCB specimen is 145 

shown in Fig. 1a: the delamination length is a, the thickness and width for one DCB arm are h 146 

and b, and, therefore, the cross-sectional area is A = bh and the second moment of area is 147 

I = bh3/12. Following the conventional analytical method of analyzing a DCB, the delaminated 148 

region of the beam is isolated and assigned the coordinates as shown in Fig. 1b, where the crack 149 

tip is assumed to be built-in at x = 0, with the deflection of beam section in x-z plane, denoted 150 

w(x, t). Note that in reality the crack tip can rotate, and so the built-in boundary-condition 151 

assumption does not predict the ERR accurately. This is addressed by introducing the effective 152 

delamination length ( )effa a= + , as in ASTM D5528 [12] originating in [30], or by 153 

analytical solution [31]. It is also assumed that h << a, so that the Euler-Bernoulli beam theory 154 

applies. 155 

The general applied time-dependent displacement at the free end is assumed to be of the 156 

form 157 

 ( ) ( )0 1

1 1

sin ,
N M

n

n m m

n m

w t w c t d t
= =

= + +   (1) 158 

where 
1w  is the initial time-independent displacement component, 

1

N n

ni
c t

=  is the time-159 

dependent polynomial component, and ( )
1

sin
M

m mm
d t

=  is the harmonic component, 160 

representing quasi-static, dynamic and cyclic applied displacements, respectively. 161 
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 162 

Fig. 1. (a) Schematic of DCB specimen; (b) prescribed coordinate system and boundary 163 

assumption 164 

Generally, the ERR of a stationary delamination in a DCB under dynamic loads can be 165 

determined by the crack-tip bending moments, using a crack-tip energy flux integral [14][16], 166 

and the dynamic ERR is 167 

 

( ) ( )
2

2
0,1

2 ,
2

EIw t
G

bE I

 
 =  (2) 168 

where 
( ) ( )2

0,EIw t  is the internal bending moment of one DCB arm at crack tip x = 0, with 169 

w(x,t) being the displacement of this DCB arm (Fig. 1b), and the coefficient of 2 in Eq. (2) 170 

indicates that the total ERR is for DCB specimen with two DCB arms. Eq. (2) is for the plane-171 

stress condition. For the plane-strain condition, E in Eq. (2) and throughout this paper should 172 

be replaced with E/(1 − ν2). 173 

The deflection of the DCB arm shown in Fig. 1b is derived in Section 2.1, which is then 174 

employed to determine the dynamic ERR in Section 2.2 with two important applications for a 175 

split Hopkinson bar impact in Section 2.2.1 and for a cyclic fatigue load in Section 2.2.2. 176 

2.1. Dynamic transverse response of DCB arm under general displacement 177 

2.1.1. Deflection assumptions 178 

Under the applied general displacement w0(t) given in Eq. (1), the dynamic transverse 179 

deflections of the DCB arm w(x,t) can be assumed of the following form by introducing shifting 180 

functions [32]: 181 

( ) ( ) ( ) ( ) ( ) ( ) ( )1 fv 0

1 1

, , sin ,
N M

n

n n m m m

n m

w x t P x w w x t F x F x c t H x d t
= =

= + + + +   (3) 182 
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 183 

where ( )P x  is the shifting function for the time-independent initial displacement of 
1w , 184 

( )fv ,w x t  is the free-vibration component, and ( )nF x  and ( )mH x  are the corresponding 185 

shifting functions for applied polynomial-displacement and harmonic-displacement 186 

components, respectively. The physical understanding of shifting functions is the distribution 187 

of the respective applied displacement components along the DCB arm. Particularly for the 188 

quasi-static component 
1w , it is not time-dependent and, therefore, its contribution can be 189 

solved within the quasi-static beam mechanics giving ( ) ( ) ( )3 3 2 22 3 2P x x a x a= − + . The 0th-190 

order shifting function ( )0F x  is time-independent but induced by the time-dependent 191 

polynomial displacement component according to Grant [32], indicating the nonlinear effects 192 

of the applied polynomial-displacement component.  193 

The governing equations for the free-vibration component ( )fv ,w x t , and the shifting 194 

functions ( )nF x  and ( )mH x , are now derived (boundary conditions detailed in Appendix A). 195 

It is worth noting that the boundary conditions for the 0th shifting function are ( )0 0F a = , 196 

different from the other order shifting functions, for which ( ) 1nF a =  ( 1n  ). The free-197 

vibration solution for ( )fv ,w x t  is given in Section 2.1.2 and the solutions for the shifting 198 

functions ( )nF x  and ( )mH x  are in Sections 2.1.3 and 2.1.4, respectively. 199 

The equation of motion for the Euler-Bernoulli beam [33] in free vibration is 200 

 
( ) ( ) ( )4

, , 0.EIw x t Aw x t+ =  (4) 201 

By combining Eqs. (3) and (4), and forcing homogeneous conditions, the governing equations 202 

for the free-vibration component and the shifting functions are derived as 203 

 
( ) ( ) ( )4

fv fv, , 0,EIw x t Aw x t+ =  (5) 204 

 
( ) ( ) ( ) ( )4 2

1 2

1 0,
N N

n n

n n n n

n n

EI F x c t A n n F x c t −

= =

+ − =   (6) 205 

 
( ) ( ) ( )4 2

1 1

0.
M M

m m m

m m

EI H x A H x 
= =

− =   (7) 206 
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2.1.2. Solution for free-vibration component 207 

By the method of separation of variables, the free-vibration component ( )fv ,w x t  can be 208 

expressed as a summation of products of normal mode ( )iW x  and modal displacement ( )iT t : 209 

 ( ) ( ) ( )fv

1

, .i i

i

w x t W x T t


=

=  (8) 210 

The solution for the normal mode [15][34] is 211 

 ( ) ( ) ( )1 ,i iW x Aa x =  (9) 212 

where ( )i x  is the mode shape given as 213 

 ( ) ( ) ( ) ( ) ( )cosh cos sinh sin .i i i i i ix x x x x     = − − −    (10) 214 

In Eq. (10), 
i  is the wavenumber, obtained by ( ) ( )tan tanh 0i i − =  (frequency equation) 215 

with 
i ia = ; and ( ) ( ) ( ) ( )cosh cos sinh sini i i i i    = − −       . The solution for the 216 

frequency equation 
i  and the value for i  are given in Appendix A. 217 

As for the modal displacement ( )iT t , its governing equation is obtained by combining 218 

Eqs. (4) and (8) and introducing the ith mode’s natural frequency ( )2

i i EI A  =  as 219 

 ( ) ( ) ( )
( )

( )
0

0 cos sin ,
i

i i i i

i

T
T t T t t 


= +  (11) 220 

where ( )0iT  and ( )0iT  are the initial modal displacement and velocity, respectively. 221 

According to [33], they can be determined from the initial displacement ( )fv ,0w x  and the 222 

velocity ( )fv ,0w x  of the free-vibration component, respectively, as 223 

 ( ) ( ) ( )fv
0

0 ,0 ,
a

i iT AW x w x dx=   (12) 224 

 ( ) ( ) ( )fv
0

0 ,0 .
a

i iT AW x w x dx=   (13) 225 

In Eq. (1), by setting 0t =  with ( ) ( )1,0w x w P x=  and ( ),0 0w x = , the initial displacement 226 

and velocity of free vibration are found to be 227 

 ( ) ( )fv 0,0 ,w x F x= −  (14) 228 
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 ( ) ( ) ( )fv 1 1

1

,0 .
M

m m m

m

w x c F x d H x
=

= − −  (15) 229 

Note that determination of ( )0iT  and ( )0iT  via Eqs. (12), (13), (14) and (15) requires the 230 

solutions for shifting functions ( )nF x  and ( )mH x  (given in Sections 2.1.3 and 2.1.4). 231 

2.1.3. Solutions for shifting functions for polynomials 232 

The shifting functions for ( )nF x  by solving the ordinary differential equation Eq. (6) 233 

together with the available boundary conditions (Supplementary file). Examination of Eq. (6) 234 

reveals 
( ) ( )4

0NF x = , 
( ) ( )4

1 0NF x− = , and 
( ) ( ) ( ) ( )4

2 2 1 0n n n nEIF x c An n F x c− − + − =  for 235 

2 2n N  −  ( 0 1c = ). Therefore, the solutions for 
( ) ( )4

1NF x−  and 
( ) ( )4

NF x  are 236 

 ( ) 3 2

3 2

1 3
,

2 2
NF x x x

a a
= − +  (16) 237 

 ( ) 3 2

1 3 2

1 3
.

2 2
NF x x x

a a
− = − +  (17) 238 

And for ( )nF x  ( 2 2n N  − ) can be obtained by solving Eq. (6) iteratively. 239 

For the case of 3N = , for instance, the solutions of the shifting functions for the applied 240 

polynomial-displacement component are 241 

 

( ) ( )

( ) ( ) ( )

( ) ( )

3 2

3 2 3 2

7 6 4 3 5 2

1 1 1 1 13

7 6 4 3 5 20
0 3

1 3
,

2 2

1
7 39 840 33 2520 ,

1680

7 39 33 ,
1680

F x F x x x
a a

F x k x k ax k a x k a a x
a

k
F x x ax a x a x

a


= = − +


  = − − + + − +  



= − − + −


 (18) 242 

where ( )1 3 16k c A c EI= −  and ( )0 2 02k c A c EI= − . The solutions for 1N = , 2N =  and 243 

4N =  are given in Supplementary file. 244 

2.1.4. Solutions for shifting functions for harmonics 245 

The shifting functions for ( )mH x  are obtained by solving the differential equation Eq. (7) 246 

together with the boundary conditions (Supplementary file). 247 
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( )
( ) ( )

( ) ( ) ( ) ( )

( ) ( )
( ) ( )

( ) ( )
( ) ( )

sin sinh

2 cos sinh cosh sin

cos cosh
cosh cos sinh sin ,

sin sinh

m m

m

m m m m

m m

m m m m

m m

a a
H x

a a a a

a a
x x x x

a a

 

   

 
   

 

+  =
−  

 + 
− + + −   +  

 (19) 248 

where ( )4 2

m m A EI  = . 249 

The combined results from Sections 2.1.1 to 2.1.4 give the deflection of the DCB arm 250 

(shown in Fig. 1b) in Eq. (3) as 251 

 

( ) ( )

( ) ( ) ( )

( ) ( )
( )

( )

( ) ( ) ( ) ( ) ( )

0
0

3
1

1 1 4 40
1

1 0

1 1

cos

1
,

1
sin

sin ,

a

i i

Mi a
m mi

i i i i

mi i m

N M
n

n n m m m

n m

x F x dx t

w x t x
da c x F x dx t

P x w F x F x c t H x d t

 




  
  





=

=

= =

 −
 
 

=   
 + − +  

−    

+ + + +






 

 (20) 252 

where ( ) 2 21 1 1
i

i i i   = − + + −
 

 (values given in Appendix A). The derivation of the 253 

integral ( ) ( )
0

a

i mx H x dx , ( ) ( )0
0

a

i x F x dx  and ( ) ( )1
0

a

i x F x dx  are by partial integration 254 

(details in Supplementary file). 255 

As shown in Eq. (20), the total deflection is a combination of the free-vibration component 256 

and extrapolations of the other general applied displacement components. For the applied 257 

polynomial-displacement component, the 0th-order shifting function ( )0F x  affects the initial 258 

modal displacement of the free-vibration, while the first-order shifting function ( )1F x  affects 259 

the modal velocity; still, the other remaining shifting functions do not affect the free-vibration 260 

component. For the applied harmonic-displacement component, its associated shifting 261 

functions ( )mH x  do not affect the modal displacement but affect the modal velocity. 262 

2.2. Energy release rate 263 

By combining Eqs. (2) and (20), the total dynamic ERR for the DCB specimen shown in 264 

Fig. 1 is obtained as 265 

Jo
urn

al 
Pre-

pro
of



11 

 

( ) ( ) ( )

( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( )
( )

2

0
0

2

1

1 120
1

5

4 4
1

2

2 2

0

1 1

cos

2 3
sin

sin

sinh sin
0 0 sin

sinh cos cosh sin

a

i i i

a
i

i i

i i

M
i i m m

i

mi i m

N M
m m m mn

n n m

n m m m m m

x F x dx t

c
x F x dx t w

a aEI
G

db
t

d a a
F F c t t

a a a a

  


 



 


  

  


   



=

=

= =

 
 
− 
 
 − +
 
 =

 
+ 

−  

+  
+ + −

−  



 





2

.

 
 
 
 
 
 
 
 
 
 
 
 
 
  



 (21) 266 

Note that Eq. (21) is for the general applied displacement with a combination of quasi-static, 267 

polynomial and harmonic components; pragmatically, for a specific DCB test, the applied 268 

displacement might be a component of ( )0w t  in Eq. (1). For instance, under impact loads, the 269 

displacement can be only polynomials. Under cyclic loads (conventional fatigue test) can only 270 

be a combination of quasi-static displacement component determining the mean stress level 271 

and one harmonic component determining the stress amplitude. Therefore, these two 272 

immediate applications are investigated in detail in Section 2.2.1 for impact and in 273 

Section 2.2.2 for fatigue. 274 

 275 

2.2.1. ERR solution for DCB under impact loads 276 

Generally, the displacement at the free end of one DCB arm under impact loads, such as 277 

drop weight or split Hopkinson bar, can be obtained with a high-speed camera or by measuring 278 

of the incident and reflected strain waves [21]. Once this displacement is obtained, it can be 279 

fitted into polynomials, and by resorting to Eq. (21), the ERR can be determined.Assuming that 280 

the impact loads are applied to the undeformed DCB with a zero initial displacement, that is, 281 

1 0w =  in Eq. (1), and free-end displacement of one DCB arm can be fitted into the 3rd order-282 

polynomial, i.e. N = 3 as a case of Eq. (3): 283 

 ( ) 2 3

0 1 2 3 .w t c t c t c t= + +  (22) 284 

Then, by substituting Eqs. (18) and (22) into the general solution (Eq. (21)), and by regrouping 285 

the relevant terms, the dynamic ERR is then ( ) ( )
2

04

9
,

EI
G w t Q t

ba
= +    (23) 286 

where ( )Q t  is induced displacement by the structural dynamic response: 287 
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( ) ( ) ( )

( )

4 2

2 13
1 1

6 4 4

3 2 35
1

4 2
cos sin

3 3

11 11
4 sin .

420 140

i i
i i

i ii i

i
i

i i

A A
Q t c a t c a t

EI EI

A A A A
c a t c a c a t

EI EI EI EI

 
 

 

   




 

= =



=

 
= − +


− − −

 



 (24) 288 

Note that when determining the dynamic ERR in Eq. (23), the total response of one DCB arm 289 

is considered, which includes the applied displacement w0(t) and induced displacement Q(t) 290 

due to structural vibration caused by the inertial effect. Also note that the total ERR in Eq. (23) 291 

includes the ERR components from the applied displacement ( )0w t  and the induced 292 

displacement ( )Q t  as well as their coupling. The quasi-static component of the ERR (or strain 293 

ERR) can be determined by using the applied displacement ( )0w t  directly in the quasi-static 294 

solution for the DCB, which gives the ERR component of quasi-static motion as 295 

 296 

 
( )2

0U

st 4

9
.

EIw t
G

ba
=  (25) 297 

Therefore, the total ERR in Eq. (23) can be written as a sum of quasi-static ERR U

stG and 298 

dynamic ERR components dynG  as 299 

 300 

 
U

st dyn ,G G G= +  (26) 301 

where 302 

 ( ) ( ) ( )2

dyn 04

9
2 ,

EI
G w t Q t Q t

ba
 = +    (27) 303 

and, therefore, the dynamic factor can be defined as 304 

 
( )

( )

( )

( )

2

dyn

dyn U

st 0 0

2 .
G Q t Q t

f
G w t w t

 
= = +  

 
  (28) 305 

Note that Eq. (27) represents all the dynamic effects, that is, the induced displacement and its 306 

coupling with the applied displacement. Specifically, these dynamic effects are: (1) inertia-307 

induced local vibration, represented by terms with ( )sin it , and (2) coupling between the local 308 

vibration and applied displacement, represented by terms with the product of ( ) ( )0 sin iw t t . 309 

However, in Eq. (24), interestingly, there are two terms of ( )4

211 420Ac a EI−  and 310 
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( )4

311 140c a At EI−  not related to the above two sources, and the close examination shows 311 

that they come from the shifting function ( )1F x , which is solved by Eq. (6) that the solution 312 

of ( )1F x  depends on the solution of ( )3F x . This shows a nonlinear relationship between 313 

shifting ( )nF x  and the solutions for ( )nF x  causes the motion coupling of the applied 314 

displacement when the ERR is determined. And, therefore, this identifies the third dynamic-315 

effect source, which is the motion coupling of the applied polynomial displacement itself.It is 316 

also worth noting that for the applied displacement of form ( )0w t vt=  (setting 1c v=  being 317 

the constant opening rate), that is, the DCB under constant high loading rate, the ERR is 318 

 ( ) ( )
2

22 2 2

4 2
1 1

129 4
sin sin ,i i

i i

i ii i

AEIv tEIv t Av
G t t

ba ba b

 
 

 

 

= =

  
= + +  

 
   (29) 319 

which coincides with [16]. 320 

2.2.2. ERR solution for DCB under cyclic loads 321 

The general solution for the ERR in Eq. (21) can also be applied to the fatigue under cyclic 322 

loads. Following the conventional method in ASTM D6115 [24], that is, applying a cyclic 323 

displacement with the maximum value max  and the minimum value min , the applied 324 

displacement is 325 

 326 

 ( ) ( )1 sin ,w t w d t= +  (30) 327 

where ( )1 max min 2w  = +  is the half mean applied amplitude, ( )max min 2d  = −  is the half 328 

range or amplitude, 2 f =  is the angular frequency with f  being the applied frequency. 329 

Note that max  and min  are for one DCB arm measured from the symmetry line. Taking these 330 

into Eq. (21), the ERR for this fatigue cyclic displacement load is 331 

 332 

 ( ) ( )
22

max
mean range4

1

9
sin sin ,i i

i

EI
G t t

ba


    



=

 
= + + 

 
  (31) 333 

where 334 

 ( )mean

1
1 ,

2
R = +  (32) 335 
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 ( )
( ) ( )

( ) ( ) ( ) ( )

2 2

range

sinh sin1
1 ,

6 sinh cos cosh sin

a a a
R

a a a a

  


   

+  = − −
−  

 (33) 336 

 ( )
( )

3 2 2

4 4 4

1
1 ,

3

i i
i

i

a
R

a

 


 


= −

−
 (34) 337 

are the contributions to the total ERR from the mean load, the load range and the ith induced 338 

vibration, respectively, with min maxR  =  being the cyclic load ratio.  339 

Note that the advantages of Eq. (31) allow to determine the fatigue delamination driving 340 

force, i.e. maxG  under the maximum load, without the need of measuring the applied loads as 341 

required by ASTM D6115. This is especially significant for high-frequency cyclic 342 

displacements, where the applied loads oscillate considerably and are very hard to measure. 343 

A close examination of ( )range 1 R −  and ( )1i R −  reveals that they are both 344 

dimensionless and functions only of dimensionless parameter a  (note that   represents the 345 

applied frequency and structural property for ( )4 2 24 f A EI  = ). They are plotted versus 346 

a  in Figs. 2 and 3 to illustrate their properties. 347 

 348 

Fig. 2. Contribution to total ERR from applied cyclic loads 349 

It is seen that the values of ( )range 1 R −  and ( )1i R −  remain relatively small when a  350 

is not in the vicinity of the eigenvalues i ; otherwise, the beam system would go resonant 351 

giving an infinite value for ERR as the material fails immediately. 352 
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 353 

Fig. 3. Contribution to total ERR from ith induced free vibration 354 

Note that the induced vibration contributions i  are from the applied cyclic displacement 355 

range range , and, therefore, it is important to investigate the ratio between them to demonstrate 356 

the contribution from the applied cyclic displacement to the induced vibration as the relative 357 

dynamic effect. i  is defined as 358 

 
( ) ( ) ( ) ( )

( ) ( ) ( )

3

4 4 4
range

2 sinh cos cosh sin
.

sinh sin

i ii
i

i

a a a a

a a a

    


    

 −  = = −
− +  

 (35) 359 

  360 

Fig. 4. (a) Vibration-induced dynamic factors; (b) absolute value of vibration-induced 361 

dynamic factors 362 
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Fig. 4 shows the relationship between i  and range  for a range of a  values. For the first 363 

vibration mode, 1  increases with a  to a peak value of approximate 1.4, demonstrating the 364 

maximum dynamic response is 1 range1.4 = ; then 1  drops steadily to zero. However, the 365 

interpretation of this should be based on the real composite material, considering a less stiff 366 

CFRP with the longitudinal modulus of 10 GPa, density of 1000 kg m-3, and DCB with 367 

h = 1.5 mm and a = 125 mm (limiting geometry in ASTM D5528), the applied frequency of 368 

100 Hz, which gives ( )2 24 4 2.67a a f A EI  = = ; to increase the applied frequency further 369 

seems impossible due to the limitation of available experimental systems [27]. Therefore, in a 370 

realistic case, the value of a  might be well below 5, where the relative dynamic factor i  371 

decreases with increasing vibration-mode number, and the first vibration mode makes the 372 

largest contribution compared with those of other vibration modes.  373 

Another approach to study the induced dynamic contribution to the total ERR is by 374 

investigating the absolute values, that is, the applied ERR component applG  and vibration 375 

induced ERR component dynG  by expanding the Eq. (31) to have 376 

 appl dyn ,G G G= +  (36) 377 

where 378 

 ( )
2

2
max

appl mean range4

9
sin ,

EI
G t

ba


   = +   (37) 379 

 ( ) ( ) ( )
22

max
dyn mean range4

1 1

9
2 sin sin sin ,i i i i

i i

EI
G t t t

ba


      

 

= =

   
 = + +   

   
   (38) 380 

and, therefore, the dynamic factor can be defined as 381 

 

( ) ( ) ( )

( )

2

mean range
dyn 1 1

dyn 2

appl mean range

2 sin sin sin

.
sin

i i i i

i i

t t t
G

f
G t

      

  

 

= =

 
 + +   

 = =
 + 

 
 (39) 382 

Note that Eqs. (31) to (39) are for the ERR time response: for its application to study fatigue 383 

delamination initiation and propagation, the range or the maximum value of the ERR should 384 

be used, and they are denoted maxG , appl,maxG  and dyn,maxG , respectively, for the maximum value 385 

of Eqs. (36), (37) and (38). 386 
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3. Applications and verifications 387 

3.1. DCB under split Hopkinson bar impact 388 

To demonstrate and to verify the applications of the developed theory for impact, the 389 

experimental data of the DCB of unidirectional CFRP specimens manufactured from the 390 

T700/MTM28-1 prepreg in the split Hopkinson bar impact test from [21] is used. The 391 

displacement curve was adopted from [21] and fitted into a third-order displacement curve:  392 

 ( ) ( ) ( ) ( )
3 210 7 2 2

0 0 0 02.625 10 4.065 10 7.885 10 0.999,w t t t t t t t R=  − +  − −  − =  (40) 393 

where 5

0 9.8 10 st −=   is the estimated time for the DCB arm to start to deflect at the arrival of 394 

incident wave as shown in Fig. 5a in [21]. Then it was substituted in Eq. (23) to determine the 395 

dynamic ERR G that is compared with experimental-numerical solution from [21] in Fig. 5 for 396 

a number of different vibration modes. 397 

 398 

Fig. 5. Dynamic ERR versus time results from developed theory with first (a), first two (b), 399 

first three (c), and first four (d) vibration modes together with dynamic ERR data from 400 

experimental-numerical results for CFRP specimens of unidirectional stacking sequence 401 

Fig. 5 shows an excellent agreement between the analytical solution and the experimental-402 

numerical results until crack-initiation time determined experimentally in [21] and the 403 

analytical solution captures the oscillating nature of the ERR. The analytical solution with the 404 
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first vibration mode gives a mean value of the total ERR as shown in Fig. 5a. By adding the 405 

second vibration mode (Fig. 5b), the analytical solution approaches the experimental-406 

numerical results. With addition of the third (Fig. 5c) and fourth (Fig. 5d) vibration modes, the 407 

analytical solution becomes more oscillatory around the mean value of the first vibration mode. 408 

This may be due to different formations: the analytical solution is based on the 1D plane-strain 409 

condition using a longitudinal modulus, whereas the experimental-numerical result was 410 

derived from a 2D finite-element-method (FEM) simulation with an orthotropic material 411 

properties [21]. Still, the difference between the analytical solution and the experimental-412 

numerical result is insignificant. Note that the value of the dynamic ERR G is very small at the 413 

initial stage at the arrival of incident wave, and before 0.00018 s, the G value approaches to 414 

zero while the quasi-static component U

stG  increases with time. This is due to the negative 415 

effect of ERR component due to dynamic effect Gdyn, which is further examined in Fig. 7. 416 

 417 

Fig. 6 Comparison of FFT results for experimental-numerical method and developed theory 418 

for first two vibration modes 419 

The agreement between the prediction of the developed theory and experimental-numerical 420 

results can also be demonstrated with the Fast Fourier Transform (FFT) that provides a 421 

quantitative assessment (Fig. 6). According to this, the contribution of the first vibration mode 422 

in experimental-numerical results is 132.68 N m-1, while the respective theoretical result is 423 

127.01 N m-1, with the error of -4.27%; for the second vibration mode, this error is -14.33%. 424 

It is worth noting that the quasi-static solution is also plotted in Fig. 7 for comparison, and 425 

it seems that the dynamic effect lowered the total ERR and postponed the crack initiation. To 426 

further investigate the process, the ERR’s quasi-static component U

stG  (Eq. (25)), dynamic 427 
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component dynG  (Eq. (26)) and dynamic factor dynf  (Eq. (27)) were plotted (Fig. 7). Note that 428 

the ERR component due to quasi-static motion U

stG  is also referred as the strain energy release 429 

rate (SERR) that can be calculated with a conventional data-reduction method when dynamic 430 

effect is not considered. The comparison between U

stG  and dynamic ERR G presented in this 431 

study (Figs. 5 and 7) also demonstrates the significance of the dynamic effect. 432 

 433 

Fig. 7. Time response of dynamic ERR components and corresponding dynamic factors for 434 

first (a), first two (b), first three (c) and first four (d) vibration modes 435 

It is seen in Fig. 7 that the dynG  actually increases initially and then decreases with time; and 436 

this is due to the crack-tip motion that after the immediate impact the deflection around the 437 

crack tip experiences an additional opening tendency giving positive dynG  and dynf . After that, 438 

due to the structural vibration and the associated reciprocating motion, the crack tip undergoes 439 

closing and reduces the total ERR, resulting in negative dynG  and dynf .  440 

In general, the developed theory and the associated analytical solution for the split 441 

Hopkinson bar impact provides an accurate prediction of the delamination driving force 442 

compared with experimental-numerical methods, making it a powerful analytical tool to further 443 

study the dynamic effect accompanied by the structural vibration, which the experimental-444 

numerical methods cannot achieve. 445 
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3.2. DCB under cyclic loads 446 

3.2.1 Experimental verification 447 

To confirm the applicability of the developed theory for fatigue delamination, in-house 448 

fatigue experiments were conducted in accordance with ASTM D6115 (Fig. 8a) with a width 449 

of 20 mm. Each cantilever beam was made of 16 plies of Hexply 8552/AS7 (density: 450 

1790 kg m-3) CFRP in a quasi-isotropic layup of [0/45/90/-45]2s, giving a thickness h = 2.2 mm. 451 

Two beams were bonded with FM94 adhesive. The elastic properties of the laminate and the 452 

adhesive are given in Table 1. To monitor the delamination length, one side of the specimen 453 

was painted with white spray and marked with a vernier height gauge at 1 mm interval 454 

(Fig. 8b).  455 

 456 

Fig. 8. (a) DCB specimen (units: mm); (b) specimen with end tabs and markings; (c) applied 457 

cyclic displacement; (d) setup for fatigue test 458 

Table 1 Elastic properties of laminate and adhesives used in DCB specimens 459 

Material E1 (GPa) E2 (GPa) G12 (GPa) ν12 

8552/AS7 laminate 56.42 56.42 21.64 0.30 

FM94 adhesive 3 3 1.15 0.35 

 460 

An Instron 8841 fatigue test machine (Fig. 8c) was used to provide displacement control 461 

with the maximum displacement max  = 2.3 mm, R = 0.1 and f = 5 Hz. The applied loads were 462 

measured and the maximum value maxP  for each delamination length is recorded. The 463 
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delamination length was measured when the test was paused at the maximum displacement. 464 

According to ASTM D6115, the maximum ERR can be calculated via expression 465 

( ) ( )max max max3G P b a= +     (where max  is for one DCB arm). This experimentally 466 

determined maximum ERR value, maxG , is then compared with the theoretical solution 467 

(Eq. (31)) for various delamination lengths in Fig. 9. 468 

 469 

Fig. 9. Dynamic mode-I ERR versus delamination length under maximum displacement 470 

max  = 2.3 mm (R = 0.1, f = 5 Hz) 471 

Fig. 9 shows that the analytical solution and experimental result are in excellent agreement, 472 

but the analytical solution does not require the measurement of the applied load. To study the 473 

influence of the vibration-induced dynamic effect, terms ( )range 1 R −  in Eq. (33) and 474 

( )1i R −  in Eq. (34) were also plotted against the delamination length in Fig. 10. 475 

 476 

Fig. 10. (a) Contribution to total ERR from applied cyclic loads; (b) contribution to total ERR 477 

for induced vibration 478 
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3.2.2 Numerical verification 479 

The influence of vibration-induced dynamic effect is very small (Fig. 10) and can be 480 

neglected for the test frequency of 5 Hz. Still, the developed theory (Section 2.2.2) shows that 481 

the dynamic effect increases with increasing applied frequency, and that the dynamic effect 482 

can become significant. Note that, to apply higher frequencies, Maillet et al. [27] designed a 483 

mechanical device capable of applying cyclic frequency up to 100 Hz. To demonstrate the 484 

applicability of the theory in Section 2.2.2 and to investigate the induced dynamic effect, the 485 

FEM was employed using a 2D model in Abaqus/Explicit with plane-strain elements (CPE4R). 486 

Mechanical properties of 8552/AS7 laminate were employed in the finite-element model 487 

according to an orthotropic elastic constitutive formulation in terms of engineering constants: 488 

E1 = E2 = 56.42 GPa, E3 = 10 GPa, G13 = G23 = 10 GPa, G12 = 21.64 GPa, ν12 = ν23 = ν13 = 0.30. 489 

Due to the symmetry, one DCB arm was modelled with the boundary conditions and applied 490 

displacement shown in Fig. 11. Small displacements were assumed. The mesh-convergence 491 

study was conducted for uniform meshes of 11 mm2, 0. 50. 5 mm2, 0.250.25 mm2 and 492 

0.1250.125 mm2, as shown in Fig. C1 in Appendix C, and the mesh of 0.250.25 mm2 was 493 

chosen. 494 

 495 

Fig. 11 Schematic of finite-element model and boundary conditions 496 

For a uniform mesh of 0.250.25 mm2, the ERR was determined with the virtual crack 497 

closure technique (VCCT). For test frequency of 100 Hz and delamination length 60 mm, a 498 

comparison of the analytical solution (Eq. (31)) and FEM are shown in Fig. 12a in terms of 499 

ERR-time response. 500 
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 501 

Fig. 12. (a) Comparison between developed theory and FEM; (b) partition of total ERR into 502 

applied and vibration-induced ERR components (test frequency 100 Hz) 503 

An excellent agreement between the analytical solution and FEM is obvious in Fig. 12a, 504 

confirming that the induced vibration-related dynamic effect is significant for the frequency of 505 

100 Hz. A further examination of the ERR components in Fig. 12b using Eqs. (36), (37) and 506 

(38) demonstrates the absolute value of dynamic component with the maximum value of 507 

47.25 N m-1 and the applied ERR component of 156.21 N m-1, giving a dynamic factor dynf  = 508 

30.24% according to Eq. (39). Therefore, the dynamic effect cannot be neglected.  509 

 510 

Fig. 13 Comparison of FFT results for FEM method and develop theory for first five 511 

vibration modes 512 

In addition, the agreement between the developed theory and FEM simulation can be 513 

demonstrated by FFT analysis (Fig. 13). It is seen that first vibration mode makes the highest 514 

contribution to the total ERR. For the first three vibration modes, the frequencies are predicted 515 

accurately with the developed theory; quantitative comparison is given in Table 2. 516 
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Table 2 Comparison of modal amplitudes and frequencies for FEM and developed theory 517 

 
Amplitude (N m-1) Frequency (rad s-1) 

FEM Analytical Error (%) FEM Analytical Error (%) 

Mode 1 11.06 11.34 -2.53 15064.58 14436.89 4.17 

Mode 2 6.86 5.01 26.97 47704.50 47076.81 1.32 

Mode 3 3.73 4.35 -16.62 97292.08 99175.15 -1.94 

Mode 4 2.70 3.14 -16.30 162571.93 169476.53 -4.25 

Mode 5 2.53 2.60 -2.77 239777.90 257980.94 -7.59 

 518 

It is seen that the error (relative difference) for amplitude of first vibration mode predicted 519 

with the analytical solution and FEM result is -2.53%, although the respective values for the 520 

second and third vibration modes are larger. 521 

To further study the test frequency effect, maxG  for the above case was calculated across a 522 

frequency range between 1 Hz and 100 Hz (Fig. 14). Evidently, the maximum applied ERR 523 

appl,maxG  (Eq. (37)) does not increase with the test frequency (Fig. 14a), but the maximum 524 

induced dynamic component dyn,maxG  increases steadily with growing frequency.  525 

 526 

Fig. 14. (a) Total ERR and its two components obtained at maximum applied displacement; 527 

(b) dynamic factor at maximum applied displacement 528 

The maximum dynamic factor calculated using Eq. (39) reaches the maximum value up 529 

to 34.5% in the studied frequency range (Fig. 14b), suggesting that the induced vibration-530 

related dynamic effect must be taken into consideration when conducting high-frequency 531 

fatigue tests. 532 

The verification with the FEM demonstrates the accuracy of the developed theory; hence, 533 

it can be used in both low- and high-frequency fatigue delamination. Additionally, the 534 

developed theory does not require measurement of the applied loads as the conventional 535 

method (ASTM D6115) requests; this is particularly attractive for higher-frequency tests, 536 
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where the applied force cannot be measured accurately because of the significant structural 537 

vibration. 538 

4. Conclusion 539 

The total dynamic energy release rate (ERR) in the double cantilever beam (DCB) test under 540 

general applied displacement was derived analytically for the first time based on the structural 541 

vibration theory, allowing determination of the total ERR without measurement of the external 542 

force for arbitrary applied displacements. Two useful solutions are derived for two 543 

experimental techniques broadly used in analysis of composites: the split Hopkinson bar impact 544 

for assessment of the loading-rate effect on the delamination behavior and the cyclic loads for 545 

studying the fatigue delamination behavior. 546 

For the DCB under Hopkinson bar impact, the total dynamic ERR can be derived and 547 

decomposed into the quasi-static and induced vibration-related components accounting for the 548 

total dynamic effect. A dynamic factor is defined for quantitative evaluation of the dynamic 549 

effect. The analytical solution was validated with the published experimental data showing an 550 

excellent agreement. The study also demonstrated the oscillating nature of the ERR caused by 551 

the opening and closing of the crack tip due to structural vibration. 552 

For the DCB under cyclic loads, the total dynamic ERR can be decomposed into the applied 553 

ERR and vibration-induced components, and the relative dynamic effect and the total dynamic 554 

effects were defined. The analytical solution was validated by in-house fatigue delamination 555 

experiment with an excellent agreement until the crack initiation. The applicability for high-556 

frequency cyclic loads was verified with the finite element method. It was found the that 557 

dynamic effect increased with applied load frequency, and for a particular case of 100 Hz, the 558 

dynamic effect contributed up to 35.7% of the applied ERR, showing the significance of 559 

structural vibration. 560 

The derived theory is readily applicable to various problems for evaluation of the dynamic 561 

mode-I delamination driving force with two immediate applications for measuring the dynamic 562 

fracture toughness and determining the fatigue-delamination-deriving force as demonstrated in 563 

this study. 564 
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Appendices 565 

Appendix A. Boundary conditions 566 

The boundary conditions for the free-vibration component wfv(x,t) and the shifting functions 567 

Fn(x) and Hm(x) are presented in Table A.1 568 

Table A.1 Boundary conditions for w(x,t) and its components 569 

Boundary 

Total 

deflection 

( ),w x t  

Free-vibration 

component 

( )fv ,w x t  

Mode shape 

( )i x  

Shifting functions 

( )nF x  

Shifting 

functions 

( )mH x  0n =  1n   

0x =  
( )0, 0w t =  ( )fv 0, 0w t =  ( )0 0i =  ( )0 0 0F =  ( )0 0nF =  ( )0 0mH =  

( ) ( )1
0, 0w t =  

( ) ( )1

fv 0, 0w t =  
( ) ( )1

0 0i =  
( ) ( )1

0 0 0F =  
( ) ( )1

0 0nF =  
( ) ( )1

0 0mH =  

x a=  
( ) ( )0,w a t w t=  ( )fv , 0w a t =  ( ) 0i a =  ( )0 0F a =  ( ) 1nF a =  ( ) 1mH a =  

( ) ( )2
, 0w a t =  

( ) ( )2

fv , 0w a t =  
( ) ( )2

0i a =  
( ) ( )2

0 0F a =  
( ) ( )2

0nF a =  
( ) ( )2

0mH a =  

 570 

Appendix B. Solution for frequency equation and relevant modal parameters 571 

Table B.1 Solution of frequency equation and relevant modal parameters 572 

Mode number i  
i  

i  

1 3.92660231 1.000777304 -1.375327127 

2 7.06858275 1.000001445 1.415914585 

3 10.21017612 1.000000000 2−  

4 13.35176878 1.000000000 2  

5 16.49336143 1.000000000 2−  

5i   ( )4 1 4i +  1.0 ( )1 2
i

−  

 573 
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Appendix C. Results of mesh-size convergence study 574 

 575 

Fig. C1 Mesh-size convergence results 576 

 577 
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Highlights 

> Analytical theory developed for mode-I dynamic energy release rate 

> Quasi-static, dynamic, and general cyclic loads solved analytically 

> Structural vibration included to account for dynamic effect 

> Dynamic effect studied and quantified with induced displacement 

> Finite-element-method simulation and in-house fatigue test verify the analytical 

theory 
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