AN ANALOG OF THE FEIGIN-FRENKEL HOMOMORPHISM
FOR DOUBLE LOOP ALGEBRAS

CHARLES YOUNG

ABSTRACT. We prove the existence of a homomorphism of vertex algebras, from
the vacuum Verma module over the loop algebra of an untwisted affine algebra,
whose construction is analogous to that of the Feigin-Frenkel homomorphism from
the vacuum Verma module at critical level over an affine algebra.
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1. INTRODUCTION AND OVERVIEW

The goal of this paper is to give an analog of the Feigin-Frenkel homomorphism

Vg’_hv — M(n) in the case in which g is of untwisted affine type. To set the scene,
we should first recall the situation in finite types.

1.1. The Lie algebra sly (over C) has a realization in terms of first order differential
operators:

E—D Hw~ —2XD Fr —XXD. (1)

Here E, F, H are the Chevalley-Serre generators and X, D are generators of a Weyl
algebra with commutation relations [D,X] = 1. At the heart of the Wakimoto
construction [Wak86| is the observation that this homomorphism of Lie algebras can
be promoted to a homomorphism of vertex algebras, given by

E[-1]|0) = B[-1]0)
H[=1]|0) = —2y[0]B[-1]|0)
F[=1]]0) =»—v[0]y[0]3[-1][0) — 2y[-1]|0), (2)
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from the vacuum Verma module over f/a\[g at the critical level, to the vacuum Fock

module for a By-system of free fields. Note the new feature, the term —2y[—1]|0).
This is a special case of a construction which works for any finite-dimensional simple

Lie algebra g =c n— @ h @ n. The realization generalizes to a homomorphism

p:g—DerO(n); A Y P{(X)Dq (3)
ISYANE
from g to the Lie algebra Der O(n) of derivations of the algebra O(n) = C[X%|qea,
of polynomial functions on the unipotent group U = exp(n) = n. This realization
arises from the infinitesimal action of g on a flag manifold, B_\G, whose big cell is
diffeomorphic to U.
Recall (from e.g. [Kac98; FB04]) that the vacuum Verma module Vg’k over g at
level k € C is generated as a vertex algebra by states {A[—1]|0) : A € g}, whose
non-zero non-negative products (i.e., whose OPEs) are given by

A[-1]]0) (0 B[-1]|0) = [A, B][-1][0),

A[=1]|0) ) B[-1]]0) = kx(A|B)|0). (4)
Here Ii(|) is the invariant symmetric bilinear form on g normalized as in [Kac90).
With this normalization, the critical level is equal to —h"Y, where hY is the dual
Coxeter number of g.

Let M(n) be the vacuum Fock module for the fy-system on n = U. It is generated
as a vertex algebra by states o[—1]|0) and y*[0]|0), & € A4, obeying

Bal-1]10) © ¥?[0]]0) = 52]0).

(See Section |4 for the details.)
Both Vg’k and M(n) have natural Zs>¢-gradations (by depth) and the first two

graded subspaces are

VEHO]=C M(m)[0] = O(m)

VE') =g w)[1] & Der O(n) & Qo(w), (5)
where Qo) = Homp,)(Der O(n), O(n)) is the space of one-forms. One identifies
|0) ~ 1 and A[-1]|0) ~ A € g; and y*¥[0] =~ X¢, y*[—1] = dX* and D, ~ B.[—1].
Given these identifications, the homomorphism p : g — Der O(n) gives rise to a
graded linear map

M(
M(

VEH 1] = M(n)[<1],
sending [0) — |0) and
A[-1j0) = D PR(Y[0])Bal-1]]0).
aEA L

This map does not preserve the non-negative products, but the result of Feigin and
Frenkel [FF90a), [FF88; [FFI0b] [Fre05b} [Fre07] is that, at the critical level k = —hY,
it may be lifted to one which does. Namely, there exists a linear map

¢ 19— Qo A > Qaa(X)dX

OZGAJF
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such that the graded linear map
Ve (<1 = M(w)[<1) (7a)
associated to p+ ¢ : g — Der O(n) © Qo(y), i-e. the one sending |0) — |0) and

A[=1]10) = > PEEI0DBa[-1[0) + > Qaa(¥[0)Y*[-1][0),  (Tb)

O{€A+ a€A+

does preserve the non-negative products. This latter map is the restriction of a
homomorphism of graded vertex algebras,

V& 5 M(n).

The map ¢ : g — Qo) respects the weight gradation. In particular ¢(h ©n) =0
on grading grounds.

For example in the case of sly, ¢(F) = —2dX, ¢(F) = ¢(H) =0, as in ([2)).

Various perspectives on this important result have subsequently appeared in the
literature [BF97], [FF99],|[FGOg|, |[ACM11] In particular, see [GMS01] for an inter-
pretation in the language of vertex algebroids and chiral algebras [MSV99; (GMS04],
IGMS00; IAG02; GMS03; BD04; [Mall7]

1.2.  Now, and for the rest of this paper, let us suppose instead that g is of untwisted
affine type, i.e. that

g = gt.teCkaCd
for some finite-dimensional simple Lie algebra g. (Here k is central and d = t0; is the
derivation element corresponding to the homogeneous gradation.)

We still have the Cartan decomposition g =¢ n_ @ h & n. The Lie subalgebra
n=@@,c A, Na is now of countably infinite dimension, and no longer nilpotent. But
its completion n = [] . A, Mo is a pro-nilpotent pro-Lie algebra (i.e. a certain inverse
limit of nilpotent Lie algebras — see [Kum02], and Section [2.4] below) and there is still
a bijective exponential map

exp:n—U
to a group U, which is now a pro-unipotent pro-group. We shall fix (in Section
a convenient choice of coordinates on U,

X*":U — C.

Here (a,n) runs over a countable index set, A, which also indexes a topological basis
Jan of 1. (Recall dim(n,) can be greater than 1 in affine types other than ;[2, SO we
cannot simply index by the positive roots A .)

We set O(n) := C[X*"] (4 n)ea and define Der O(n) to be the Lie algebra of deriva-
tions of O(n) consisting of sums of the form

> P""(X)Dgn,  P*"(X) € O(n),
(a,n)EA

subject to the constraint that only finitely many summands are nonzero. It has a
completion, Der O(n) D Der O(n), consisting of sums of the same form but without
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the constraint. (Here the new generators D, , obey [Dg pn, X bm] = (52’;?.) As before,
we define the space of one-forms Qo) = Hompy) (Der O(n), O(n)).

The group U can still be seen as a copy of the big cell of a flag manifold B_\G, in
a sense made precise in |Kas89]E| For our purpose the important point is that there
is a homomorphism of Lie algebras,

prg—DerOm);  A— Y Py"(X)Dan (8)
(a,n)EA

as we show in a concrete fashion in Section [2.11] This is the analog of the homomor-
phism .

Some examples in the case g = ;[2 are shown in Fig.

(The centre of g lies in the kernel, p(k) = 0, so the homomorphism p actually
factors through g/Ck = g[t,t~1] x Cd.)

1.3.  One may define the vacuum Verma module Vg’k over g at level k € C when g is
affine, such that 1) still holds, where /1(|) is the standard non-degenerate symmetric
invariant bilinear form from [Kac90] (with s(k|d) =1 and so on). It is still a vertex
algebra.

The main result of the present paper (Theorem is that the homomorphism p
can be promoted to a homomorphism of vertex algebras Vg’o — M. Of course, we
have yet to explain what M is. To motivate its definition, it is instructive to consider
what happens when one attempts to generalize the construction above in the most
direct fashion.

Thus, let M(n) be, again, the vacuum Fock module for the fy-system on n =2 U. It
is a vertex algebra, generated by (now, countably infinitely many) states 34,[—1]|0)
and y*"[0]|0), (a,n) € A, obeying

Ba.n[~1]10) (0 ¥"™[0]0) = 6277[0).
Both Vg’k and M(n) are once more Z>o-graded by depth, and the identifications in

continue to hold. (One now identifies y*"[0] ~ X*", y*"[—1] ~ dX*" and
Dgpn >~ Banl—1].) In particular,

M(n)[1] & Der O(n) & Qo()-

Importantly, it is Der O(n) and not its completion f)a(/)(n) which appears here.
Indeed, by definition, M(n) consists of finite linear combinations of states of the
form y* ™M [—Ny] . ..y® " [=Np] By g [—Mi] - - . Boy,m. [—Ms)|0). Thus, in contrast to
Section the image p(g) C Der O does not naturally embed in M(n)[1]. We need
some larger space. We shall introduce a completion |\7I(n) of M(n) as a vector space,
in which certain infinite linear combinations are allowed provided they truncate to

1t is perhaps worth stressing that B_\G is not the affine Grassmannian or the affine flag variety
in the usual sense of e.g. |Gorl0, §2.2]. For example when g = g[2, the (set of C-points of the)
affine Grassmannian is SLa(C[[t]])\ SL2(C((t))), whereas here B_ = SLy(t~'C[t™'])B_ with B_ the
usual lower-triangular Borel subgroup of SL2(C). See also the discussion in [Fre04} §5] (in which one
should swap ¢ <+ ¢! to match the present conventions).
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p(Jg0) = Dpo +2X" Dy — X Dy y
2
+ (2XH’2 -2 (XH’I)Q) Dgo— XF’QDHQ + (XF’I) Dpo
+ (27 4 4 (X)) Dy (—X T = XPL(XTN) Dpgg + 2 (X7 X Dy
+...

p(Jr1) = Dri + X' Dyg = 2X™ Dpy
2
+ (XP1) D+ (X524 2XPIXHY) Dy - (—2X 72 = 2 (X11)*) Dy
+...

p(Jp,—1) = (2X" 4+ 2XPOXF1) Dpg
+ <2XH,2 + 2 (XH,I)Q) DE,I + (_XF,Q _ 2XF,1XH,1) DH,l _ (XFJ)QDFJ

2
+ <2XH,3 + 2XE’1XF’2 _ % (XH’1)3> DE,Q _ XF’?)DH,Q +2 (XF,l) XH’lDFQ
+ ...

p(Jro) = — (XE’0)2 Dpo+ X¥'Dyq —2X"'Dpy
_ (XE,1)2DE’2 —|—XE’2DH72 4 (_QXH»Z 19 (XH’1)2) Drs

)

(XE’?’ —2xE1 (XH’I)Q) Dy + (—QXH’g +5 (XH’I)?)) D3

+
+ ...

FIGURE 1. In type g = 5A[2, the first few terms of the images of the
Chevalley-Serre generators e; = Jg o, eo = Jr1, f1 = Jro, fo = Jg,—1
under the homomorphism p : g — Der O(n).

finite linear combinations when B4, [N] is set to zero for large |n|. (See Section [4.7])
The definition is chosen to ensure that

M(n)[1] = Der O(n) & Qo).
We get the graded linear map
VE*[<1] = M(n)[<1]
sending |0) — |0) and
A1) = Y P (Y[0])Ban[—1]]0),
(a,n)eA
with Py"(X) the polynomials from .
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1.4. At this point, naively, one would like to ask whether this map gives rise to a
homomorphism of vertex algebras in the same way as in above. In that direction,
we shall establish the following statement. (It will actually be a corollary, Theorem
of our main result.) There exists a linear map

¢ g = QO(n); A Z Qa,n;A(X)anm (9)
(a,n)eA

such that the graded linear map
VE*[<1] = M(w)[<1]

associated to p+ ¢ : g — ]3&(9(11) ® Qo(m), i-e. the one sending [0) — [|0) and
Z Pzn Ban Z QanA [*1”0%
(a,n)eA (a,n)eA

does preserve at least the 0th vertex algebra product (for any k € C). That is, if we
call this latter map 1, we have

(A) @V (B) = J(A©)B) (10)

for all A ~ A[-1]|0) and B ~ B[-1]|0) in g =2 VI*[1].
The map ¢ again respects the weight gradation, so that ¢(h @ n) = 0.

For example, in type g = sl, when using the same choice of coordinates on U as
in Fig. [T one finds that

gb(fl = JF,O) = —ZdXE’O, gb(fo = JE,fl) — _4dXF,1’

and then

o(Ju_1) = —12dX 71 — 4 xF1gxEO

P(Jp—1) = —8dX P! 4 axHlgxEO

O(Jp o) = —10dX T2 — X T 1ax Tl 4 o(XF1)2dx B0,
and so on.

While encouraging, this statement skirts around a serious caveat, which is the
reason the question above was naive: the completion M(n) is not a vertex algebra.
Or, more precisely, the vertex algebra structure on M(n) does not extend to |\7I(n) In
particular, when one tries to extend the definition of the vertex algebra nth products
(n) : M(n) x M(n) — M(n) by bilinearity to M(n) x M(n), the results are not in general
finite.

Thus, it was a non-trivial fact about the image of 9 that the expression ¥(A)0)J(B)
in was even well-defined. And one finds the would-be 1st products ¥(A)1)J(B)

are not in general finite.
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1.5.  As an aside, let us examine some examples of these divergences in type g = 5AI2.
For this subsection only, we modify the OPEs by introducing a formal variable z
which will serve as a regulator:

Ban[—1]10) © ¥*™[0]]0) = 2"5%7"|0).
One has

I Jmpo) = -2 ZVE’”[O]BE,n[—l]!fJ) +2 ZYF’n[O]BF,n[—l]W-

n>0 n>1

It follows that the regulated 1st product ¥(Ju,0)W)(Jr o) is the formal series

HJIm0) )N IH0) = ( 4 — 42 2n)

n>1

(We recall the standard details of computing such products in Section ) As more
intricate examples, one finds

I(Tp.1) I TF 1) = (—8z > z2"+3> 10)

n>1
HJg1) I (JIg,—1) = (—122 — 423 -8 Z 22"+3) |0)
n>1
(T, -2) (i) = (~10:2 =43 224 o).
n>1

These series are divergent when one attempts to remove the regulator by setting z = 1.
One might be tempted to treat these divergences by (-function regularization. For an
introduction to the formal-variable approach to {-function regularization, see |[Lep99]
(and cf. also [Blo96; |Lep00; DLMO6]). It amounts to the following prescription. First,
one notes that each series above is the small-z expansion of some rational expression in
z. One substitutes z = e¥ in that rational expression, to obtain a rational expression
in e¥; then one expands e¥ as a formal series in y. The result is a quotient of formal
series in y, and hence a well-defined formal Laurent series in y. Finally, one extracts
the constant term in that series.

Very suggestively, when one does that, the result is zero in each example above.
For instance for 9(Jg,_2)(1)9(Jp,2) one obtains —10 —4 (—3) = 0. In what follows we
shall use a different approach, but it will indeed be the case that the homomorphism
we construct is from the vacuum Verma module at level zero.

1.6. To proceed, we need more information about the image of the homomorphism
p:g— Der O(n) from . We illustrate the idea with an example in type g = 5[2
Let us consider a term in the infinite sum p(e1) = 35, yen Per” (X) Doy for the
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generator e; = Jgo: say, the term P£’8(X)DE78. One finds
PI(X) =2x18
—9 (XH,4)2 4 4 (XH,Q)QXHA - % (XH,2)4 -8 (XH,l)QXH,QXHA
4
+ % (XH,1)2 (XH,2)3 + 173? (XH,1)3 XH2xH3 | 4 (XH,l) xHA4 _ % (XH,1)4 (XH,2)2
o % (XH,1)5XH,3 + % (XH,1)6XH,2 315 (XH 1) + %XE’?)X (XH 1)
o %XE,ZXF,Z (XH,1)4 _4xE2xE3 (XF,l) xHL _ (XE,Q) (XFQ)
9 (XE,2)2 (XF,1)2 (XH,l) AXE1xES3 (XF,1)2 (XH,1)2 L AXExE2 (XF,1)2 xH3
. %XE’lXE’Q (XF,1)2 (XH,l) 4+ 2 (XE 1)2 (XF,1)2 xHA _9 (XE,l)Q (XF,1)2 (XH,2)2
4 (XE,1)2 (XF,l) XHIxH3 |y (XE1)2 (XF,1)2 (XH,1)2 xH2
. % (XE,1)2 (XF,I) (XH,l) _9 (XE,l) xE2 (XF,1)2 xF2
Observe that only the first monomial has any factor X*™ with n > 4. This is an
example of a general pattern: for any fixed A € g, as n becomes large almost all the
monomials in Py (X) have only factors X“? with p < n/2.

We shall make this idea precise with the notion of widening gap in Section [2.12
See Theorem which will show that the difference

= A Y, XD, (12)

b,ceZ m>max(1,n)

has widening gap. (Here f3,,© are structure constants of g.) Elements of widening gap
form a Lie algebra, Der O(n), with Der O(n) C Der O(n) C Der O(n).

The notion of widening gap goes over to the vertex algebra M(n): one can define a
subspace M(n) of the completion M(n) in which infinite sums are allowed but only if

they have widening gap. The vertex algebra structure on M(n) does extend to M(n).
(See Lemma [21])

1.7.  The question therefore becomes: what to do with the leading terms in p(Jg )7
Our approach, in Section (3, will be to glue together two copies of the realization
back-to-back. Let O := O(g) := C[X*"](, n)ezxz denote the algebra of polynomial

functions on all of g. We shall define Der O and its subalgebra, Der O, of elements
of widening gap. The Cartan involution o : g — g, which exchanges n and n_, gives
rise to an involution 7 : Der © — Der O, which exchanges ITeI"(’)(n) and Der O(n_).
On twisting the homomorphism p : g — Iieir/@(n) C from @D by these involutions,

we get a homomorphism 7o poo : g < DerO(n_). Adding the two, we obtain a
homomorphism

p:= (p—}—Topoa):g—>f)\gr0(n)@f)\eJl“(')(n_)
< Der O,
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Of course, having helped oneself to a copy of O = O(g), there is an obvious ho-

momorphism g — Der O coming from the coadjoint representation, which sends
Jan Zb,cEZ Joa® D omez Xb’m_”Dc,m. So one should keep in mind that what is
special about the homomorphism p is that, by construction, the resulting action of g
on O stabilizes O(n) and O(n_).

We then check that the difference

p(Ja,n) - Z fbac Z Xme_nDc,m

b,ceT meZ

has widening gap, i.e. belongs to Der O. The advantage of this statement, compared
to , is that we can replace the sums, > - Xb’m_”Dqm7 by an abstract set of
generators Sgn of the loop algebra gl(g)[t,¢!]. In this way we can, and shall, regard
p as a homomorphism from g to the Lie algebra

D :=Der O x (gl(g)[t.,t '] x CD) (13)

(here D is a derivation element, and g > d — D). See Lemma [17| and the discussion
following.

1.8. We define a vertex algebra M in light of this definition of the Lie algebra D.
Namely, we have M := M(g), the vacuum Fock module for the fy-system on g, and
we introduce its completion as a vector space, I\N/I, and the subspace generated by
elements of widening gap, M C M. Then M is a vertex algebra, and we can take a
“semi-direct product of vertex algebras” with the level zero vacuum Verma module

[(g)[t,t~1]xCD V1
Vg @[7CDO ) Jefine M; so, as a vector space,

_ _ o —174
M >0 M ®Vg[(g)[t,t ] (CD,O'

See Section [£.9] By construction we have

M[0] = O

M1 =D Qo.
At that point we shall be in a position to state our main result: see Theorem
and Theorem It says the following: let & = ¢+ To0dpoo : g — Qp where
¢ 19— Qom) C Qo is the map from @) Then the graded linear map

70 N
ViU <1] = M[<1]

associated to p+ ¢ : g = D @ Qo (in the same fashion as above) preserves the
non-negative products, and is the restriction of a homomorphism of graded vertex
algebras

0:Vi M. (14)
Associated to this homomorphism of vertex algebras is a homomorphism of Lie
algebras

Lg — L(M[<1]) (15)
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from the loop algebra Lg := g ® C((s)) of the affine algebra g to the Lie algebra of
formal modes of states in M[<1]. In fact, the central element k € g is in the kernel of
p, so we actually get a homomorphism

LLg — L(M[<1])

from the double-loop algebra LLg := g[t,t~1] ® C((s)).

The homomorphism 6 has the property that the non-negative modes of states in
Vg’o[l] = g stabilize M(n) and M(n_) inside M = M(g). Thus, we get an action of
L.g:=g®CJ[[s]], and in fact of Ly Lg := g[t,t~!] ® C[[s]], on M(n) and M(n_). See
Proposition (This is in contrast to the obvious vertex-algebra homomorphism
Vg’o — M, which sends J, ,,[—1]|0) — D beeT f5a“S8 ,[—1]]0); cf. Section )

Finally, in Theorem we shall lift the homomorphism # to a homomorphism

V(g]’o —)M@TFO

where 7y is the vacuum Fock module for a system of dimb free bosons (see Sec-
tion [4.14). (For this homomorphism, the state k[—1]|0) is no longer in the kernel.)

1.9. Let us conclude this introduction with some comments about these results.

The homomorphism 6 is not a free-field realization: we adjoined the copy of the

—1 JE—
JETTHEDO 4 the definition of M, and so the vertex alge-

vacuum Verma module Vg[(g
bra M does not have mutually commuting creation operators and mutually commut-
ing annihilation operators. This is apparent already at the level of the Lie algebra
homomorphism p : g — D: the Lie algebra D defined in 1' had generators ngn
in addition to the mutually commuting coordinates X %™ and mutually commuting
derivatives D, . There is some rough intuition that says that is to be expected. In
this paper, the vertex algebra structure is always associated to the second coordinate,
s, appearing in the double loop algebra LLg := g[t,t '] ® C((s)). One would like to
be able to say at the same time that X*™ and D, are modes in the t-coordinate of
states “X{[0)” and “Dj _1]|0)”, and then that the Spn, are merely the modes in the
t-coordinate of a composite state, “X§ Dy _1]0)”, roughly speaking. To make sense of
such statements, one would need a theory of vertex algebras on polydiscs (of complex
dimension two, in our case), perhaps following [CG17; GW18; SWW19|. Since in the
present paper we confine ourselves to the standard definition of vertex algebras, it is
perhaps unsurprising that we need to include these Sj ~as generators in their own
right. ’

Relatedly, whereas in finite types M(n) gets the structure of a module at the critical
level over the central extension g of the full loop algebra Lg, here the subspace
M(n) C M is stabilized by L, g, as in Proposition but certainly not by all of Lg.
It might be interesting to study the Lg module through M(n) inside M.
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To illustrate the structure of the image of 8, let us examine an example in type
g = slo. One finds

0(Jpa[-1]10) = Sg,[-1]|0) — 257, [~1][0) (16)
—¥PO[0]B 1,1 [~1]10) — ¥ 71 [0]B ,0[—1](0) + 2y °[0]B 1 [—1]]0)
— 4Pl -1])0)
+ Br1[—1][0)
+2v Oy 0[0]B r0[—1]10) — v~ [0y * 1 [0]B £, —1[—1]]0)

|
Jy"010]
Oy 0] -1 [~ 1]|0) + 2y~ o]y~ [0)B -1 [—1] 0)
+2v Oy 101 £ —2[—1]10) — 2y~ Oy Oy~ 0] 2,2 1]]0)
+ 5y OOy [01B -2 [~ 1]10)

+ ¥ Oy 0B 2,3[—11[0) + 2y [0y [01B 11,5~ 1]]0)

— 2y o]y ™01 3~ 1]]0) +

'
l
~

In the first line there are terms belonging to V§ 1@ ]XCD’O[l]; in the second, a finite

sum of compensating quadratic terms. Then in the remaining lines is the sum of other
terms, which is infinite but with widening gap. The divergences in the 1st products,
cf. Section are removed because we set the 1st products of the states Sy, [—1][0)
to zero. Note that zero, rather than some other finite level, was not a choice: since
0(k[—1]|0)) = 0 and r(k|d) = 1, 6 could not be a homomorphism from Vg’k at any
nonzero level k. Correspondingly, the homomorphism in is from the loop algebra
Lg, rather than any central extension thereof. It is tempting to say that the critical
level is zero for untwisted affine algebras. We do not consider deforming to other
levels in the present paper.

One motivation for the present paper comes from Gaudin models. In the case of
g of finite type there is a deep connection [FFR94; Fre05a] between the centre of
the vacuum Verma module at the critical level, Vg’_hv, and the (large, commuta-
tive) algebra of Gaudin Hamiltonians, sometimes called the Bethe algebra [MTV06;

MTV09; Ryb18|. In the approach to the Bethe ansatz for Gaudin models described

in [FFR94], the Feigin-Frenkel homomorphism Vg’fhv — M(n) ® 7y plays a key role.
Gaudin models of affine type should provide a means of describing the spectra of
integrals of motion of certain integrable quantum field theories: an idea pioneered in
[FF11], and with further progress in [Vicl8: FH18; LVY19; LVY20; Lacl8; FJM17;
Del+19a; Del4-19b; |Vic21}; [You; |Gai+-20].

1.10. The structure of this paper is as follows.

In Section [2/ we construct the homomorphism p : g — Der O(n). Then in Section
we introduce the homomorphism p : g — D. In Section [4] we recall basic facts about
[fy-systems and vertex algebras, before going on to state the main results starting in
Section The proof of the main theorem, Theorem is given in Section [5] It
follows the strategy due to Feigin and Frenkel and discussed in detail in [Fre07, §5].
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In particular, we introduce the bc-ghost system and use it to define a subcomplex, the
local complez, of the Chevalley-Eilenberg complex for (in our case) the double loop
algebra LLg. In Section|§| we give the proof of Theorem Finally, in Appendix we
compute explicitly the values of coefficients appearing in the images of the Chevalley-
Serre generators of g under the homomorphism 6: see Proposition

2. REALIZATION OF g BY DIFFERENTIAL OPERATORS ON THE BIG CELL

2.1. Loop realization. We work over the complex numbers C. Let g be a finite-
dimensional simple Lie algebra, and g[t,#~!] the Lie algebra of Laurent polynomials,
in a formal variable ¢, with coefficients in g. Let &(:|-) : § x g — C denote the non-
degenerate symmetric g-invariant bilinear form on g, with the standard normalization
from [Kac90]. Let g’ denote the central extension of g[t,t!] by a one dimensional
centre Ck,
0—Ck—g —g[t,t 7] =0,
whose commutation relations are given by [k,:] = 0 and
[a® f(t),b® g(t)] == [a,b] @ f(t)g(t) — (ves; fdg) r(alb)k.
If we write a,, := a®t" for a € g and n € Z, the commutation relations take the form
[@m, bn] = [a, blntm + MOntm.0 /@(a|b) k.
Define the Lie algebra
g:=g¢g x Cd,

by declaring that d obeys [d,k] = 0 and [d,a ® f(t)] = a ® td:f(t) for all a € g and
ft) eClt,t71].

The form m(\) extends uniquely to a non-degenerate invariant symmetric bilinear
form on g, which we also write as n(-\-), whose nonzero entries are given by

ﬁ(anlbm) = Ii(a‘b)(5n+m,0, /i(k]d) = Ii(d’k) =1
for a,b € g, n,m € Z.
2.2. Kac-Moody data. Recall that the Lie algebra g is isomorphic to a Kac-Moody
algebra g(A) with indecomposable Cartan matrix A = (A;;); jer of untwisted affine

type. Here I = {0, 1,...,¢} is the set of the labels of the nodes of the Dynkin diagram.
Let b C g(A) be the Cartan subalgebra and

g=n_&hHeén

the Cartan decomposition, where n (resp. n_) is generated by e; (resp. f;), i € I.
These e;, f; are the Chevalley-Serre generators of the derived subalgebra g’ := [g, g].
By definition they obey

[hvei] = <ai>h>€i7 [h‘7 fz] = _<ai7h>fi7 (173‘)

[h, h'] =0, [ei, fi] = &idij, (17b)
for any h,h’ € b, together with the Serre relations

(ade;)! ™ Miie; =0,  (ad f;) i f; = 0. (17¢)
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Here (-,-) : h* x h — C is the canonical pairing, «; (resp. &;), i € I, are the simple
roots (resp. simple coroots) of g. We have («a;, &;) = Aj;.

Letb:=hdnand b_:=HhSn_.

There exist unique collections of relatively prime positive integers {a;}ier and
{a;}ier such that Zje[ Ajja; = 0 and Zjel a;A;; = 0. Whenever g is untwisted
(in fact more generally whenever g is not of type 245;) one has g = 1 and ag = 1.
The dual Coxeter and Coxeter numbers of g are given respectively by

hV:Z&i, h:Zaizl—FZai.
i€l i€l i€l
The central element k € h and imaginary root d € h* are given by
k=Y aa; €b, §=> a; €’y (18)
icl icl
Let I = I\{0} = {1,...,¢}. The matrix (Asj), jei Obtained by removing the zeroth
row and column of A is the Cartan matrix of §. Let b := spanc{di},.j C g denote

its Cartan subalgebra and h* = spanc{a;}, j its dual.

2.3. Root lattice and basis of root vectors. Let Q := P
lattice of g. We have the decomposition of g into root spaces,

0=,  ga:={zcg:[ha]=x(ah) foralheb},
acQ

and this is a @-gradation of the the Lie algebra g. Let A := {a € @ : dimg, # 0}
be the set of roots of g. We write Q>0 := @;c; Z>o; and Qo := Q>0 \ {0}. The
positive roots of g are Ay := QsgNA.

Let Q = @ief Zoy; denote the root lattice of g and A c Q its set of roots. Let

Ay := AN A, be the positive roots of §.
Recall that the roots of g are given by

A={a+ni:acAncZ}2AxLZ
and the positive roots are given by

A+:A+I_|{Od+n(s:OKGA7n€ZZl}gA+|—|AXZ21

ie1 Lo denote the root

Let {H;},.; C b be a basis of h. Choose root vectors Eiq € g+a for each a € A+,
normalized such that (o, [Es, F_o]) = 2. Letﬂ

JO( = s ']Z = 2
and also let 7 := (A \ {0}) U1, so that
{Ja}aEI = {Ei@é}aeé+ U {Hl}zel
is a Cartan-Weyl basis of g.

2Strictly speaking, in the examples in type sl in the introduction, we wrote for example Jg, , rather
than Ju, » and Jg,, rather than Ji ..
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Let B denote the basis of g given by

B = {k, d} U {Ja,n}aEI,HEZ

where J,, = J, ® t". We fix a total ordering < on B as follows. Pick any total
ordering < of the positive roots Ay of g such that o < 8 whenever § — a € Q<.
and any total ordering < of the Cartan generators {H;} of g. Then declare that for
every n € 7,
E gn<FE aqn<Hin<Hjn<FEon=<Egn<E gpni1... (19a)
whenever ¢ < j and « < 3, and finally that
E_a,() <d=<k<= H@Q.

We can identify the Chevalley-Serre generators of g’ as follows: e; = E,, o and
fi=FE_q;0, for i € I, while eg = E_514,1 and fo = Es_q,,—1, Where

d—ag= Zaiai S A+ (20)
iel
is the highest root of g.
Let )
wegt (a,n) =a+nd aec A\ {0}

t: 71 X7Z— Q; .
w8 @ {Wgt (i,n) =nd iel

2.4. The pro-nilpotent pro-Lie algebra n. Define
n:= H Ja-
a€A+

An element of n is a (possibly infinite) sum of the form } .1, 2 with 2% € gq for
each « € A;. (It lies in n C n if and only if all but finitely many of the 2% are zero.)
The Lie bracket is well-defined on n because, for a given positive root o € A, there
are only finitely many positive roots 3,7 € Ay such that 5+ v = «. Similarly, the
Lie bracket is well-defined on
b:=hon, Fgi=n_Ohomn

Let ht(a) denote the grade of a root a € @) in the homogeneous Z-gradation of g,

i.e. ht(nd + a) =n for n € Z and a € A. Define

n>p = @ Ny, k>1.

These are Lie ideals in n and we have embeddings n>j11 < n>j for each k € Z>1.
For each k, the quotient n / n>y is a nilpotent Lie algebra, and these nilpotent Lie
algebras form an inverse system

o nspp /s >
The inverse limit of this inverse system is isomorphic to n:

'ﬁ%%nn/nzk. (21)
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Indeed, elements of this inverse limit are by definition (possibly infinite) sums of the
form ZaeA+ %, % € ga, which truncate to finite sums modulo n>; for any k; in
other words, they are nothing but elements of n.

In this way, n becomes a topological Lie algebra, with the linear topology in which
a base of the open neighbourhoods of 0 is given by the ideals

N> = Ny, k>1.

(This topology is Hausdorff since (3=, n>, = {0}.)

In fact, the Lie algebra n gets the structure of a pro-nilpotent pro-Lie algebra; see
e.g. [Kum02, §4.4 and §6.1]. The pro-Lie algebra structure on n consists of the family
F consisting of all Lie ideals a C n such that a D n>j, for some k, and the pro-topology
is the linear topology in which these ideals form a base of the open neighbourhoods
of 0.

2.5. The group U. For each k > 1, let exp(n/nzk) denote a copy of the vector
space n/n>; and let m — exp(m) = €™ be the map into this copy. We may endow
this copy with a group structure, given by the Baker-Campbell-Hausdorff formula,

1
exp(x)exp(y) :==exp|z+y+ §[$,y] +... ),
from which only finitely many terms contribute since n/n>y, is nilpotent. For all m, k
with m > k, there is a commutative diagram
n/n>y, —— n/n>g
exp(n/n>p,) —» exp(n/n>g)
where the horizontal maps are the canonical projections. The inverse limit

= limexp(n/n>y) (22)
k

is then a group, and the diagram above defines an exponential map exp : t — U.
Recall that, by definition of the inverse limit, we have the commutative diagram

, e lﬁ\»

,,%,,7» exp(n/n>3 e eXp u/n>2 — eXp I‘L/n>1

in which the maps are surjective group homomorphisms, and the group element g in
is equivalent to the sequence (m;(g))32; of its truncations.

In fact, to any pro-Lie algebra one can canonically associate a pro-algebraic group
(or pro-group, for short). If the pro-Lie algebra is pro-nilpotent, then this pro-group
will be pro-unipotent. For the definitions, see e.g. [Kum02}, §4]. The group U is the
pro-unipotent pro-group algebra associated to the pro-nilpotent pro-Lie algebra mn,
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just as the quotients exp(n/n>j) are the unipotent affine algebraic groups associated
to the nilpotent Lie algebras n/n>j.

2.6. Polynomial functions on U. Now let us choose coordinates on U. Recall our
ordered basis (B, <) of g from (19). We get an ordered basis of n,

B+ =BNn

= {Javo}a€A+ U {Javn}QEI,HEZZl = {Ja,n}(mn)GA) <23)

where we introduced a notion for the index set,
A= {(a’o)}aeé+ U T X Z>. (24)

It will also be useful to introduce the set
—A={(0,0)},ca U I xZ<c. (25)
Any element of g € U can be uniquely written in the form
.%

g= H exp(z®" Jon) (26)

(a,n)EA

for some " € C, where we use ﬁ to denote the product with factors ordered so
that exp (xb’mme) stands to the left of exp(z“PJ.p) if Jpm < Jep in our basis.

For each (a,n) € Alet X*™ : U — C be the function on U such that X*"(g) = x®".
Then these are good coordinates on U. We get the C-algebra

O(n) := CIX""] 4 nyen
of polynomial functions on U. Inside O(n) we have for each k € Z>; the subalgebra
O(n) o = CLX"](a,n)eA (27)

n<k
of polynomial functions on the quotient group exp(n/n>), and O(n) = (J;~; O(n)_
is their union. In other words, O(n) is the direct limit of these O(n)_, with respect

to the inclusions
= 0M) = OM) g = (28)

2.7. Differential operators on U. Let H denote the Weyl algebra on generators
X" Dgn, (a,n) € A, ie. the associative unital C-algebra obtained by quotient-
ing the free associative unital C-algebra in these generators by the two-sided ideal
generated by the relations

[Xa,n7 Xb’m] = 0, [Da,n7 Xb7m] = 5Z5n+m,07 [Da,n7 Db,m] = 07
where [A, B] := AB — BA. As a vector space, one has
H =c C[X""](g,n)eA @ C[Dan](a,n)eA-

We think of H as the algebra of polynomial differential operators on U. The left
action of H on O(n) is given by

Xa’n'f = Xa,nf’ Da,n-f = {Da,na f]
for (a,n) € A and f € O(n).
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Let H >y denote the left ideal in H generated by D(q ) with n > k. It consists of
those polynomial differential operators that annihilate O(n)_,. The quotients H /H>,
form an inverse system of associative algebras,

The inverse limit B
H = %H'H / H>k
is a topological associative algebra, whose elements are by definition (possibly infinite)
sums of the form
> P""(X;D)Dqp, (29)
(a,n)EA
where, for each (a,n) € A, P*"(X; D) € C[X"™](;, yea ® C[Dpm](pm)ea- Since any

f € O(n) lies in O(n)_,. for some k, this completion H also has a well-defined action
on O(n).

Note that the degree of the polynomials P*"(X; D) in is allowed to grow
without bound as n increases.

2.8. The @-gradation. The algebra H has a gradation by the root lattice @,
" @
ac@
defined by the demand that Dq, € Hygg(an) and X" € H_ y4(a,n) for all (a,n) € A.
That is, more explicitly,
Doa,n € Ha+n6 and X" e ,Hfafm%
for each (a,n) € Ay x {0} U (A\ {0}) x Z>; C A, and
Dz’,n € Hné and Xim € ,an(%

for each (i,n) € I x Z>; C A. In particular we get a gradation of O(n) C H by the
negative root lattice:

om)= P oM,

CVG*QZ()

2.9. Polynomial vector fields on U. The commutator bracket [A, B] := AB— BA
makes H into a @Q-graded Lie algebra. It has the Lie subalgebra Der O(n) consisting
of the (finite) sums of the form

> P“™(X)Dap, (30)
(a,n)eA

where the coefficients P*"(X) € C[X b’m](b,m)eA are nonzero for only finitely many
(a,n) € A, i.e. it is the free O(n)-module with O(n)-basis consisting of the derivative
operators Dy p, (a,n) € A. It inherits the Q-grading of H.

Lemma 1. The commutator bracket makes the completion H into a topological Lie
algebra.
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Proof. The associative algebra H is certainly a Lie algebra with respect to the com-
mutator. Let us check the commutator [-,-] : H x H — H is continuous, where H x H
has the product topology. The open neighbourhoods of zero in the product topology
include the subspaces 7—~[>k X ﬁ>g for all k,¢ € Z>1. Suppose (A, B,), n=1,2,.

is a sequence in HxH which converges to zero. Then, for any k, the terms in thls
sequence are eventually in H>k X ’H>k It follows that, for any k, the terms of the
sequence [A,, By], n =1,2,..., of commutators eventually lie in sz. But the latter
are a base of open neighbourhoods of zero in 7?[, so the sequence of commutators con-
verges to zero. Since these are all linear topologies (i.e. vector addition is continuous)
this is enough to show that the commutator is a continuous map, as required. ]

Define ﬁgr(?(n) C H to be the vector subspace of H topologically generated by
the monomials of the form P*"(X)D, .. In other words, Der O(n) consists of (now
possibily infinite) sums of the form .

Lemma 2. f)a(’)(n) is a topological Lie subalgebra of H.

Proof. This is really immediate, given the previous lemma: all that has to be checked
is that terms linear in D’s close under the commutator, which is obvious. But let us

write out the full argument nonetheless. Let Z n)eA P*™(X)Dg, and Z(a,n)EA Qan(X)Dgn

be two elements of Der O(n). Their commutator is equal to

Z Z Pam(X anaQbm Z Qan [Da,nypb7m<X) Db,m
(bym)eA \(a,n)EA (a,n)EA
(31)
For each (b,m), the polynomial Q,,(X) € O(n) lies in O(n)_,, for some k, so the
sum
> P"(X)[Dan: Qom(X)]

(a,n)EA

is well-defined: only the (finitely many) terms with n < k contribute. The other sum
in (31) works the same way. We see that is a well-defined sum belonging to

Der O(n). O

2.10. The topological Lie algebra g. For each k € Z, define vector subspaces of
g and g respectively as follows:

>k = EB g, gk = H ga-

a€A aEA
ht(a)>k ht(a)>k

(So when k > 1, g>f = n>j and g>k = n>g.) Just as in , we have

g=limg/g>, <§ @E/ﬁzk) ;
Kk Kk
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where this is now an inverse limit merely of vector spaces. This endows the vector
space g with a linear topology in which {g>}rez form a base of the open neighbour-
hoods of 0. Moreover g = |,z 0>k and dim (g>x/g>m) < oo for all k,m € Z with
k <m.
(With this topology, g becomes a c.l.c. C-vector space, in the language of [Kasg89].)
The Lie bracket on g is continuous in this topology, i.e.

gxg—g  (4,B)—[AB]

is continuous, where g x g gets the product topology.
The adjoint action makes the Lie algebra g, regarded as a vector space, into a
module over itself. In particular, it makes g into a module over the subalgebra n.

Lemma 3. The action of n on g exponentiates to yield a well-defined action of U on
g from the right,

gxU — g,
given by

A (DR 1
B.e _kz_o o adi B=B+[B Al + (B, AL Al + ...

for Beg, Aen. O

2.11. Infinitesimal transformations. Unlike the action of n C g on g, the action of
the full Lie algebra g on itself does not exponentiate to an action of a group. Indeed,
for A, B € g, the sum > ;2 % ad¥ B may not be an element of g, for any m € Z,
which is to say it may not be a well-defined element of g. (Consider for example
A= Hi,—l and B = Ea’().)

Nonetheless, it is convenient for computations in what follows to be able to treat
infinitesimal transformations (by general elements of g) on the same footing as finite
group transformations. That is, we would like to make sense of group elements of the
form exp(eA) = 1+ €A, working to first order in an (“infinitesimal”) parameter e.

To that end, let € be a formal variable and let C, denote the ring

Ce := Cle] /€*Cle).

For any Lie algebra p (over C), we have the Lie algebra p(C.) := C. ®¢ p. Consider
the Lie algebra

ﬁ(Ce) = (Ce Qc g
We shall write its elements as A + eB with A, B € g. It has a nilpotent Lie ideal €g.
The vector subspace

fe:=eg@m, (32)
forms a Lie subalgebra
fe € 9(Co).

It is another pro-nilpotent pro-Lie algebra. We get the corresponding pro-unipotent
pro-group exp(f.). Let us write ada(B) := [A, B].
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Lemma 4. For all A € n and B € g, we have the following relations in exp(f.),

00
1,4k
eAeeB _ eeB (H ] adA(B)> eA
k=1

o)

, and e"Aed = e(#t)A — eeAeA for gll 2 € C.

Proof. These follow from the Baker-Campbell-Hausdorff formula. (Note that the

order of the terms in the products [];; is unimportant by virtue of the equality
eeAeeB — eeBeeA‘) N

together with e“teB = eBecA

There is another vector-space decomposition of f., namely f. =¢ eb_ & n(C,), and
this gives a useful way to factorize elements of the group exp(fe). Let U(C.) :=
exp(n(Ce)). Then the multiplication map

exp(eb_) x U(C.) = exp(fe) (33)
is a bijection.

Let us introduce the right coset space

Up(C,) := exp(eb_)\exp(fg) )

The action from the right of the subgroup U(C.) C exp(f¢) is both transitive and
free, in view of , and we get a bijection

U((Ce) = UO(CG); g— eXp(Eb*) g
Let
Uy == exp(eb_) U

denote the orbit of exp(eb_) under the right action of the subgroup U C U(C,). The
bijection above restricts to a bijection

U = Ug; g+ exp(eb_)g

By means of this bijection, we can regard X*", (a,n) € A as coordinates on Uy, and
O(n) as the ring of polynomial functions on Uj.
For us, the motivation for these constructions is contained in the following lemma.

Lemma 5. Let A € g. Then there exist polynomials {Pz’m(X) € O(n)}(b - (de-
,m)e

pending linearly on A) such that
s b b,m
- - 4P () ) Jbm
eeb H o " Jpm eA _ eeb H e(‘f tePy ,
(bym)eA (bym)eA

in Uy(Ce), for every element ﬁ(b,m)GA ™" m of the group U C U(C,).
If A€ go and Jym € gg then Py™(X) € O(n),_g
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Proof. This is true by construction, but let us go through the details to explain how
in practice one computes these PZ’m. Recall that the group element

— bm
g= [[ " hmev
(b,m)eA

is defined by the sequence (g;)72; of its truncations,

bm
gi :=mi(g) = | | e " bm ¢ e“/“Zi, (34)
(b,m)eA
m<1

to the subgroups e"/"zi. The product in is finite, for each 1.

Let A € g. Then A € g for some integer k. Consider the right action on g by
the group element e4 € exp(eg) C exp(fc). The group element ¢’ := ge4 € exp(f.)
is defined by the sequence of its truncations, (g;);)il On grading grounds, we have

g; =Ty (grnax(i,ifk)QEA) ’

i.e. to compute 7;(ge?) we need at most the first max(i,i — k) terms in the sequence
(34) of truncations of g. Also, we need only the truncation m(eEA) of e“d; this
truncation can be expressed as a finite product of monomials of the form e“* with a a
multiple of one of our basis vectors of g. The relations in Lemma [4] hold in particular
when the A and B there are multiples of vectors from our basis By of n, and in that
case so too are all the factors in the products on k on the right-hand sides. Using
these relations a finite number of times, we may re-write ¢/ in the form

/ " (zbm4ePY™ (2))J, " b
9 =9 | | e A b, where gj € ™7,
(by,m)eA
ht((b,m))<1

for polynomials P}Z"m(X ) € O(n), depending linearly on A and with the stated grading
property. ]
Lemma 6. The linear map
p: 9§ — DerO(n)
given by
prAs > PY™(X)Dy
(b,m)eA
is a homomorphism of Lie algebras. It respects the Q-gradation, and is therefore
continuous.
Proof. Let C.,, := Cle,n]/ (€*C[e,n] ® n*Cle, n]). Replacing C¢ by C,, in the defini-
tions above, we get the Lie algebra g(Cc ) := Cc, ® g and its Lie subalgebra f., =c
egdngdn =c eb_ dnb_ ®&n(C.,). Define Up(C,,) := exp(eb_ & nb_) \exp(fem).
We have U(C,,) = Uy(C.,). We can identify Uy as defined above with the orbit
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exp(eb_ ®nb_) U of exp(eb_ @ nb_) under the right action of U C U(C.,). Let
A, B € g and consider the coset

cb_ b T et A 1B —cA —nB
eV He bm | eePem eV, (35)

(b,m)eA
On the one hand e“eBe=cAe18 = ¢l4.B] and hence 1) is equal to

— b,m b,m — b,m 2 b,m
eﬁbf@nhf H e(:]t > +€77P[A7B](33)>Jb,m — e€h7€97]b7 H e(aj ’ +e’727 P[A,B](x)DV'I > )Jb,m.
(bym)eA (bym)eA

On the other hand, we see that

cb_@nb T abmy A B
eI H e bm | e“tell
(bym)eA
f— m m
:eeb—@nb— H e(mb,m—&-ePZv (m)+77P}Z;‘ (r—i—ePA(x)))Jb,m
(bym)eA
— b,m b,m b,m a,n b,m
— eb-em- T e(x, +ePy™ @)+ P (@) 4en S o) (P37 (@) (Dan PE™)(@) ) ) Jom
(bym)eA

and hence is equal to

_>
T o(E N S oy (PR (@) (Dain PE™) (@)= P (@)(Dan Py™)(@)) ) T
(b,m)eA
b_@nb T (zbm+en[S Py (2)Da,n, >, P (x)Dy].ab™)J
= eE —Onv— H e n (a,n) + A ansLay* B kol b,m (36)

(by,m)eA

This is true for all %™. We conclude that

S PYM(X) Doy PE™(X) Dy | = > P (X) Do,
(a,n) (b,m) (a,n)

so that the map p is indeed a homomorphism of Lie algebras. The polynomial Pf"m be-
longs to (’)(n)wgt (b;m)—wet (a,n) whenever A € gygi(a,n), SO p respects the Q-gradation.
Hence it respects the principal Z-gradation and is therefore continuous. ]

Remark 7. Just as in the case of g of finite type, there is also another realization
ol i n — [f)\e/rO(n) of n, coming from the left action of U on itself. The image
pE(f) C Der O(n) lies in the centralizer of p(R), but not of p(g). In the case of g of
finite type, p” plays an important role in the definition of screening operators [FF92;

FB04; Fre07].

In what follows, we get more information about image of the homomorphism p.
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2.12. Bounded grade and widening gap. Let us say a collection of polynomials
{P™(X)}(an)ea in O(n) has widening gap if, for every K > 1, we have

PO (X) e (C[Xb”” m<n—Kbel (37)
(for all a € Z) for all but finitely many n € Z>¢. Let us say that an element

v=>_ P“(X)D,, € Der O(n)
(a,n)EA

has widening gap if the collection of coefficient polynomials {P*"(X)}4nyea has
widening gap. Let us say that v has bounded grade if there exists M € Z such that

M
Pl (X) e @ O sag
k=—M

for all (a,n) € A, where we denote by O(n) = @z, O(n)},) the Z-gradation of O(n)
in which X" € O(n)_,;.

Example 8. For any a,b,c € Z:
(1) Xneze, X@n X" D, 9, has bounded grade and widening gap,
(i) Zn€221 X®1Dy,, has widening gap but not bounded grade,
(iii) ZnEZ>1 X*" Dy, has bounded grade but not widening gap.

Define Der O(n) to be the subset of Der O(n) consisting of elements with bounded

grade and widening gap. It is a Lie subalgebra (and an O(n)-submodule) of Der O(n).
(See Lemma |15 and its proof, below.)
The following lemma says that any element of bounded grade “almost” has widen-

ing gap.

Lemma 9. Suppose 3, yea P (X)Dan € I/)\e/r(’)(n) has bounded grade. For every
K, we eventually (i.e. for all but finitely many n) have

PMX)eOm) ,_x®|Co @ CX"™

(bym)eA

m>n—K
Proof. Suppose to the contrary that for some K there is, for every N, always an
n > N such that P*"(X) (for some a € 7) has a nonzero monomial m(X) with
XbrXes as a factor, for some r,s > n — K, b,c € Z. The grade of m(X)Dgr is
bounded above by —r —s+n < 2K —n < 2K — N. So for every N we find terms of
grade less than 2K — N. O

This applies in particular to the image p(Jq ) € Der O(n) of one of the generators
of g’ (which is certainly of bounded grade: it is in grade n, since homomorphism

p:ig— Der O(n) respects the @Q-gradation and hence the homogeneous Z-gradation).
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It is natural to try to isolate the terms in p(J,,,) which fail to have widening gap.
This is the content of Theorem [10] below. Let f,,¢ denote the structure constants of
g in our basis {J, }eez:

[Jm Jb] = Z Jap“Je-

cel
For every (a,n) € T x Z, define the element *J,,, € ]5\51“(’)(11) by

Ham =Y fr® Y, X" "Dy (38)
beel  m>max(1,n)
Theorem 10. For all (a,n) € T X Z,
p(Jan) — Jan € Der O(n),
i.e. this difference has widening gap.

Proof. For the entirety of this proof, pick and fix some (a,n) € A. The element
p(Jam) — +Ja7n is in grade n. The non-trivial thing we have to check is that it has
widening gap. We have

p(Jan) = Z PY™(X) Dy,
(b,m)eA

for some polynomials P*™(X). As in Lemma [5, these polynomials are given by the
demand that, for any group element

— b,m
g= [[ " eUcUC,
(b,m)eA

we have, for some B € b_, the following equality in the group exp(f.):

— b — b b
H o om | g€Jam — q€B H (@ PP (@) ) Ty (39)
(bym)eA (bym)eA

Given any positive integer K, we can always find a positive integer N large enough
that 2(N — K) + min(n,0) > N. Consider any m > N, so that we have

2(m — K) + min(n,0) > m. (40)
To compute Pb’m(X ) in it is enough to compute the truncation,
Tm+1 (wp(g)eeJa’n) s (41)

where p = m + 1 —min(n,0). We can factor the truncation m,(g) as follows:

ﬂ-p(g) = 9<m-KI>m—K
where gem—x = Tm—k(g) is the further truncation, and where g>,,_x are the re-
maining factors in m,(g), i.e. some product of e Jas with p>s>m—K,deT.
Consider what happens as we use Lemma [4] to move e“/on leftwards through the
product in . We arrive at an equality of the following form:
o) 95m-k) (42)

EJa,n

Tm+1 (g<megszKe = Tm+1 (g<m7Ke
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for some
—

Fomrx= ]I e ey ") s

(d,s)eA
m>s>m—K

Here certainly y®* € Clz®"](e,r)eAp>r>m—K- Moreover, these y®* are at most linear:

indeed, our choice (40f) ensures that for any ¢, s > m — K, a nested commutator

[Jf,t7 [Je,& Ja,n“

has grade t + s +n > 2(m — K) +n > m and so does not contribute in 7,,11(g); a
fortiori, nested commutators of J, , with three or more generators of grade > m — K
cannot contribute. In this we way see that

bm __ b..ccm—n,
Yy = fea

it arises from the step

mc’m_nJc,m—nefJa,n — eﬁJa,n (ewc’m_nfcabe,m‘i’m)emc’m_n']c,m—n

[§] (&

It remains to show that, starting from the expression on the right of , as we
continue to reshuffle terms in using Lemma until they are all in order, we never
again shift 2™ by any quantity that depends on any of the 2% with s > m — K. To
see that, note first that we have

eJa,n eJ,lyn)

Tm+1 (9<m—Ke glszK) = Tm+1 (TFm+1 (9<m—Ke glszK) .

Here we can use Lemma [ to re-write

eJam)

Tm+1(g<m—K€ = Tmt1(ePglr_kd")

for some B € b_ and some
— —

d,s d,s d,s
Gk = H oz +ey™*) Jas and g = H o2 as
(d,s)eA (d,s)eA
m—K>s>0 m>s>m—K

Here 2%% € C[we’r](e,r)eA;m,szo; to stress the point, z%* manifestly cannot depend
on any of the z%* with s > m — K. At this stage we have arrived at

eJ, _ eB 1 "/
Tm+1 (g<m—K92m—Ke “’”) = Tm+1 (e Jem—K9 gzm—K)

= Tm+1 (eeBg/<m—K7Tm+1(g//g/2m—K)) :

All that remains is to put the terms in

/v
Tm+1(9" 9> m—rK)

in the correct order. But since 2(m — K) > m, as in , we again have on grading
grounds that all commutators we produce as we use Lemma [4| have too high grade to
contribute in this truncation, and we simply get
—
d,s d,s d,s
7rm+1(g”g'2m7;<) _ H e(z +ey® S tez )Jd,s'

(d,s)eA
m>s>m—K
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This completes the proof that, for any positive integer K, we have that for all
sufficiently large m,

PP™(z) = foo?z®™™  mod C[z®"|r<pm_k- (43)
That, is p(Jan) — TJan has widening gap, which is what we had to show. O
It will be helpful to have a name for the difference in Theorem let us write

p(Jam) = Ham =2 Y TRET(X)Dym (44)
(by,m)eA

for certain polynomials TR.

3. CARTAN INVOLUTION AND DOUBLING TRICK
3.1. Definition of D. Let us introduce the polynomial algebra
O = C[X*"(an)ezxz
and define the vector spaces

DerO:= P ODgn, DerO:i= [[ ODap

(a,n)ELXZ (a,n)EIXZ

Let us say a collection of polynomials { P“"(X)} (4 n)ezxz in O has widening gap if,
for every K > 1, we have,

Pe(X) € C [Xb’m  m| < |n| — K,b e I} . (45)
(for all a € Z) for all but finitely many n € Z.

Lemma 11. Equivalently, the polynomials {P*"(X)}(an)ezxz have widening gap if
and only if, for every K > 1 there is some B(K) such that

PY"(X) € C|X"™ : |m| < max(|n| — K, B(K)),b€ T (46)
for all (a,n) € T x Z.

Proof. Suppose {P*"(X)}(an)ezxz have widening gap. Then for all K > 1 there
exists some m(K) such that whenever |n| > m(K), P*™ has no factor X" with
|m| > |n| — K. But that leaves only finitely many polynomials P*", and we can find
B(K) such that none of them has any factor X with |m| > B(K). Conversely,
suppose {P*"(X)}(qn)ezxz obeys the condition in the lemma. Then for all K > 1,
In| > B(K) for all but finitely many n, so {P*"(X)}(4n)czxz has widening gap. [

Corollary 12. Suppose we are given collections {P*"}, {Q®"}, {R*"}, ..., of
polynomials with widening gap. Then

" 8Qa,n
> P Py (a,n) € I x Z,
(b;m)EIXZ
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is a collection of polynomials with widening gap (and, hence, so is

S phn 09 OB
dXbm 9X e’

(a,n) € LT xZ,
(b;m),(c,p) EIXZ

and so on). O
For future use, let us note also the following.

Corollary 13. More generally, if {Pia’n}(a,n)eIxZ; i=1,...,N and {Q*"} are col-
lections of polynomials with widening gap then

aNQa,n

b1,m1 by, mn
> B P e (a,n) € T X Z,
(bl,ml),...,(bN,mN)EIXZ
s a collection of polynomials with widening gap. O

Corollary 14. If {Q®"} is a collection of polynomials with widening gap then the

sum
Z oQwn
gxan
(a,n)ELXZ

has only finitely many non-zero terms, and hence is a well-defined polynomial in
0= C[Xa’n](a,n)EIXZ' O

Let Der © C Der O denote the subspace consisting of elements of the form

> PYX)Dapn

(a,n)ELXZ

such that the polynomials {P%"(X)}(qn)czxz have widening gap. (We shall also
refer to elements of Der O themselves as having widening gap.) Evidently, we have

Der O  Der O C Der O
and the Lie algebra Der O(n) from Section embeds in Der O.

Lemma 15. Der O is a Lie algebra and Der O is a Lie subalgebra.

Proof. The Lie bracket of the Lie algebra Der O, given by

> PY™X)Dop, Y, Q"™(X)Dpm
(a,n)ELXZ (b,m)EIXZ
8Qa,n P
_ b,m _ nbm
o Z <P aXb,m Q 8vam> Dam’
(a,n),(bym)ELXZ

extends to a well-defined Lie bracket on Der O: for each (a,m) on the right, the
sum on (b,m) contains only finitely many non-zero terms since Q“" and P*" are
polynomials. Corollary |12 then implies Der O is a Lie subalgebra. O
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Let {S},, }apez,nez denote the generators of the loop algebra gl(g)l[t, t~1], obeying
the commutation relations
[ g,n? gl,m] = 513 g,ner _53 g,n+m‘ (47)
Let D denote the derivation element for the homogeneous gradation of this loop
algebra. By definition, it obeys

D, S§7n] =nSp -
We have the homomorphism Lad : g[t,t 1] — gl(g)[t,t~!] given by
Jam = Jan =Y foaSh,,  nEL (48)
beeT
and hence the homomorphism Lad : g — gl(g)[t,t~!] x CD, with
k—0 and d~—D.
There is an embedding ¢ : gl(g)[t,t~!] x CD — Der O given by

()= Y XD D)= Y XD,
meZ a€L,meEZ

By means of this embedding, gl(§)[¢,¢~'] x CD acts (via the adjoint action) on Der O.
Lemma 16. This action stabilizes the Lie subalgebra Der O.

Proof. Suppose Z(a,n)EIXZ P*"(X)D,,, € Der O. Pick any K > 1 and any generator
Sg,m of gl(g)[t,t~1] (it is clear that Der O is stable under D). Since the {P*"} have
widening gap, eventually P*" has no factor X%? with |p| > |n| — K — |m|. Therefore
[ng, Z(a,n)EIXZ pan (X)Da,n} again has widening gap. (Note that for this argument
to work it is necessary that the gap is really widening, i.e. that the condition in
is that for every K eventually |m| < |n| — K.) O

Let us define D as the corresponding semi-direct product of Lie algebras,
D :=Der O x (gl(g)[t,t '] x CD). (49)

3.2. Cartan involution. Now let 7 : Der © — Der O be the involutive (ie. 72 =1id)
automorphism defined by

T(Xa,n) — Xfa,fn’ T(Xi,n) — _Xi,fn7

T(Da,n) = -D—Oc,—n7 T(Di,n) = _Di,—na (50)
for « € A\ {0}, ¢ € I and n € Z. Recall O(n) = C[X*"](, e Where A :=
{(a, O)}aeA+ U IxZ>1 indexes a basis of n. Let us introduce O(n_) := C[X*"] (4 n)c—A,
where —A = {(a,0)},ca U Z X Z<—1. We define l?e}(’)(n,) by obvious analogy
with Der O(n). Clearly, 7(Der O(n)) = Der O(n_) and 7(Der O(n_)) = Der O(n).
Let 0 : g — g be the Cartan involution of the affine Kac-Moody algebra g, defined by

ole;)=fi, o(fi)=e;, o(H)=—H, (51)
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for i € I and H € . One has
o(Jan) =J-a—n, (Jin) =—Ji—n,
for o € A\ {0}, i € I and n € Z. We get a homomorphism of Lie algebras
Topoa:g—>]5\e/r(’)(n_)
and hence a homomorphism of Lie algebras

p:=(p+710pooc):g— DerOn)®DerO(n_)

< Der O. (52)
By construction, p has the equivariance property
Top=poo. (53)
Note that
o) = (o Lad)(Jup) = 3 fuu 3 XPm="D,,,, € Der O.
b,ceZ meZ

Lemma 17. For all (a,n) € T X Z,
p(Ja,n) - L(J(Ln) 6 Diel"(')

Proof. Recall the definition of TJan. Let us give a name to the linear map
f+:9— DerOn); Jon — TJan. The key observation is that the difference

(f+ +70ofro0)(Jan) — tan) (54)
is a finite sum of terms of the form X b’ch,p, and thus an element of Der © C Der O.
Together with Theorem this implies the result. O

It follows from Lemma |17 that the image p(g) of g in Der O lies in the embedded
copy of D. In what follows we shall regard p as a homomorphism

p:g—D (55)

into the abstract copy of D we defined in (49).
Observe that the difference (fy + 70 f 0 0)(Jan) — t(Jan) in generically
contains terms which do not stabilize both O(n) and O(n_). (For example, terms

like X “’5Db7_7 or X a’_?’Db’g.) For that reason, it is worth stressing the following
crucial property (which is true by construction).

Proposition 18. p(g) stabilizes O(n) and O(n_) in O. O

This is in contrast to the obvious homomorphism g — Der © sending Jy n — t(Jan)
(and k — 0,d — > nX*"D, ). So what we have shown is that it is possible to add,
to each generator ¢(J,,), an infinite sum belonging to Der O of “correction terms”, in
such a way that the resulting action does stabilize O(n) and O(n_). It will be useful
to have a name for these “correction terms”. Let us write

P(Jan) — tdan) = Z RZ”ZL(X)D;,M, (56)
(b,;m)ETXZ
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where the collection {Ry (X )} (b,m)ezxz of polynomials has widening gap, for each
(a,n) € L x Z.

4. VERTEX ALGEBRAS AND MAIN RESULTS

4.1. Weyl algebra H. Let H denote the associative unital C-algebra obtained by
quotienting the free associative unital C-algebra with generators

BanlN], Yy*"[N],

with N € Z and (a,n) € Z x Z, by the two-sided ideal generated by the commutation
relations

[Ban[N], Bon[M]] =0, [Ban[N],y*™[M]] = 65 0n,—mL, [y [N],y*™[M]] = 0.

As a vector space,

H g(C H™ ® H+7
where
H =C [Ya’n[N]7 Ba,n[N - 1]]Ng0;(a,n)eIxZ (57)
is the algebra of creation operators and
HT~C [‘Ya’n[N]y Ba,n[N - 1]]N>0;(a,n)€I><Z (58)

is the algebra of annihilation operators. The fact that HT and H™ are commutative
(and that H is commutative modulo 1) makes this an example of a system of free
fields.

4.2. Fock module M. Define M to be the induced H-module generated by a vector
|0), the vacuum, annhilated by HT, i.e.

Ban[M]0) =0, M €Zzo,  v*"[M]|0)=0, M €Zx (59)

for all (a,n) € Z x Z, and on which 1]0) = |0). Vectors in M are called states.
There is an obvious Z x Q-gradation of H and of M in which f,,[N] has grade
(N, ) and y*"[N] has grade (N, —«a) whenever J, , € gqo, and |0) has grade (0,0).
Call the first factor here the depth gradation. Let M[N] denote the subspace of
depth n, so that

M = P MIN]. (60)
n=0
Call the corresponding filtration, given by

M[<m] := @G MINT,
n=0

the depth filtration. Every v € M belongs to M[<m)] for some m.
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4.3. The subspace M[<1]. Let us introduce the space
Qo = Homp(Der O, O).

It comes equipped with the derivative 0 : O — Qe defined by (0f)(v) = v(f). It is
a free left O-module, with an O-basis consisting of basis vectors 0X%", (a,n) € A,
which obey 0X%"(Dy,,) = 55”::1: Qo o @(a,n)eA OoX%"™,  There is an action of
Der O on Qp, given by v.(f0g) = (v.f)0g + fO(v.g). This action extends to a well-

defined action of Der O. The space Qo is graded by the root lattice @), 0 has grade
0, and these structures respect the Q-grading.

The subspace M[0] consists of states of the form P(y[0])|0) where P(X) € O.
Meanwhile the subspace M[1] consists of states of the form

Yo PUYOBaal-10) + D Qua(y[0])Y*"[-1]0)
(a,n)ELXZ (a,n)EIXZ

for polynomials P*™(X),Qan(X) € O, (a,n) € Z x Z. Thus, there are isomorphisms
of vector spaces,

M[0] = O, (61)

M[1] = Qp @ Der O, (62)
the latter given by identifying f,,[—1]|0) with D,, and y*"[—1]|0) with 9X%™.
Remark 19. The subspace M[<1], equipped with the restriction of the vertex algebra

structure on M we are about to recall, is an example of a 1-truncated vertex algebra.
This in turn makes M[1] into a vertex O-algebroid. See |GMS04; Bre02; GMSO01].

4.4. Vertex algebra structure. For every N € 7Z, there is a linear map
M — EndM; A~ AW)

sending any given state A to its Nth mode, A(N) € End M, and these modes can be
arranged in a formal series, the field

Y(Az):=> Az ! € Hom (M, M((x))).
ne”Z

The state-field map Y (-,z) : M — Hom (M, M((x))) obeys a collection of axioms that
make M into a verter algebra; see e.g. |LL04; Kac98; FBO04]. It is defined as follows.
First,

Ban(x) =Y (Banl[—1]]0),2) = Z Ba,n[N]xiNilv

NeZ
YO () =Y (y*[0]]0),2) = vy (N]a
NEeZ
Next, let us write fO)(u) := ;2% f(u). Then Y (Bomnl—M]|0),u) = B§' " (u) and

Y (y*"[—=N][0), u) = y*™) (4) and more generally if
A=y =Nyt =Ny By g [ M) - - - Bog mi [—M][0), (63)
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then
Alu) = Y(Au) = oy () oy ) gV ) it () (64)

Here :...: denotes the normal-ordered product of fields, which is defined in general as
follows. For any states A, B € M,

Y (A, u)Y( = (ZAM)U ) (B,v) +YBU<ZA(M —1>’

M<0 M>0
(65)

and :Y (A, u)Y (B, u): is the specialization at u = v. For more than two fields, the nor-

mal ordered product is understood to be right-associative, i.e. :Y (A,u)Y (B, v)Y (C,w):

Y (A,u)(:Y (B,v)Y (C,w):): and so on.

For the By-system (and for systems of free fields more generally) there is a simpler
definition of the normal ordered product for monomial states like A in . Given
any monomial m € H, one defines :m: € H to be the monomial with the same factors
as m but ordered so that all annihilation operators stand to the right of all creation

operators (see and (58)). Then
:yal’”l(Nl)(ul) _ “,Yar,nr(Nr)(uT)B(M1 1) ( ) B(M —1)< )

b1,m1 bs,ms

is defined by normal-ordering the monomials in the series, term by term.

The depth gradation, , makes M into a graded vertex algebra: the vacuum
|0) is in grade zero; for any states A € M[R], B € M[S] and any N € Z, A(N)B €
MR+ S — N —1].

We have the translation operator T € End M of the vertex algebra M, defined by
TA := A(-2)|0). It acts on monomials in the generators of H as a derivation, according
to

[Ta Ba,n[_NH = _NBa,n[N - 1]a [Tv ’Ya’n[_NH = _(N - 1)'Ya7n[N - 1]5
and by definition 7'|0) = 0.

4.5. The OPE. One has the commutator formula for modes of states:

[A), Biv)] = Z Bﬂ (A(x)B) (M+N-K). (66)

K>0

Here, for all M € Z, [%] = M(M_l)K(M_KH) for K # 0 and [ ] = 0. From
this and the deﬁmtlon of the normal ordered product, ., one obtains the operator
product expansion (OPE):

Y(A,u)Y (Bo) =Y W LY (A w)Y (B, v):
N>0

as an equality in Hom(M, M((u))((v))). Here (u — v)~~! is understood to be ex-
panded in positive powers of v/u. Thus, computing the singular terms in the OPE is
the same things as computing the non-negative vertex algebra products.
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4.6. The Wick formula. For the By-system (and for systems of free fields more
generally) one has the usual Wick formula for OPEs of monomial states. We take
the statement from [FB04, §12.2.6].

Let A(u) and B(u) be normal-ordered monomials in B4, (u), yY*™(u), (a,n) € TXZ,
and their derivatives as in (64). A single pairing between A(u) and B(v) is a choice,
for some fixed (a,n) € Z x Z, of

i) one factor B((z],\,fl) (u) from A(u) and one factor y*»™M)(v) from B(v)
EM] (u_v)% —or
ii) one factor y*"V)(v) from A(u) and one factor Ban(an) (v) from B(v)

— to such a pairing we associate the function (—1)M+1 [N;M] W

— to such a pairing we associate the function (—1)V [N

A pairing is a disjoint union of zero or more single pairings. To a pairing P we asso-
ciate the function fp(u,v) obtained by taking the product of the functions associated
to each constituent single pairing (or 1, for the empty pairing). Given a pairing P
let (A(u)B(v))p denote the product A(u)B(v) but with all factors belonging to the
pairing removed (to leave 1, in the special case that there are no factors left). The
contraction :A(u)B(v):p associated to a pairing P is by definition

:A(uw)B(v):p == fp(u,v) :(A(u)B(v))p: .
Lemma 20 (Wick formula). The product A(u)B(v) is equal to the sum of contrac-

tions :A(u)B(v):p over all pairings P between the monomials A and B, counted with
multiplicity (and including the empty one). O

One can then compute the OPE by Taylor-expanding the fields B ,(u) and y*™(u)
about u = v.

4.7. Completion M of M. Having in mind the completion Der O of Der O intro-
duced in Section [3] (and see Section [2.9), one sees that M[<1] is not quite big enough
for our purposes. Let us introduce a completion of M of M in such a way as to pre-
serve the depth filtration. To that end, we start by completing each filtered subspace
M[<m)], as follows.

Let HZ, denote the two-sided ideal in the commutative algebra H™ of creation
operators, cf. , generated by

{Ban[N]:a € Z,|n| > k, N € Z}.
Let Z[<m], denote the subspace of M[<m] given by

T[<m],, := M[<m] N (H;k|o>) .

Thus, Z[<m], is the subspace of M[<m] spanned by monomials in the creation oper-
ators that have some factor 4, [N| with |n] > k. We have
Z[<m]y D Z[<m]; DZ[<m]y, D ...

and (2, Z[<m|, = {0} and we define
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These completed subspaces M[<m] form a directed system, M[<0] C M[<1] c M[<2]...,
and we define M to be the direct limit

M := h7m|\~/|[§m]

In other words, each element of M is by definition an element of I\7I[§m] for some
sufficiently large m (depending on the element) with two elements of M considered
equal if they are equal in M[<m)] for some m.

Explicitly, the sum

Y. PUY) P (Y)Bay iy [~ N1 Bayn, [FNG][0), P € Zzo,  (67)

ai,...,apEL
N1y NpEL

belongs to M if, for each i € {1,...,p}, N; € Z>; and there is a bound on the depth
of the polynomials

Paini (Y) c (Ch/b’m[—MHbel',mEZ,MEZEO

as (aj,n;) ranges over Z x Z. Elements of M are finite linear combinations of such
sums.

The vertex algebra structure on M does not extend to a well-defined vertex algebra
structure on M. For example in M we have the state

Si= 3 ¥""[0]Ban[-1]|0) € M.
(a,n)ELXZ

It is an infinite sum, and when we attempt to compute, for example, the action of
the would-be first mode of .S,

SH=3"" 3 (Ban[-N¥""IN +1] +¥*"[~N]Bon[N + 1)
N>0 (a,n)ETXZ

on the state S, we encounter a double contraction yielding the ill-defined sum

> BanlOy*] Y Y (0)Bsm[—1][0)

(a,n)E€LXZ (bym)EIXZ
b I
= 2 X dmen= ) L
(a,n)EIXZ (b,m)ELXZ (a,n)ELXZ

4.8. The vertex algebra M. Let M C M denote the subspace of M spanned by
states of the form such that, for each i = 1,...,p, the collection of polynomials
{P“i’”i}(%ni)ezxz has widening gap in same sense as in Section i.e. for every
K > 1, we have

Paimi(y) e C[yb’m[—M] m| < | — K, be T, M e ZZO} , (68)

(for all a; € 7) for all but finitely many n; € Z.
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Evidently M C M C M, and
M[1] = Qo & Der O
M[1] = Qo @ Der O
(and M[0] = M[0] = M[0] = O).

Lemma 21. The vertex algebra structure on M extends uniquely to a well-defined
vertexr algebra structure on M.

Proof. The non-trivial thing we have to check is the closure of the OPE, i.e. that the
OPE of any two fields of states in M has coefficients that are fields of states in M.
This follows from the Wick formula, Section [£.6] Consider a typical contraction:

S PR Ban(2) Y e QYT (W) - By ().

(a,n)ELXZ (bym)eIXZ

The resulting sum has, associated to the factor By, ,,, the coefficient polynomial (we
suppress the mode numbers [M], which play no essential role here)

S pen Q"

a,n
(a,n)ELXZ oy

As in Corollary this collection of polynomials again has widening gap, and the
same logic extends to longer chains of contractions. More generally, by Corollary
the same is true in any situation in which the contractions form an acyclic directed
graph. (We think of a contraction of B, into P®™(y) as a directed edge (a,n) —
(b,m).) And, in view of Corollary any cycle in the directed graph of the contrac-
tions merely gives rise to an overall factor belonging to C[y“?[—M|]cez pez,MeZ,-
For example, in

[ [ |
> P(Y)(2) . Ban(2): > :...Qbm(«‘y)(w)...Bb,m(w):,

(a,n)EIXZ (bym)EIXZ
only finitely many n, m can give nonzero summands. O

Remark 22. As a vertex algebra, M is generated by the fields (Y™ (2))(an)ezxz to-
gether with all the fields

D PYY(2)Ban(2):
(a,n)EIXZ
as

<Pa’n(Y(z)) € Cy* ™M (2) : (b,m) €T x Z,N > 0]>(a n)eIxZ

runs over all collections of polynomials that have widening gap and bounded depth.
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4.9. The vertex algebras M and M. Let L denote the Lie algebra with generators
{Sg,n[N]}a,beI,neZ,NeZ and {D[N]}nez subject to the relations
[ g,n[N]a gl,m[M]] - (55 g,ner[N—i_M] _53 lc),ner[N—i_M]
[DIN], S5, [M]] = nSp,[N + M].

In other words, L is loop algebra of gl(g)[t,t 1] x CD. We can take the semi-direct
product L x H, where the action of L on H is given by

(St [N], Beon[M]] = =0¢Bomin[N + M], [DN], Ben[M]] = —mBem[N + M]
SNy [M]] = opy*™ " [N + M], [D[N],y*"[M]] = my“"[N + M].
Let M denote the module over L x H induced from a vector |0) obeying the conditions

together with
bnN|0) =0, D[NJ|0) =0, N € Zxo.
Thus as a vector space M is the tensor product of the Fock module M over H and
the vacuum Verma module (at level 0) Vg[(ﬁ) [8E719ED0 ey L

° -1
M o M ®V(g)[(g)[t,t ]NCD,O.

This module M is a vertex algebra. The state-field map is given by the formulas
in Section [4.4] together with

b)) =Y (S, [1]10),2) = > S§, [NJa™ N,
NeZ

D(z) :=Y(D[-1]|0),2) = > D[NJz~"N"". (69)
NeZ

As a vertex algebra, M is generated (in the sense of the Strong Reconstruction
Theorem [Fre—+95],|Kac98, §4.5],[FB04, §4.4]) by the countable collection of fields
Ban(2), Y*"(2), S§ ,,(2) and D(2), subject to the OPEs

1
b,m — b,m
Ban(2)y"" (W) = Ogp' ——+ ...
a c,m C,Ya,m—n w a a[?)b,m n(w)

b (2)Y™ (W) = 51;,2_11()) t+.. bn(2)Bem(w) = _5cﬁ o
c,m _ ,Ya,m(w) _ Bb,m(w)
D(2)y“"(w) = m—— = + ... D(2)Bem(w) = m— +...,

a c 5§SZ n m(w> - 6§Sgn (w)
b (2)Sqm (W) = aias e L
u Sp ., (w)
D(2)Sp n(w) = (o

(with the others being trivial).
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We can enlarge the tensor factor M to M as in Section above. Let M denote
the resulting vector space,

™M >0 M ® V(g)[(ﬁ)[t,t‘l]m(CD,O'

Lemma 23. The vertex algebra structure on M extends uniquely to a well-defined
vertexr algebra structure on M. O

Proof. Given Lemma the remaining thing to check is that the OPE of Sf | (2) with

the field of any state in M has coefficients which are again the fields of well-defined
states in M. This is true by the same reasoning as in Lemma O

We have the depth gradation on M, in which |0) has grade 0 and y*"[N], Ban[N],
Sj ,[N] and D[N] contribute grade —N.
We continue to identify

MI0] = M[0] = O

by identifying P(X) € O with the state P(y[0])|0) in M[0], and to identify Qo with
the subspace of M[1] consisting of states of the form

Y Pan(y[0])y*"[-1]]0) € M[1] € M[1],
a,n€ELXZ

by identifying this state with } 7.7 Pan(X)0X*" € Qo. Note that 9 : O — Qo
then corresponds to the vertex algebra translation operator T'.
We also have the obvious injective linear map

7:D — M[1] (70)
which maps the element
> PYMX)Dgn+ Y. Pi"S;, €D
an€EIXZ a,b€T,nE
to the state
Y. PUOO0DBanl-10) + D pe"Sha[-1]]0) € M[1]

an€ELXZ a,beL,neZ

(The first sum is possibly infinite but must obey the condition , cf. . By
definition of gl(g)[t,¢ '] the second sum must have only finitely many nonzero sum-
mands.)
In this way,

M0} = O

M[1] = Qp @ (D). (71)
Note that while we identify O and Qo with their images in M[<1], from now on we
keep the explicit notation j for the embedding of D.
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4.10. Local Lie algebras. Given any vertex algebra ¥  one has the Lie algebra £(¥")
of formal modes of states in #". (See [FB04, §4].) Namely,

LOV)=7oC((1)/Im(T ®1+id® d). (72)

It is generated by formal modes A[M]|, A € ¥, M € Z, modulo the relations
(TA)[M] =—-MA[M — 1]E| The Lie bracket is given by the same commutator formula
(66)) obeyed by the modes A(m) (living in End (7)), i.e.

[A[M], B[N]] = Z Eﬂ (Au)B)[M + N — K]. (73)
K>0

Since this formula involves only the non-negative products (i.e., only the singular
terms of the OPE), we get a Lie subalgebra £(.Z’) associated to any subspace .Z C ¥
closed under translation 7" and all the non-negative products. (Such a subspace .Z is
called a vertex Lie subalgebra of ¥ [Pri99; DLMO02|.) In fact, we don’t need to insist
on closure under translation: let .Z be any subspace closed under the non-negative
products; then Y ° T".Z C ¥ is also closed under all the non-negative productsﬂ
and under translation.

Thus, given any vector subspace .Z C ¥, let

[e.e]
L(ZL) = <Z T”X) ® (C((t))/lm(T ®1+id ® 0y);
n=0
then defines the structure of a Lie algebra on £(.%) whenever £ closes under
all the non-negative products.

Such Lie algebras £(.%) are called local Lie algebras.

For any such Lie algebra £(.Z’) we have (as one sees from the commutator formula)
subalgebras L£>0(.Z) and L(.Z) consisting of, respectively, the non-negative and zero
modes of states in .Z.

4.11. The extension of LD by L(O ® Q). In our case we have the Lie algebra
L(M) associated to the vertex algebra M. The following is clear on inspection.

Lemma 24.

(i) The subspace M[<1] is closed under all the non-negative products.
(ii) The subspace O®B Qo is closed under all the non-negative products and moreover
these non-negative products all vanish.
(iii) O ® Qo C M[L1] is an ideal, in the sense that AM)B € O ® Qo for all A €
O @ Qp, BeM[L1] and M > 0.

O

As a result, we have the short exact sequence of Lie algebras
0— L(OD Qo) — LM[L1]) — E(M[Sl])/ﬁ((’) ®Qo) —0

3Strict1y speaking, it is spanned by linear combinations of the form )" fNA[N], fn € C, A€ ¥, of
these formal modes.

4Indeed7 we have (TA)(n)B = —nAm-1)B (note the right-hand side is zero when n = 0) and
A@TB =T(Aw)B) — (TA)(n)B.
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where L(O @ Qo) is commutative.

Remark 25. We can describe the commutative Lie algebra £(O® Qo) more explicitly:
since 0 =T : O — Qp is injective and has kernel C|0), we have that

LODQ0) = L) PCLE LY B C1

where LQp = Qp @ C((t)) is the loop algebra of Qp, the latter regarded as a
commutative Lie algebra, and where 1 := |0)[—1] is the only nonzero mode of the
state |0).

Now let LD := D @ C((t)) denote the loop algebra of D.

Lemma 26. There is an isomorphism
LD = L(M[1])/L(O & Qo)
of Lie algebras, so we have the exact sequence of Lie algebras

0— LOD Qo) — LM[L1]) = LD — 0. (74)

Proof. Checking the definitions, one first sees that at the level of vector spaces we
have

L(M[<1]) =¢c L(O ® Qo) & L(3(D(9)))
and
L(3(D(g))) =c LD.

The fact that LD =~ L(M[<1])/L(O & Qo) is also an isomorphism of Lie algebras is
a consequence of the following observation. O

Lemma 27. For any X,Y € D, we have
H(X)(Y) =([X,Y]) mod Qo,  (X)©(Y)=0 mod O.

Proof. Let us compute the OPE of two states in 3(D). Throughout this proof we use
summation convention over repeated pairs of indices not only in Z but also in Z. Let

A = P*"(y[0])Ban[—1]]0) + pi"SE,, [~ 1]]0),

B = Q""(v[0]))Ban[-1]10) + ¢2"S§,,[-1]|0).



40 CHARLES YOUNG

Then we find
Y(A, 2)Y(B,w) =:Y(A,2)Y(B,z): (75)

bm
Lo ()0 Y (ot Ban 100 )

1 n 8Qc,m o ‘
+Z—wpg, Y (8yb,p[ ] P [ ]ch[ ]|0>,w>

1
£ Y QU () B n [ 11[0), w):

= 2 (g Banl- 1100 5) ¥ (@00, 0):
1 b,n ope™
k" (G

1 n a,m
= @Y (PO (V) B[~ 11]0), 2):
o p’;nqgm (0555 s (W) — O3S 4 m ()

e () (o)

All but the final line are modes of states in 7(D) and involve only single contractions,
and we recognise the terms as correctly reproducing the Lie bracket in D. O

0B -1110). )

The final line in involves a double contraction, and defines the extension of
LD by L(O & Qo) in Lemma Namely, we see that

[A[K], BIL]] = [A, BI[K + L] + w(A[K], B[L]),

with
w(A[K], B[L])
L opun 8Qb m B B open 8Qb’m
=~ (o) €+ £ =1~ (|7 oy gy 1+ 2

(76a)

where we continue to employ summation convention over repeated indices. Let us
stress that these implicit sums on b, m and a, n have only finitely many nonzero terms,
by virtue of our definition of M; cf. .

The formula above defines w on the subalgebra L(gl(g)[t,t*]) C LD. When one of
the arguments to w is a mode D[K] of D, there are obviously no double contractions,
SO

w(D[K],-) = 0. (76b)

This map w defines a cocycle

[w] € HX(LD, L(O & Qo))
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in the usual Chevalley-Eilenberg cohomology of LD with coefficients in £(O @ Qo).
(It is easy to see that this cocycle is non-trivial, as in the case of g of finite type in
[Fre07, §5.5.3], so the sequence in Lemma [26{ does not split.)

4.12. Main result. The homomorphism p : g — D gives rise to a homomorphism of
the corresponding loop algebras
p:Lg— LD, (77)
given by
P(A[N]) := p(A)[N] Aeg,N el

Pulling back the cocycle w € H?(LD, L(O & Qp)) from by this homomorphism
p, we obtain a cocycle

0" (w) € H*(Lg, L(0 & Q0)) (78)
of Lg with coefficients in £L(O @ Qp). It defines an extension Lg of Lg by L(O&®Q0),
0—>£(O@Q@)—>EE;—>L9—>O.

We can now state the main result of this paper.

Theorem 28. The cocycle p*(w) is trivial, so this sequence splits.
Specifically, there is a linear map

$b:g—€Qo
of Q-grade 0 and obeying
$(h) =0, o(ng) C QO(ni) and doo=T1odd,

such that the map j0p+ ¢ : g — 3(D) ® Qo = M[1] gives rise to a homomorphism
of Lie algebras,
Lg — L(M[<1]);
AN] = ((jop+d)(A))[N], Aeg,Nel
Proof. The proof occupies Section [5| below. O

To state this result in a more concrete form, we note the map ¢ is given by

Ja,n — Z Qa,n;b,m (X)aXan
(b,m)eIXZ

(and k +— 0;d — 0) for certain polynomials Qg n:pm(X) € O. We introduce also the
generating series of the generators of Lg,

k(z) ==Y KINJz™N71 d(2) =D d[N]z771 Jan(z) =) Jan[N]eTV T
N N N

and let )(Jon)(2) = 3 nvez 1(Jan) [Nz 71 with J,,, as in . Recall the polyno-
mials RZ’;?(X ) € O from .
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Theorem 29. There is a homomorphism of Z x Q-graded Lie algebras
Lg — L(M[<1])

given by

Jan(2) = gUan)(2) + D Y(R(VIO])Bom[—1]]0), 2)
(bym)EIXZ

+ 3 Y(Qunspn (YO)YH[-1][0), ).

(b;m)EIXZ
Equivalently, there is a homomorphism of Z>q X Q-graded vertex algebras
0 : Vg’o —-M

given by

Jam[=1]10) = 9(Jan)[=1]0) + D>~ RET(y[0])Boum[—1]]0)
(b,m)EIXZ

+ Z Qa,n;b,m(Y[O])Yb7m [_1] ‘O> .

(b,m)ETXZ

Proof. The first part is a restatement of Theorem [28|in more concrete terms. For the
equivalence of the statement about vertex algebras, see [Fre07, §6.1]. O

Let us give the form of the homomorphism on the Chevalley-Serre generators of g.
We write y& = y®:0 for 4 € I and ye = y—0teol cf, , and so on.

Proposition 30. The homomorphism 6 : Vg’o — M from Theorem s given by
ei[=1]10) = 5(p(es)) + ey [1][0)
h[=1]|0) = s(p(R))
fil=110) = 5(p(f:)) + v [-1]]0)
fori eI and h € b, where
CiZ:—Q—FZCLij, 1el.
sl
7=t

Proof. On Z>1 x Q-grading grounds, the homomorphism must be of this form for
some values of coefficients ¢;. We compute these values in Appendix [A] 0
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4.13. Action of L.g on M(n). The vertex algebra M = M(g) was the vacuum Fock
module of the By-system associated to the vector space g. In exactly the same way,
one defines M(ny), with

M(n+) =c Cly*" [Nl y<oy(a,nyera @ ClBanlN = Ul y<o.(an)esa

as vector spaces. These M(ny) are vertex subalgebras of M.

We have the subalgebra £>o(M([<1]) of non-negative modes of states in M[<1], as
in Section For all A € M[<1] and B € M, A(N)B € M for all N > 0. Therefore
L>0(M[<1]) acts on M, via

- A[Nlv := ANy
for A € M[<1], N > 0 and v € M. The Lie algebra homomorphism Lg — £(M[<1])
of Theorem [28| restricts to a homomorphism L, g — L£>¢(M([<1]) from the half-loop
algebra
Lig:=g®C[[t]].

In this way, L, g acts on M. The following is analogous to Proposition

Proposition 31. This action of Lig stabilizes M(n) and M(n_). That is, for all
Aeg, N>0, andv € M(ny),

0(A[-1]]0))(NM) v € M(nx).

Proof. Let N > 0. Suppose without loss that A = J, ,,. (The result is clear for A =d
and trivial for A = k.)

The conditions on ¢ given in Theorem imply that ¢(J,n) () stabilizes the
subspace M (n4), and annihilates M (n+), whenever J, ,, € n¢. And ¢(h) = 0. Hence
& (Ja,n) (V) stabilizes both M (n4.).

The same applies to all terms in j(p(J4)) cubic or higher in the generators 3, 7.
(Recall that these terms are either in j(Der O(n)) or in 3(Der O(n_)).)

The term j(Jon)@V) in J(p(Jan))(N) stabilizes M(ny) if a € I and n = 0, ie.
if Jon € h. Otherwise it does not, but by our construction there is then also a
sum of compensating quadratic terms in j(p(Jq,n))(V), of the form yb’m(M)ﬁc,p(NfM)
with {(b,m), (¢,p)} ¢ +A. The latter condition ensures the double contractions
between such quadratic terms and states in M(ny) vanish. The single contractions
of such compensating quadratic terms ensure that M(ny) is stabilized, just as in
Proposition [18| and the discussion following. O

4.14. Homomorphism to M ® my. We have the loop algebra Lh := h @ C((t)) of
the Cartan subalgebra b C g. Let {b;}i=1,.. dimy = {Hi},cj U {k,d} denote a copy of
our basis of h and let {bl}f;nfh C b be its dual basis with respect to the form Ii(|)
k(i) = 55
Then Lb has basis {b;[N]}i=1 dotsdimp;Nez- Let mo denote the Lh-module
o := U(Lb) ®upacy) Cl0)

induced from the trivial one-dimensional h ® C][t]]-module C|0). There is a lin-
ear isomorphism my = C[b; 5)i=1,. dimp:n<o of of vector spaces, and of modules over

Ut 'p[t1]) = Clbi,ni=1,....dim bn<0-
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The space 7y is a commutative vertex algebra, the state-field map being given by

bi(x) := Y (bs[-1][0), ) = Y b[N]a~ N1,
NEeZ
cf. Section (Like M, it is a system of free fields.) It has the depth gradation, in
which b;[N] contributes grade —N, and it inherits the @-gradation from b.
We continue to write y& = y®:0 for i € I and yeo = y—o0tenl ot
We have the tensor product of vertex algebras M ® mp, which is again Zsq x Q-
graded.

Theorem 32. There ezists a Z>y ® Q-graded homomorphism of vertex algebras

w:Vg’O%M@)WO

given by
ei[1]10) = j(p(e:)) + iy [=1]]0) + (¥, ai) v/ [0]b;[-1]|0)
h[=1]]0) = 3(p(h)) + (', h) bi[-1][0)
Fil=1010) = g(p(fi)) + ey [=1]|0) + (7, @) vy [0]b;[-1][0)

fori el and h €h.
Proof. The proof is given in Section [6] O
Equivalently, there is a Z x @-graded homomorphism of Lie algebras
Lg — LM ® mp)

given by

ei(2) = 2(0(es))(2) + ciday™(2) + (b1, i) ¥ ()b (2)

h(z) = 3(p(h)(2) + (b, h) bi(z)

Fi(2) = 20U (=) + Dy (=) + (, éa) v¥e ()b (2)
fori el and h €.

4.15. On zero modes. We have the homomorphism of Lie algebras p : g — Der O(n)
from Lemma @ and the embedding i : Der O(n) < M(n) C M given by
Y PU(X)Dan Y PU(Y[0)Bas[-1]]0),
(a,n)eA (a,n)eEA
where P*"(X) € O(n) for each (a,n) € A. Let ¢ : g = Qo) be the linear map

defined by

0 T €D

o(x) = "

d(x) zen_
where ¢ : g — o was the splitting map from Theorem 28] We continue to identify
Qo) with a subspace of M(n) C M(n) (with f(X)dX*" — f(y[0])y*"[-1]|0)). We
get a linear map N

O=iop+¢:g=VI] - M(n)[1].
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(The kernel is the centre Ck C g; if one wanted an embedding, one could introduce a
tensor factor 7o as in Section [4.14])

The would-be non-negative vertex algebra products J(x)(~N)9(y), z,y € g, N >0,
of states in the image of this map are generically ill-defined, i.e. divergent, sums (as
we saw in the examples in Section . Thus, we don’t get a direct analog in affine
types of usual Feigin-Frenkel free-field realization Vg’_hv — M(n) in finite types.
Nonetheless, we do have the following.

Theorem 33. The vertex algebra Oth product (0) : M(n) x M(n) — M(n) extends to a
well-defined product

0 : J(g) x ¥(g) — J(g)
on the image 9(g) C M(n)[1] of g in M(n).
Moreover, we have
I(@))(y) = I([z, y])
for all x,y € g.
Proof. Let x,y € g. We first want to show that J(x)(0)9(y) is well-defined.
Calculating as in the proof of Lemma one sees that for any two X, Y € Der O(n),
we have
i(X)i(Y) =4([X,Y]) +d(X,Y) (79)
where we define a (C-)bilinear map d(-,-) : Der O(n) x Der O(n) — Qo by

d{ > P"(X)Dan, D Q"™(X)Dpm

(a,n)EA (bym)eA

== ) (0D P (X)) (Dan@"™(X)). (80)

(a,n),(b,m)eA

Now, d(-,-) does not extend to a well-defined bilinear form on Der O(n) x ﬁe/rO(n):
for example if v = Zn€Z>1 X¥"Dgyp for some fixed a € Z, then —d (XC’IU,U) =
(1 + Zm€Z>1 1) 0X%! is ill-defined. But we can define a Lie subalgebra large enough

to contain the image of g and small enough that d(-,-) remains well-defined, as

follows. First let us define a Lie subalgebra D; C Der O(n), by stipulating that
> (amea PP (X) Doy belongs to Dy if, for some K € Z>q,

rrx)e  f  cxtm

(bym)eA
n+K>m>n—K

for each (a,n) € A. One checks that Der O(n) x D; is a Lie subalgebra of ﬁe/r(?(n).
According to Theorem the image p(z) of = belongs to this subalgebra:

p(z) € Der O(n) x D;.
Lemma 34. d(-,-) extends to a well-defined C-bilinear map
d(-,-) : (Der O(n) x D1) x (Der O(n) x D1) = Qo)



46 CHARLES YOUNG

with the property that d(Dy,-) = 0.

Proof of Lemma[3]. d(-,-) vanishes, summand by summand, whenever its first ar-
gument is linear in the generators {X%"}(,,)ea, since O(Dgn X)) = 0 for all
(a,n),(b,m) € A. So by linearity it is enough to consider the case when the first
argument, >, yea P*"(X)Dan belongs to Der O(n), i.e. has widening gap. The
second argument has bounded grade, so there is some M such that Da,nvam(X )=0
for all n, m such that n —m > M. By the assumption of widening gap, there is some
N (depending on M) such that, for all n > N, Dy, , P*"(x) = 0 whenever n—m < M.
So at most the first N terms in the sum on n can be nonzero:
> (0D P (X)) (DanQ"™ (X))

(a,n),(bym)eA

=Y (0D (X0) (DanQ (X)),

(a7n)7(b7m)€A
n<N

and then for each n the sum on m is also finite, since P*"(X) is a polynomial.  [J

At this stage, we have shown that holds for all X,Y € Der O(n) x Dy. In
particular, it holds for the images p(x), p(y) of z,y € g:

i(p(x))@i(p(y)) = i(p([z,y]) +d(p(z), p(y)) -

It follows that ¥(z)(0)¥(y) is well-defined. (There are no possible double contractions,
and hence no possible divergences, of the products between the subspaces Q¢ (,) and
i(Der O(n)) of M(n).)
The “moreover” part is then essentially a corollary of Theorem Consider the
linear map 7 : M[1] — M[1] which acts as the identity on M[1] € MJ[1] and sends
bl —110) = 2 ez YO [01Bymtn [ —110) and D — 37, ez mY ™ [0]Ba,m[—1]]0).
By construction, for any z € g, n(6(z[-1]|0))) = J(z) + 7(J(o(x))), where J(z) €
M(n)[1] and 7(9(c(z))) € M(n_)[1]. (See (54) and the discussion following.) Thus

7(0(x[-1]|0))) 7 (0(y[-1]]0))) = ()@ (y) + T(¥(o(2)))O7(D(o(y)))  (81)

for all 2,y € g. At the same time, for any X,Y € M[1], we check that 7(X)©0)m(Y)
is well-defined and equal to (X (0)Y). Thus

7 (0(x[=1]10))) @7 (0(y[-1]]0))) = = (6(x[-1]]0)) 0 (y[-1]0)))
= m(6([z,y][-1]|0)))
= [z, y]) + 7(I(o([z,])))- (82)
On comparing and , and projecting onto the summand M(n)[1] of M(n)[1] ®
M(n_)[1], we have the result. O

Corollary 35. There is a well-defined Lie algebra Ly(9¥(g)) of the formal 0-modes of
states in the image of ¥, and the map

g—=Lo(0(g)); @ I(2)[0]

18 a homomorphism of Lie algebras. O
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Proof. This follows from the theorem since, when the Lie bracket formula for
formal modes is specialized to the Lie bracket of formal zero modes, only the Oth
product contributes: [A[0], B[0]] = (A(0)B)[0]. O

5. PROOF OF THEOREM

In we obtained a cocycle p*(w) € H?(Lg, L(O @ Qp)). In fact, we can be
rather more precise: recall p(k) = 0, p(d) = D, and w(D[N],:) = 0. So we have
actually defined a L(O @ Qp)-valued 2-cocycle on the double-loop algebra

LLg := L(g[t.¢"']) := glt,t '] @ C((5))-

Our goal is to show that this cocycle is trivial.
We shall follow closely the strategy of proof due to Feigin and Frenkel [FF90a],
and specifically the treatment in [Fre07, §5.6], [Fre05b]; cf. also [Fei84; [FF92|. The

subspace O @ Qo C M is contained in the larger subspace
Mo := Cly*"[=Nlacznez,Nezs,|0) C M.
This subspace is a commutative vertex algebra. It is also an ideal for the action of
M[<1] in the same sense as in Lemma AM)B € My for all A € My, B € M[<1]
and M > 0. It follows that
p*(w) € H*(LLg, L(Mo)),

and it is convenient to show our cocycle is zero in the latter space.
To do so, we first show that the cocycle p*(w) actually belongs to the local sub-
complex of this CE complex. Let us define this local complex.

5.1. bc-system. Let Cl denote the Clifford algebra with generators
ban[N],  c®"[N],
with N € Z and (a,n) € Z x Z, and anticommutation relations
[ba,n[N], by, M4+ =0, [ban[N], "™ [M]]+ = 650 0N —nel,  [¢*"[N], "™ [M]]4 =0,

where we write [X,Y]; := XY 4+ Y X for the anticommutator.
Define A to be the induced Cl-module generated by a vector |0) such that

ban[M]|0) =0, M €Zzo,  c<*"[M]|0) =0, M €Zx. (83)

for all (a,n) € T x Z. It is Z x @Q-graded just as is M, cf. Section

Cl is a superalgebra (with all generators b, ¢ of odd degree) and its module A is a
vector superspace. A is moreover a vertex superalgebra (for the definition of which
see e.g. [Kac98; [FB04]). The state-field map Y (-,x) : A — Hom (A, A((x))) is defined
as follows. First,

ban(2) =Y (ban[—1]|0),2) = > ban[N]z~ 1,
NeZ

(@) =Y (c[0][0),2) =) cNJaTV,
NeZ
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and then in general if

A ="M =Ny ] e (= Ny lbyy gy [=M] - by, [ M]]0), (84)
then
Alu) = Y(Au) = ™M ()t D ()M () Mo () (85)

The normal-ordering here is defined just as in Section [4.4] only with the addition of
signs to allow for the superspace Z/2Z-grading: we have

Y (A, u)Y = (Z Ay ) (B, v)+(—1)PAPEB (Z A

M<0 M>0
(86)

whenever A and B are in grades p(A) and p(B) respectively.

We have the (super)translation operator T € End A of the vertex superalgebra
A, defined by TA := A(-2)[0). It acts on monomials in the generators of Cl as a
superderivation, according to

[T, ban[=NJ]. = =Nbgn[N —1], [T, c*"[-N]] . = —(N = 1)c""[N — 1],
and we have T'|0) = 0.
For each r > 0, let A denote the subspace of A spanned by states of the form
M= Ny] ... < =N, [0),

with a1,...,a, € Z, ny,...,n. € Z, Ni,..., Ny € Z>o. The sum, Ay := P2, Aj is a
supercommutative vertex superalgebra.

5.2. Chevalley-Eilenberg cochains for L, Lg with coefficients in My. Let L, L§
denote the Lie algebra
LyLg:= §[t,t '] @ C[[s]].
It is a topological Lie algebra, with the the linear topology coming from the Zx>(-
grading (i.e. the linear topology in which §[t,t~ 1] ® sV C[[s]], N € Z>q, are a base of
the open neighbourhoods of 0).
The space My is a module over L; Lg. Indeed, let us write Jq,, := 7(p(Jan)) € M,

that is
Ja,n = Z RZ:m< [ ])Bbm Z fbacsb - >

(bym)EIXZ (be)eZ
where we recall the definition of the polynomials RZ’;’? and the definition of
the injective map j. From Lemma [27) and the fact that p : g — D is a homomorphism
of Lie algebras, it follows that
Ja,n(o)aﬂb,m = fabCJc,n-i-m mod Qo,
JanWdpm =0 mod O. (87)
The mode J, ,(N) restricts to a linear map My — Mg for all non-negative N, as in

Lemma [24{iii). This defines an action of L;Lg because, in view the commutator
formula (66) and , we have

[Ja,n(N)qub,m(M)] = fachc,n+m(N+M) mod ﬁ(Mo), N, M > 07
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(and equality modulo £(Mg) is enough, cf. Lemma [24](ii)).

As an Ly Lg-module, M is smooth, which is to say that for all v € My and all
a € g, a[N]v = 0 for all sufficiently large N. In other words the action is continuous,
when we endow Mg with the discrete topology.

We have the rth exterior power A" Ly Lg of the topological vector space L Lg,
with its natural topology. The space of r-cochains of the Chevalley-Eilenberg com-
plex of L;Lg with coefficients in the module Mg is the space C"(LyLg, Mg) =
Hom®™ (A" L, L§, Mg) of continuous linear maps

A N LiLg — Mo.

Since Mg has the discrete topology, continuity means that for each such A there must
be some N such that X kills everything in grades > N. Thus

Hom®®™* (/\ L. L, MO) = @D Hom ((/\ L+L§)N : M0> . (88)
N>0

5.2.1. Case of finite-dimensional g. Let us digress to recall what happens when g is
of finite dimension. In that case the subspaces (/" Ly Lg) 5 appearing in are also
all finite-dimensional, and so

P Hom (A L:25) Mo) =M@ 5]90 (N z25) )

N>0
= MO X AT,

where in the second step we identify the restricted dual, @ y~q ((A" Lt Lg) ~)", with
the space A{, spanned by states of the form ¢ [—Nj]...c% [—-N,]|0), by means of the
bilinear pairing given by

(€ [~ N . € [~ N J0), Joy [KL] A -+ A [K))

sign(o)  a; = by(;) and N; = K, ;) for each i, for some o € S,
0 otherwise

(Here we picked a basis J, of g, where a runs over a finite set of indices.)
In this way, one has a linear isomorphism C*®(Ly Lg, Mg) = Mg ® Ao.

5.2.2. Case of infinite-dimensional g. Now we return to our case, in which g has
countably infinite dimension. The tensor product Mg ® Ay now corresponds only to a
subspace of C*(L; Lg, My), and one which will not be large enough for our purposes.
It is convenient simply to define, for each r,

Mo & AL = ]@)Hom ((/\ L+L§>N,M0> — O" (L. Lg, Mo).

An element ® € My ® A{ can be regarded as a possibly infinite sum of states of
the form

cVM[=Np]...c"" =N, v € My ® Ap, (89)
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with Y7 N; < N for some bound N depending on <I>E| and subject to the condition
that for any A € \" L; Lg, the pairing (®, ), defined as follows, yields a well-defined
(i.e. finite) element of Mg. We first define the pairing between a state in Mg ® A of
the form and a vector in " Ly Lg of the form

Toria (K1 Ao A Ty, e, [ ] (90)
by declaring that

(c* ™M [=N]. .. " [=Npm, oy o [EQ] A - A Ty, i, [K])

o sign(o)m  a; = by(), Ni = ko(;) and N; = K for each i, for some o € S,
0 otherwise

Then we extend by linearity in both slots.

Remark 36. Neither Ly Lg nor A" Ly Lg are complete. For example, pick an a € Z and
let sy = SN Junln] for N =1, 2 3,.... This sequence is Cauchy but not convergent
(because the infinite sum Yorly Jann ] does not belong to Ly Lg = g ® C[[t]]).

By not completing these spaces we preserve a useful property of “compact sup-
port”: for any A € N\ L;Lg there exists some k such that A can be written as a
possibly infinite linear combination of terms of the form with |k;| < k for each
1=1,...,r

5.3. The complex C*(Ly Lg, My) and the state Q. Thus, we have the spaces of the
Chevalley-Eilenberg complex C*(LyLg, My) of Ly Lg with coefficients in the module
Mo. The differential d : C"(LyLg,Mg) — C™"1(LyLg,Mg) is given by the usual
formula,

r+1
(df)(x1,. ..y Try1) == Z(—l)p+1xp.f(x1, e T 1, Tpgly e e Trl)
p=1
+ Z (—1)p+qf([xp,xq],$1,...,$p,1,$p+1,...,$q,1,$q+1,...,$T+1). (91)

1<p<gsr+1
Informally, we may introduce a state Q given by

Q= Z Jan - Z faLbC am [0]b07”+m[_1]’0>'
(a,n)EIXZ a,b, CG%
n,me

This is by analogy with the definition of Q in the case where g has finite dimension.
In our case, Q does not belong to the tensor product M ® Ag, because of the infinite
sums on n,m. It belongs to a suitable completion. One should not expect the vertex
superalgebra structure to extend to that completion, just as M was not a vertex
algebra in Section [4.7] Since Q is the only such state we shall actually need, let us
avoid a formal definition. Instead, we shall check that O has the specific properties
we need, as they arise.

5Note that we have not required these summands to have bounded depth overall, so the depths of the
states v € Mg could increase without bound as, say, ni increases. We shall only ever need elements
of bounded depth, though.
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Here is the first such property. The zero mode Q(0) unambiguously defines a linear
map Mg ® Ag = Mg ® Ag. (It involves only single contractions.) One easily sees
that it coincides with the CE differential:

d® = Q(0)®.

5.4. The local complex C} (Lg, £L(Mo)). Recall the definition of the local Lie alge-
bra £(.Z) from Sectionm One sees from that the formal zero modes generate
a Lie subalgebra, which we shall denote by

Lo(L) C L(ZL). (92)

We can apply this in particular to the subspaces My ® Af of the supercommutative
vertex superalgebra Mg ® Ag, to obtain the vector superspaces (in fact, supercommu-
tative Lie superalgebras) Lo(Mo ® Aj). We see that these spaces are given by

Lo(Mo® Ap) = [ > TH(Mo @A) | /(Im T + C|0))
k>0

= (Mo ® Ap)/(Im T + C|0)).

(Note that we have to quotient by the subspace C|0) = kerT too, not just ImT,
because the zero mode |0)[0] = |0) ® t° = 8,(|0) ® t) = (T + 9;)(|0) ® t) = 0 does
vanish in £(My ® Ap).)

Now, when g has finite dimension, the spaces of the local complex are, by definition,
precisely these £o(Mo® Af). In our case, in which g has countably infinite dimension,
we must use the larger spaces Mg & A from Section By analogy with the
above, let us define

Cloe(LLg, L(Mo)) = (Mo @ Ag)/(ImT + C|0)) (93)
for each r. Here we use the fagt that the definition of the translation operator extends
in a well-defined way to Mg ® Af.

Let us write [ for the projection map [ : C"(Ly Lg, Mo) — C. .
[ @ := ®[0]. Let us attempt to define a differential

d : Cfoo(LL, £(Mo)) — Cjot' (LLg, £(Mo))

loc

(LLg, L(Mo)); @+~

by setting
d(®[0]) := (d®)[0] = (Q)®)[0].
The fact that this is a consistent definition is a consequence of the following lemma.

Lemma 37. We have the commutative diagram

C’I’

loc

(LLg, £L(Mg)) —— CptY(LLg, £(Mo))

loc

i i

C"(LyLg, Mo) —L— C™ (L L§, M) (94)

dl il

C"(Ly Lg,Mo) —L— C™+L(Ly Lg, My).
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Proof. What has to be checked is that the lower square is commutative. This is
seen by direct calculation: as in Section there is a well-defined notion of the
zero mode Q(0) of Q acting on Mg ® Ag, and we check that Td® = T(Q)®) =
(TQ)(0® + QTP = QTP = dT'D. O

Thus, we obtain a complex, (Cp (LLg, £L(Mo)),d). This is the local complex. As
the notation suggests (and as we now check) it forms a subcomplex of the usual
Chevalley-Eilenberg complex C*(LLg, £L(My)) of LLg with coefficients in £(My).

Consider first a state ¥ € Mg ® Aj C My ® A{ of the form

U = M- Ny]... [N, ]o.

We can apply the state-field map to this state, and in particular we can take the zero
mode ¥(0) € End(M® A). This zero mode ¥(0) is a (generically infinite) sum of terms

UMMy ... ¢t [ M, |u[M] (95)

(Here v[M] € L(Mp) is the Mth mode of the state v € MOED
We have the exterior algebra /A" LLg. The pairing from Section goes over to
this setting, and using it we can certainly interpret each term as an r-cochain in

C"(LLg, £(Mp) := Hom®"(/\" LLg, £(Mo)).

Moreover, the infinite sum ¥[0] is again a well-defined r-cochain, i.e. it is continuous,
when £(My) gets its natural (i.e. t-adic) linear topology.

These statements are exactly as in the case in which g has finite dimension. The
only new aspect of the present case is that a general state ® € Mg ® A{ may itself
be an infinite sum of such states ¥ € My ® A, subject to the conditions we gave in
Section But, for any given p € N\ LLg, we can arrange that for only finitely
many of these summands ¥ does ¥[0] have nonzero pairing with p. (This is clear
from the notion of “compact support” from Remark ) In this way, we can indeed
interpret ®[0] € C}. (LLg, L(Mo)) as an element of C"(LLg, L(Mo)).

Finally, one checks that the derivative on Cf (LLg, £(My)) coincides with the usual
Chevalley-Eilenberg derivative.

5.5. The cocycle w[0]. As the relevant example for us, consider the state w €
Mo ® A2 given by

ORSY, ORy: ORSY, | Ry

. M b,m a,n ,m _~an b,m T a,n ,m
1=~ O a0~ €00 |7 avcm[oJ‘?)
96

where the polynomials R are as we defined them in .
(Here and below we use summation convention, for brevity.)

6Here and in what follows we are equivocating between formal modes X [M] € LM ® A) and modes
Xy € End(M® A) of states in X € M® A. There is no loss in this because the vertex superalgebra
M ® A of free fields has the property that the Lie algebra homomorphism L(M ® A) - End M ® A is
injective.
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The formal zero mode w[0] is realized in End(Mg ® A2) as the following infinite

sum
C,p 8Rd’q
w(0) = _/Ca,n/(x)cb,m(w)y< 8Ra,,n b,m |O>,ZL‘) dx

(0] dyr[0]
ORSL | ORyY
_ /ca,n($)cb,m($)y <|:T, a‘yd7q7[0]:| 8’}/02[0] |0>,Jj> dx
ARSE ORpY
= — K;EZ Kca,n[_K]Cb,m[_L] <5Yd’q7[0] 81/07[;[0] |0>> [K + L —1]
an bm ARG, 1 ORyY,
_Kggzc e [_L]<Pzay¢qm]aywmnm>[K¢+L}

At the same time, from we have
P (w)(Jan K], Jom[L])

ORSY, ORyY, ORSY, 1 OBy,
:—K< % 5, ]\0> [K+L—1]— [T & ] b’ ]|0> (K + LJ.

Fyealo] dyer[o ' oyTal0]] dyero

We see that w[0] is identified with our cocycle p*(w), and so our cocycle belongs to
the local complex.

5.6. Submodules My(n) and My(n_). To proceed, we need more information about
the structure of My as an L; Lg-module. Recall that
O(n) = C[X“"](an)en:
O(n-) = CIX""(4n)c-n

and that our action of g on O stabilizes both of these, as in Proposition[I8 It follows
that if we now define

Mo(n) := Cly*"[=N](a,n)ean=>0l0),
Mo(n-) := (Ch’a’n[—NH(a7n)e—A,N20‘0>,
then our action of LyLg on My (given by Jgn[N]v = Jan(N)v, as in Section

stabilizes these subspaces (in fact, commutative vertex subalgebras) of M. (Cf.

Proposition [31])
As modules over Ly Lg, these subspaces turn out to be isomorphic to contragredient
Verma modules, as we now describe.

5.7. Contragredient Verma modules. The contragredient Verma module My over
g of highest weight A € h* is by definition the coinduced left U(g)-module

M} = Coindj Cuy := Homg?, 1(U(g), Coy),
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where Cuvy denotes the one-dimensional U(b_)-module defined by n_.vy = 0 and
h.vy = A(h)vy for h € h. Here Hom™® means the following: we have the isomorphism
of vector spaces
Homgrp_y(U(g), Cvy) = Homyp_y(U(b-) @ U(n), Cvy)
= Home(U(n),C) =U(n)",
and Hom™® means we allow only maps that, under this isomorphism, belong to the

restricted dual U(n)Y := @,co(U(n)a)* C U(n)* of the Q-graded vector space U(n).
The isomorphism above is also one of left U(n) modules. So, as left U(n)-modules,

M5 =U(n)". (97)

We also have the contragredient Verma modules “in the opposite category &7, i.e.
the twists of the modules above by the Cartan involution o of .
Define M, to be the coinduced left U(g)-module

M} = Coindf _Cuy, := Hom{, (U(g),Cvy).

where Cv, denotes the one-dimensional U(by)-module defined by n.vy = 0 and
hwy = A(h)vy for h € b.
As vector spaces, and as modules over U(n_), we have

My =U(n_)".

These definitions go over to the half loop algebra L,g in an obvious way: Cu,
becomes a module over L b_ if we declare that (b_ ® tC[[t]]).vyx = 0 and then we get
the left U(L4.g)-module Homyye, , \(U(LyLg), Cvy), and likewise its twist by o.

Proposition 38.

(i) There are isomorphisms of g-modules
O(n) = Homi, ,(U(g), Cuo),
O(n_) = Homyjt,, 1 (U(g), Cuo).
(i) There are isomorphisms of Lig-modules
Mo(n) = Hom§?L+b,)(U(L+9), Cuo)
Mo(n-) = Homy5(y ¢, ) (U(L+g), Coo).

Proof. The proof is the same as in the case of g of finite type in [Fre07, §5.2.3, §5.6.3].
For completeness let us go through the steps.

First we show that O(n) = U(n)" as n-modules. To do that we consider the
pairing U(n) x O(n) — C; (z, P) = (z, P) := x.P|),. It respects the Q-gradations
of U(n) and O(n), in the sense that U(n)q pairs as zero with O(n)z unless a+ 8 = 0.
Consider the restriction of the pairing to U(n), x O(n)_,, for some o € Q~g. Recall
our ordered basis By = {Jun}(an)ea of n from and . We have the PBW
basis of U(n), consisting of ordered monomials these basis elements, and we have the

basis of O(n)_, consisting of monomials in the X*", (a,n) € A. Both these bases
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have the lexicographical ordering coming from the ordering of A. The action of J, ,
(a,m) € A, on O(n) is by a differential operator of the form

Doy + > P (X) Dy (98)
(bym)eA
wgt(Jp,m) —wet(Ja,n)EQ>0

From this one sees that the matrix of the restricted pairing with respect to the two
ordered bases above is diagonal with non-zero entries. Thus the restriction of the
pairing to U(n), x O(n)__, is non-degenerate, for each o € Q. This shows that
O(n) = U(n)V as a vector space. But the pairing is also manifestly n-invariant:
(xe;, P) = (x,e;P). This shows that O(n) = U(n)" as left modules over U(n), where
the left U(n)-module structure on U(n)" is the canonical one, coming from the right
action of U(n) on itself by right multiplication.

Thus, given , we have O(n) = Mj as n-modules. Now we show it is an isomor-
phism of g-modules. The coinduced module My has the following universal property.
Suppose M is a g-module and N C M a b_-submodule of M such that the quotient
M/N is isomorphic to Cvy as a b_-module. Then there is a homomorphism of g-
modules M — M3 sending v — v}, where v € M is such that v + N spans M/N,
and where vy € M7y is a non-zero vector of weight A. In our case, as a b_-module,
O(n) has the submodule N = @, O(n)_, (or equivalently, the ideal in O(n)
generated by (X“")(, n)ea). The quotient O(n)/N is a b_-module of dimension one,
spanned by the class 1 + N of the vector 1 € O(n). This vector 1 + N has weight
zero and is annihilated by n_ (since n_.1 € N). Hence there exists a homomorphism
of g-modules ¢ : O(n) — M sending 1 to a non-zero vector v € M of weight zero.
Now, for any P € O(n) there exists z € U(n) such that 2.P = 1: indeed, take the last
nonzero monomial m of P with respect to the lexicographical ordering and consider
the corresponding PBW basis element m* of U(n). We see that m*.m is a nonzero
multiple of 1. Thus z.¢(P) = ¢(z.P) = ¢(1) = vj is nonzero and hence ¢(P) is
also nonzero. That is, ¢ : O(n) — M is injective. But we know O(n) = M as an
n-module, as above, so in fact ¢ must be a bijection. This completes the proof that
On) = Mj = Homfffbi)(U(g),(Cvo) as g-modules.

The argument for O(n-) = Homyj7, 1(U(g), Cvg) is the same, just twisted by the
Cartan involution o so that O(n) and O(n_), and U(n) and U(n_), are interchanged.
(Compare ([55)).)

For part (ii), the argument is again essentially the same, with the Q-gradation
above replaced by the Q X Z>q gradation. One shows first that Mg(n) = U(Lyn)Y as
L n-modules, and then uses that fact to show that the canonical homomorphism of

res

Ly g-modules Mo(n) — Homy7p,  y(U(L+g),Cro) is an isomorphism. O
Therefore there is an isomorphism of modules over g’ /Ck = Lg := g[t, t ],
O(n) = Homyy /e (U(g'/Ck), Cuo)
(where b”_ := g/ Nb_) and an isomorphism of modules over L (g'/Ck) = L, Lg,
Mo(n) = Homysr v scky) (U (L+(g'/Ck)), Cuo).
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Given an r-cochain N LyL§ — Mo(n), we may restrict it to A" L h and then
compose the resulting map A\ Lib — Moy(n) with the canonical projection of L; Lg-
modules Mg(n) — Cug. This defines a map of complexes

pu: C*(Ly Ly, Mo(n)) — C*(Lb, Cuy).

Lemma 39. This map p is a quasi-isomorphism, i.e. it induces an isomorphism of
the cohomologies,

H*(Ly Lg, Mo(n)) = H* (L4 b, Cuo).

Proof. The proof, using the Serre-Hochschild spectral sequence (see [Fuk86, §1.5]), is
the same as in [Fre07, Lemma 5.6.6]. O

The following is [Fre07, Lemma 5.6.7].

Lemma 40. If the restriction of a cocycle v € CJ (LLg, L(Mo(n))) to N\ LY is zero,
then y represents the zero cohomology class, [y] = [0], in H], .(LLg, L(Mg(n))).

Proof. We can suppose r > 1.

Consider a cocycle v € CJ (LLg, L(Mg(n))). We have v = X[0] for some cochain
X € C"(LyLg,Mg(n)). The closure of v implies dX is in the image of T: dX =TY,
say, for some Y € C"™"(L;Lg,Mg(n)). We have TdY = —dTY = —ddX = 0 and
since T has kernel 0 (for all » > 1), that implies dY = 0.

Let 7 denote the restriction of 4 to A" Lh. We have 57 = X|[0], where X denotes the
restriction of X to A\ L+6. If 7 is zero then X is in the image of 7. Therefore so too
is u(X). So we have u(X) = Th, say, for some h € C’T(L+6,Cvo). Now, p is a map of
complexes, so dTh = du(X) = p(dX) = u(TY). It is clear that T' commutes with px.
Thus —T'dh = Tu(Y) and hence, again since the kernel of T is trivial, dh = —u(Y").
That is, u(Y) is exact. But p is a quasi-isomorphism as in Lemma So Y must
also be exact: Y = dB, say, for some B € C"(L; Lg, My(n)).

Let X' = X +TB. We see that v = X'[0] and X’ is a cocycle: dX' =dX —TdB =
dX —TY =0.

(At this point, effectively we have shown we were at liberty to assume our X — now
called X’ — was not only a cochain, but a cocycle. We now repeat many steps from
above, but armed with that extra fact.)

We have pu(X') = Th' (where b/ = h + u(B)). So —Tdh' = dTh' = du(X') =
1(dX’) = 0, and hence dh/ = 0. So I is a cocycle in C"(L,h, Cvg) = </\T L+6)v.
Thus, again since p is a quasi-isomorphism, we have h' = u(B’) for some cocycle
B’ € C"(LyLg,Mp(n)). Finally, we see that u(X') = Tu(B') = u(TB’). Hence
the cocycles X’ and TB' in C"(LyLg,My(n)) represent the same cohomology class
in H"(LyLg, Mg(n)). Therefore the cocycles X'[0] and (T'B’)[0] in CY, (L4 Lg, Mo(n))
represent the same cohomology class in H], (L4g,Mo(n)). (Indeed X' —TB’ = dC for
some C' € C"(Ly Lg, Mg(n)) implies X'[0] — (T'B")[0] = (dC)[0] = d(C[0]).) But v =
X'[0] and 0 = (T'B’)[0], so we have shown = is cohomologous to zero, as required. [J

This is the key lemma. However, to use it, we have to get around one final obsta-
cle: our cochain w[0] lives not in CZ_(LLg, £L(Mo(n))) but only in the larger space
Chro(LLg, L(Mo)).

loc
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5.8. Cohomology equivariant with respect to 7. Recall the involutive automor-
phism 7 defined in Section |3} Let us also denote by 7 the involutive automorphism
of A ® M defined by 7/0) = |0),

YN =y N, (N =~y
T(Ba,n)[ ] = B o,— n[N] T(Bl,n)[N] = *Bi,fn[N]’

N, (e = [N,
T(ban)[N] = b_a,—n[N], 7(bin)[N] = —bi_n[N],

T(S5nN]) = 575 NI, (SO‘ [N]) = =S5; 2, [N],
T(ShalN]) = =SLg [N, 7(Sj,IN]) =Sj _.[N],

for o, 3 € A\{0},4,j €I, n €Z, and N € Z, and 7(D[N]) = —D[N].
Let CP*(LLg, £L(Mg)) = Lo ((A§ ® Mg)") denote the subspace consisting of zero
modes of states ® € Ag ® Mg such that 7® = 0.

Lemma 41. 7Q = Q and hence C}*(LLg, £L(My)) is a subcomplez of Cf .(LLg, L(My)).

Proof. The term 3 fqp°c am[O]cb’”[O] ben+m[—1]|0) in Q is T-invariant because o is an
automorphism of g[t,t~!]. (More explicitly, this term is equal to

YD faral ™ [0)c " [0]bi [ <1]]0)

aclA, iel n.mEL

33 Y (fai 01 [0]bansm[1][0) + Foai ™[0} 0] [~ 1]]0))

acA, iel nmeZ
Z > fif 01 [0]bg g m [~ 1]10)

Z]kelanZ

and each line of this expression is 7-invariant.) The other termin Q, 3=, ye7xz " [0]Jan,
is T-invariant because, in view of (53)),

Tlan = 73(p(Jan)) = 3(7(0(Jan))) = s(P(0Jan))
and thus
Tdan =Jd-a—n, Tdin=—-Ji—-n

for o € A\ {0}, i€l and n e Z. O
Lemma 42. The element w € A2 ® Mg obeys

Tw = 0.
Proof. Indeed, we defined w as in but one sees (in view of ) that, equivalently,

w = c™M[0)"™ 0] (Jan©@Jpm — farTemsm) + <" =1 01 amn()Ipm

(summation convention). The fact that 7w = 0 follows, using the statements above
and the fact that 7 is an automorphism for all the non-negative products. 0
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Thus our cocycle w[0] belongs to the subcomplex Cy% (LLg, £(Mo)). More is true.
We have the subspace Mg(n) + Mg(n_) of Mg. It is closed (trivially) under all the
non-negative products. Therefore £(Mg) has the Lie subalgebra £(Mg(n) 4+ Mg(n_)).

Lemma 43. The cocycle w[0] has coefficients in this subalgebra, i.e

wl[0] € CL2(LLG, £L(Mo(n) + Mo (n_))).

loc

Proof. We use summation convention. By definition, ,

w = —c¥"[—1]c>™[0] |0)

ORGh IR, ORGh ] Ry
oy2a[0] dyer [0 " oyealo] | dyer(o
where Rg’fn"(X ) are the polynomials from . On recalling and , we see

that for every (a,n) € Z x Z, we have that
Re(X) = Agi(X) + Bl (X)

0) — < [0)c™[o] [T

where
ALT(X) € CIX ) pesn, BUN(X)e D CX, forall (b,m) € A,
(c,p)EFA

Now we shall argue that

DAY, DAPT 0) + 2Bk OB 0
]

Oy®a[0] dyer|0] dy®a[0] ver[0
AGh | 04y,
e o o). (99)
Oy®a[0] ] Oyer[0]

Indeed, we see all A-B cross terms are zero just by inspecting the index contractions.

.. . b 0BSY an‘q .o
The remaining term is —c®"[0]c*™ 0] [T, W‘Z’E&J 7]|0) but this is zero by the

dyeP[o

linearity of the Bg’}? and the fact that [T, 1] = 0. So we have the equality . The
oBet OBy,
dyda[0] By<P[0]
definition of the Az’,zl, the A-A terms all belong to A2 ® (Mg(n) + Mg(n_)). So we
have established that

w = —c¥"[—1]c>™[0] (

— c®m[0]cb™0] [T

term |0) is proportional to |0), again by the linearity of Bg’f,ff. And by

w € A2 ® (Mg(n) + Mp(n_))
and hence the result. OJ

Lemma 44. There is an isomorphism of complexes
Croe (LLg, L(Mo(n) + Mo (n-))) = Cfo(LLg, L(Mo(n)))

loc

Proof. There is certainly a linear isomorphism
Ap ® Mop(n) = Ao ® (Mp(n) + Mp(n_))
v (14 7)o,
and hence a linear isomorphism Lo(Ap ® Mo(n)) = Lo(Ag ® (Mo(n) + Mp(n_))). We
0)v

have (1 + 7)(Q)v) = Qv + (7Q))Tv = Q)v + Q)Tv = Q(0)(1 + T)v, so this
isomorphism commutes with the differential. 0
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Finally we can complete the proof of Theorem

We have shown that our cocycle p*(w) = w[0] belongs to C’TCQ(LLﬁ,E(I\/IO(n) +
Mo(n_))) and therefore corresponds to a cocycle ¢ € CZ_(LLg, L(Mo(n))). By the
key lemma, Lemma such a cocycle is cohomologous to zero if its restriction to L[]
vanishes. The restriction of ¢ to Lh is zero if the restriction of p*(w ) to Lh is zero.
And the restriction of p*(w) to Lfo) is indeed zero because, for all i € I, p(Ji0) = Jio
(and hence RZ’Z} (X)=0).

Thus there exists a 1-cochain ¢ € C (LLg, £L(Mg(n))) such that ¢ = d¢. It may
be written in the form

¢=E[0], with Z:=c"[0] Y Qanpm(¥[0)y""[-1]|0)
(b,m)eA
for some polynomials Qg pn.b,m(X) € O(n), (b,m) € A, such that Z has Q-grade 0.

In this way we obtain a 1-cochain, (1 + 7)§ € C’lToi (LLg, L(My(n) + Mp(n_)), such
that p*(w) = d(1 + 7)&, as required.

6. PROOF OF THEOREM [32]

In Section we studied the infinitesimal right action of g on the right coset space
Uo(Ce) := exp(eb,)\exp(fﬁ). In the same way we may consider the right action of g

on the right coset space exp(en,)\exp(fe). We get the following analog of Lemma
and Lemma [6l

Lemma 45. Let A € g. Then there exist polynomials {PZ’m(X) € O(n)}(b A and
,m)e

{p'4(X) € O()}ier (depending linearly on A) such that

dimb — b,m A
M- ezz 1 y'b; H I Jo,m o€
(bym)eA
im = b, b,m
— e TSI Wi [ (@) B
(bym)eA

or every element ity e " Jom of the group B := H x U.
m)EA
Hence, the linear map

dim b
g _> Der(’) @ O 8Yz

given by
dim b

A ZpA )yi+ > Py™(X)Dym
(bym)eA

is a homomorphism of Lie algebras. It respects the Q-gradation (where we assign
Q-grade zero to the generators Oy ). O
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Explicitly, this homomorphism sends

dim b dim b
ei = ples), h— p(h) + Z (b7, h) By, fimr p(fi) + Z (b7, 65) X0y,
j=1 j=1

where X¢ := X' are as in (101). Let X/ := 7X¢. Tt follows that there is a
homomorphism of Lie algebras (here, recall (55)))

dim b
g —Dx @ani
i=1
defined by

dim b
€; —r p(ei) -+ Z <bj,di>Xfi8yj,
j=1

di

h— p(h) + <b] h) By,

firo(fi) + X "y,

||Me" TH'ME_ \

fori € I and h € h. This yields a homomorphlsm of the loop algebras, just as in ,

dim b
Lg—>L<Db< @oaw)

i=1
Now we note that

dimb
(m@m))[()] =c O and (M@Wo)[l] =c Qo Dy (D X @ O@yi)
=1

where we continue to identify O and Qe with subspaces of M = M ® C|0) as before,
and we extend the definition of the injective linear map 7, , by setting

dim b dimb
(Zp aw> Zp ~1]/0).

As in Lemma [26] and Lemma [27, we then ﬁnd that there is an isomorphism of Lie
algebras

dim b
(Dx @0%) ~ £((M ® m0)[<1]) /L(O @ Qo).

We get an exact sequence of Lie algebras

dim b
0= LOG Q) = LM m)[<1]) = L (D x P oaw) 0 (100)

=1
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As in the proof of Lemma the cocycle defining this extension is given by double
contraction terms in the OPE. Following [Fre07], the key observation is then that
there are no possible double contractions between the new terms we have added
(which belong to the subspace O ® 1o C M ® 1) and the existing terms (which each
have at most one factor of 3 or S). It follows that the statement of Theorem [28§| still
holds (with the same lifting map ¢) when p is replaced by the map p’ above.

APPENDIX A. THE COEFFICIENTS ¢;

In this section, for i € I, let us write X* := X%" for the unique (a,n) such that
Ja,n = €4, ie.

i {X%O, iel=TI\{0} 101)

X—otal i =0
and similarly X9 := X" for the unique (a,7n) such that J*"  [e;, e;]. Define D,
Dy; ;i likewise. Recall the homomorphism p : g — Der O(n) from Lemma

Lemma 46. Leti € I. The terms in p(fi) of the form X' X*" D, for some (a,n) €
A are

—X'X'Di+ > ai X XDy 5 - " a XX D
j=i j=i
Proof. This follows from a direct calculation, of the sort in the proof of Lemma [5| and
Theorem Let us give the outline. We have

p(f)= 3 PE(X)Dyn. (102)
(a,n)EA
By inspection, one sees that if PZ,’"(X) is to have both X*™ and X as factors, then
it must be that [f;, J, ] is proportional to a basis vector that precedes e; in our basis.
(We have to pick up the dependence on X*™ as exp(ef;) moves leftwards through the
product, and then pick up the dependence on X' as some term is pushed through
exp (ac’ez)) This is a strong constraint: we must have either

(1) Jon =e; for some j € I, or

(2) Jan o [e;,e;] for some j € I such that e; < e;.
Let us compute the coefficients of the resulting terms. Consider case (2): suppose
ej < e; and J,, = cle;, €] for some nonzero ¢ € C, so that [Jun, fi] = c[les, e;], fi] =
clé;, ej] = cazje;. We have

exp(z®"Jyn) exp(efi)
= exp(ef) (exp(er™ o, i) exp(e [ am [Tans £]) - ) exp(@®" Jon)
= exp(ef;) exp(ex®"caije;) exp(z®" Jom) - - . .

Here exp(ex®"ca;je;) still needs to be pushed left through the factor exp (:L‘iei) which
appears further left in the product. We get

exp(xiei) exp(ex®cajje;) = exp(ex®"ca;je;) exp(ex'a®"a;icle;, ej)) exp(:ciei) e
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We obtain the terms ., ainiX[i’ﬂD[iyj] in p(fi).
Now consider terms J, , = e; for some j. When i < j we just get
exp(:vjej) exp(ef;) = exp(ef;) exp(acjej)
since [e;, fi] = 0. Eventually we reach the factor exp (miei). We continue to shuffle
terms, getting

exp(z'e;) exp(ef;) = exp(ef;) exp(ex'd;) exp <e;(—2mixiei)> exp(z'e;)

= exp(ef;) exp(exidi) exp((mi - e:viwi) ei)
and then finally we have to move exp(ef;)exp (ewidi) further left through factors
exp(xjej) with j <4
exp (xjej) exp(ef;) exp (exiézi) = exp(efi) exp(emidi) exp(—exjmiaijej) exp (acjej)

= exp(ef;) exp(eﬂdi) exp((:nj - e:njwiaij) ej)

From these last two expressions we read off the terms —X*X?D; and — > i a;; X ¢ D;
in p(fi). O
For all h € b, we have
p(h) = — Z (wgt(a,n),h) X*" Dy, (103)

(a,n)EA
and hence p(h)(X*) = — (a;, h) X* (as it certainly should, on Q-grading grounds).
Proposition 47. For all h € h and for each i € I, we have
7(p(h)) ) (p(es)) =0,
2(p(h)) 3 (p(fi)) = —cip(h)(X"),
with ¢; as in Proposition [30

Proof. Recall the Wick lemma from Section First products, like 7 (p(h)) 1) 7 (p(fi)),
involve a double contraction. In view of (102) and (103)), and then making use of the

lemma above, we find

1) g (p(f:) = > (wgt(a,n) h) (DanPf" (X))
(a,n)eA
= -2 <Ozi, h) Xt + Zaij <Oé¢ + aj, h> X - Zaij <Oéj, h) X?

J=1 R

= (i, h) | =2+ ai; | X' = —cip(h)(X7).
j=i

Therefore

2(p(h)) ) (a(p(f2)) + ciy®[=1][0)) = O
for each i € I. This shows that ¢(f;) = ¢;y*[—1]|0) and, hence, ¢p(e;) = c;y7i[—1]]0).
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