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Throughout, p will be an odd prime and C, the cyclic group of order p generated by x. We then
denote the dihedral group of order 2p by D,, whose description can be written thus

Dy = (6 y | ¥ =y =1, poy =),
The integral group ring of D,, will then be denoted by A = Z[D,,], unless stated otherwise.
Throughout, we work with finitely generated right modules and say that two A-modules
M, M’ are stably equivalent (written M ~ M') when M@ A® =~ M' @ A’ for some integers
a, b>0. We denote the set of isomorphism classes of modules M’ such that M’ ~ M by [M]
and call this the stable module of M. Next consider the following free resolution,

Oy 17) 0 7]
c = Iy —tan — —>F2—2>F1—1>F0—0>Z,

where Z is the trivial A-module and each F; is finitely generated and free. The syzygy modules
(]r)er are defined to be the intermediate modules

J» = Im(0,) = Ker(0,_1).

The stable syzygy Q,(Z) is then defined to be the stable class [J,] of any such J,. It is a straight-
forward consequence of Schanuel’s Lemma (cf. [5], p. 94) that Q,(Z) is independent of the choice

of free resolution.
Our goal in what follows is to explicitly discuss the interaction of the above stable syzygies
under the tensor product — ®z — . In the hope of maintaining as succinct a notation as possible,
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we shall hereafter drop the subscript Z wherever it shall cause no confusion to do so. The key
point is that the syzygies decompose into indecomposable modules representing what we may
think of as the x-strand and the y-strand. For clarity, we denote the modules representing the x-
strands of Qy(Z), Q,(Z), X (Z), Q3(Z) as K, P, L, R, respectively.

Theorem A. Let A = Z[D,y] where p = 2n + 1 is prime. For K as above, we will show that K acts
as the identity within the stable class under the tensor product; that is, K@ X = XD A” for some
a > 0, and where X is either K, P, L or R.

Theorem B. Let A = Z[D,,] where p =2n+ 1 is prime. For K, P, L, R as above, the following
identities hold:

e PRP~LO®A"!
e PRL=RDA"
e PRQR=2K®A".

Using Theorems A and B it follows immediately that the x-strand of the stable syzygies Q,(Z)
(r=0, 1, 2, 3) forms a cyclic group with identity [K] and generated by [P].

1. Preliminaries 1: the syzygies of cyclic groups

Throughout, we work with Z[G]-lattices, i.e. Z[G]-modules whose underlying abelian group is
finitely generated and free. When M, N are Z[G]-lattices of ranks m, n, respectively, the tensor
product M ® N is a Z[G]-lattice of rank mn with G-action given by (r® w)g =rg® wg.
Working with lattices confers several advantages, notably that the dual of a short exact sequence
of Z[G]-lattices is again a short exact sequence of Z[G]-lattices (in which the arrows are reversed).
This property extends to exact sequences of finite length (see [4], pp. 117-118). We denote the
category of finitely generated Z[G]-lattices by F(Z[G]).

We first discuss the stable syzygies of Z[C,]. There are only two such stable syzygies, reflecting
the fact that C, has period two. Indeed, it is the only such group to have free period two (see [9],
Lemma 5.2, p.205). Whereas the result of this section is certainly well-known, the explicit con-
struction of the isomorphism does not seem to appear in the literature.

As there is no benefit to working with prime numbers, we shall instead work with cyclic
groups of order n > 1. To avoid confusion, it is stressed that for later sections, we will be work-
ing with n=p, prime. Furthermore, we shall frequently write p = 2n + 1 in these later sections.
The 7 in this description should not be confused with the n used in this section.

We describe the cyclic group of order n as C, = (x | x" = 1) and set Ay = Z[C,]. There is a
free resolution of period two given by:

where € is the augmentation map, and €* is its dual. We denote the augmentation ideal of Ay by
Ic = ker(e). We can now read off the syzygies from the above as follows:

[z, r=0(mod 2);
Q,.(z) = {Ic, r = 1(mod 2).
We will show the following:
IcRIc2Z@ A (1.1)

n

Recall that I can be written, Ic = spanz{x — 1, x* —1,..., x""! — 1}. In particular rkz(Ic) =

n — 1. Consider the exact sequence, 0 — I¢ 5 Ay 57 — 0 and dualize,

O—>ZE—*>AO£>Iz—>0
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where € (1) = X = 3" " is central. Therefore, Im(¢*) is the two-sided ideal of Ay, generated
by X. Consequently, we identify I} with A/(X), which is naturally a ring. Next, we put v, =
i*(x") where vy =1, and observe that we can write v, = (v;)" = 1". If we think of I} as a
Ao-module, then I} has a Z-basis {1, v, v ..., V" 2}, in which we have v"' = -1 —v — -+ —
v"~% and the action of x is to multiply by v. It is well-known that Ic=5 I;.. However, once we
introduce the y-action of D, it will be beneficial to distinguish between I and If..

Now, if n=2 then (1.1) is immediate. We, therefore, let n > 3 and define the following for
1<r<n—-2:

V(r) =spanz{v"* @ /f |0<k<n—-1}CL:QI.
Proposition 1.2. For each 1 <r < n — 2, we have V(r) = A,.

Proof. Consider the map f, : Ag — V(r) which sends x*+ 1/** @ k. This map is clearly surjec-
tive by the definition of V(r). Thus, to show f is an isomorphism it suffices to show the defining
set of V(r) is linearly independent. This is straightforward and so the details are omitted. The
reader is directed to [2] for a full proof. 0

Proposition 1.3. Forany 1 <r <n -2,
Viyon(v()+---+V@Fr-1)4+VFr+1)+---+V(n-2)) ={0}.

Again, this is straightforward to check. The reader is directed to [2] for the details.

We now set V.=V(1)®D --- ®V(n—2) and observe that rkz(V) = n(n — 2). Thus, rkz((I§ ®
I£)/V) = 1. By considering the underlying abelian group of (I} ® I.)/V, we see that this is iso-
morphic to Z & (finite abelian). However, in [2] it was shown that (I} ® I()/V is torsion free, and
so is isomorphic to Z. Consider the basis {v' ® 1/ | 0 <i, j < n — 2} of I} ® I}.. By performing
elementary basis transformations (see Proposition 4.11), this can be replaced by the following basis:

(Ve 1<r<n-2 0<k<n—-1}U{T},

where
T = 1®1 + 1®@v 4+ 1@ + - + 12
+ vev + ver + -+ vreuU?

+ 2 4+ - 4+ A@u?

+ Z/11—.2 ® Vn—z_
So (It ® I%)/V is generated by §(T), where b : I} ® IZ. — (I; ® If)/V is the natural surjection. It
is clear that T € I @ I7, but T € V, and that Tx = T, thereby showing that x acts trivially on
(IE®I%)/V. Since x clearly acts trivially on Z, our isomorphism extends to one over A,
ie. (IEQIE)/ V), L.

For notational convenience, we shall adopt the slight abuse of notation by writing T for the
monogenic module of rank 1. The above arguments have shown the existence of the following
short exact sequence, 0 — V — [f ® Il — T — 0. By dualizing and using the self-duality of V =
/\6’72 and T = Z, we, therefore, arrive at the desired isomorphism:

Proposition 1.4. [c R Ic =2 TOV = Z@Ag_z.

2. Preliminaries 2: useful results for dihedrals

We now summarize several results found in [6]. We find it useful to write p = 2n + 1, however, the
reader is once again reminded that this # is not the same 7 as the previous section. As we shall see,
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many of our calculations will not overtly require 2n + 1 to be prime. Rather, the necessity of this is to
ensure our syzygies are periodic, and to ensure our modules of interest are indecomposable.

Hereafter, we write A = Z[D,,] and Ay = Z[C,]. Associated to A, is the canonical injection i :
Ap—A. From this we can induce two maps on the categories of finitely generated lattices, i* :
F(A) — F(Ao) and i, : F(Ao) — F(A), where i is given by restricting scalars to Ag, and i, is
given by extending scalars; that is, i, (M) = M®a,A. Similarly, we have the canonical injection j :
Z|Cy]—A and this too induces two maps on the categories of finitely generated lattices. Both the
restriction and extension of scalars functors have easily verified properties; they are additive,
exact, and take free modules to free modules. In addition, the restriction and extension of scalars
functors arise in the context of the well-known Eckmann-Shapiro relations. An exposition of
these relations in our context can be found in Appendix B of [5]. A related result is sometimes
referred to as the ‘projection formula for Frobenius reciprocity’ in the literature (see [1]).

Proposition 2.1 (Frobenius Reciprocity). Let i : H C G be the inclusion map of the subgroup H
into a finite group G. If M is a Z[H|-module, and N is a Z|G|-module, then there exists an iso-
morphism ¢ : i,(M)QzN =i, (M®zi*(N)).

The augmentation ideal of A will be denoted by I;, and the augmentation ideals of A, and
Z|C,] will be denoted by I¢ and I, respectively. By [¢) we mean the right ideal generated by o;
that is [¢) = {«A | 2 € A}. In particular, any ideal in A is a A-lattice.

In keeping with the notation of [6] we set,

n=x"-1)(y—-1) (2.2)

p=-1x-1). (2.3)
We then define

P=[x), R=I[p). (24)

The author stresses the importance of the expressions denoted by 7 and p. In addition, we
write X, = 1 + x + - - - + x*", which we observe is central in A.

Proposition 2.5. The ideal [x — 1) decomposes as a direct sum [x —1) = PO R.

We provide two alternative descriptions for P and R using the results of Section 1. We saw
that I}, has a Z-basis, {v" | 0 <r <2n— 1} where 1+ v+ --- 4 1*" = 0. The action of C, on I,
may be extended in one of two ways to an action of the dihedral group:

e Either: vVi.y=v 7 =v""17for0<r<2n-1;
o ornV y=—vT'=—v"1"Tfor0<r<2n—1.

Under the former, we denote (If;),, and under the latter we denote (I¢.)_.

Proposition 2.6. P = (I¢)_ and R = (I{),, .

Proof. We use the classification result in Section 5 of [6]. Take 1° € (I%)_ and note that 1° - x" =
V. Moreover, 1 - y = —1° by our choice of Galois action. Thus, Johnson’s M(—) property is sat-
isfied. It remains to show the M(X) property. Let o € (IZ)_ be written as « = X,a,2/". Since

l+v+12 4.+ =0,
V'Zx:Vr(l+x—|—x2+~~~x2n):Vr+Vr+1+Vr+2—|—~~-+Vr+2n:Vr(1+V+V2+~'~—|—I/2n)
=0.

From this we can clearly deduce M(X) is satisfied and P = (I) _, as required. A similar argu-
ment shows R 2 (I¢.) , . O
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Note, P and R are not isomorphic as A-modules, nor even stably isomorphic. Nevertheless,
P* =~ R and R* = P. Next, we define the modules K and L to be

K = [Zx, y—1)and L = [Zx, y+1). (2.7)

In [6], it was shown that both K and L have Z-rank 2n + 2, and that A/K =2 R and A/L = P.
Finally, both K and L are self-dual; that is K* = K and L* = L.

3. The module K acts as the identity

With the preliminary legwork complete, we now show Theorem 1; that is, we show
K?=7OA (3.1)
for some r > 0 and where 7 =K, P, L, R. In [6] it was shown K has a Z-basis given by {(y —
x' | 0 <i<2n}U{Z,}. Define Ko = spanz{(y — 1), (y — 1)x,..., (y —1)x*"} so that K/Kj is
represented by the class of X,. Observe Z,-x =%, and %, -y = (y — 1), + £, = £, in K/K,.
Thus, x and y act trivially on K/Kj and it is, therefore, isomorphic to Z. In particular, we have

an exact sequence of the form 0 — Ky — K — Z — 0. Recall j: Z[C,]—A. It is straightforward
to show

j(b) = [y—1). (32)

Likewise, [y + 1), can be thought of as an induced module of Z. Observe that both [y — 1)
and [y + 1) are self-dual, but are not isomorphic, as A-modules.

We now show K acts as the identity within the stable class of our cyclic group of order 4.
Observe that tensoring with any of the P, R, K or L yields the exact sequence

0-Ky®?—=>K®?—7—0.

Proposition 3.3. j*(P) = j*(R) =~ Z[C,]".

Proof. Consider the exact sequence 0 — I — Ay — Z — 0, and apply the exact functor i.(—) to
yield 0 — i,(Ic) = A — Z|C,] — 0. Next, observe that the induced module i.(Ic) is simply
another description of [x — 1). So, using the isomorphism [x — 1) = P@R (see Proposition 2.5),
we have the following exact sequence,

0—>ROP—A—Z[C]—0.
Now apply the exact functor j*(—),
0 *)]*(R@P) N Z[C2]2"+1 — Z[Cg] — 0.

This sequence splits and we observe j*(R€ P) is stably free of rank 2n. Furthermore, as C, sat-
isfies the Eichler condition (see [5], pp. 175-176), j* (R P) is free by Swan-Jacobinski (see [3, 8,
10]). Hence, both j*(R) and j*(P) are projective Z[C,]-modules of equal Z-rank. Since
Ko(Z[C,]) = 0 (see, for example, [7]), any projective module is necessarily stably free. Using
Swan-Jacobinski once more, j*(P) and j*(R) are both free, each of rank n. O

Proposition 3.4. K ® R(i) = R(i) D A", for 1 <i <2 where R(1) = P and R(2) = R.
Proof. Consider the following exact sequence,

0 — Ky ® R(i) - K®R(i) — R(i) — 0.

Note that K, is simply [y — 1). So, by using (3.2), two applications of Frobenius Reciprocity
(Proposition 2.1), and Proposition 3.3, we have the following isomorphism:
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jo(L) ® R(i) = ju (L @ j(R(7))) = ju(Z[C]") = A™.
Replacing this in the above exact sequence we, therefore, get
0—A"—K®R(i) = R(i)) — 0
which splits, yielding K ® R(i) = R(i) D A", as required. O

Proposition 3.5. j*(K) = Z[Cz]n+l~

Proof. Start with the following exact sequence, 0 — K — A — R — 0 and apply j*(—),
0 — j(K) = ZIG]" — j'(R) — 0.

By Proposition 3.3, we know j*(R) = Z[C,]" and so the above exact sequence splits, yielding
F(K)BZ[C,)" = Z[C,)"", ie. j*(K) is stably free of rank n+ 1. Since stably free modules are
free over Z[C,] (Swan-Jacobinski), j*(K) = Z[C,]""", as required. O

A similar argument shows the following:

Proposition 3.6. j*(L) = Z[C,]"*".
Proposition 3.7. K® K; = K,-@A”“,for 1 <i<2where K =L and K, =K.

Proof. Consider the exact sequence,
0—-Ky®K, - K®K; — K; — 0.
Using Frobenius Reciprocity and Propositions 3.5 and 3.6, we have
jo(h) © K 2 ju(h @ (K)) 2 ju(ZIG)") = A"

For each 1 <i <2, the above exact sequence now splits, yielding K ® K; = K; P AL 0O
Evidently, Theorem 1 follows directly from Propositions 3.4 and 3.7.

4. PRP~L
In this section, we show
PRP=LHA". (4.1)

Recall Section 1 in which we showed I} ® [f2) T®V, where V=V(1)® --- V(2n—-1)
and V(r) = spanz{v"** @ v¥ | 0 < k < 2n}. Moreover, in Section 2 we introduced the following
action of y, V" -y = —*""". As before, {v | 0 <r <2n—1} is a Z-basis for I};, and under
this action (If)_ = P. We first construct the free part by showing that for r > 2,

V,=V(r)+V(2n+1—-r) is a A — module, and V, = A.

Proposition 4.2. Define ¥ to be the (2n + 1) x (2n + 1) matrix where
1, i=1, j=2n+1;

ji=q L j=i—1 2<i<2n+1;
0, o/w.



2612 J. D. P. EVANS

Proof. Label

=Tl 1<i<2n+1
eaniyi =V @V, 1<i<2n+ 1.

Then ey - x=0"®1=¢ and for 2<i<2n+1l,e;-x=0"® 1 =e;,. Likewise, we
have ey - x=1"""1""® 1 =¢eyy,. In general, for 2<i<2n+1, x acts on €ant1)+i DY
eninyi - X = V" @ U = ep,11) 4441 The result now follows. O

Proposition 4.3. Define the matrix ® by

1, i=j=1;
(I)ij: 1, j=2n+3—-4i, 2<i<2n+1,;
0, ofw.

(U
Then py (y) = <(I) 0 )
Proof. With the e;, e(,41)4; as defined above, first observe e, - y = V=T @ 1 = ey,4,. Now con-
sider y acting on a general basis element of V(r) for 2 <i <2n+1,
ey = (VTJrZ'*l ® I/iil)y _ (V2n+27r7i ® V2n+27i) _ (V2n7r+(27i) ® V2n+27i) = Cni1t(2nt3i)-

Next, let y act on the basis elements of V(2n + 1 — r). As before, we have
ez -y =1V @1 =¢;. For a general basis element 2 <i < 2n+1,

_ 2n—r—+i i—1 o r+(2n+2—i 2n+2—i
iy = (v @y =yt gy, = eni3ie

Proposition 4.4. With ¥ as defined above p,, (x™') = <\(I; L(I)I>
Proof. Set

fi=x" 1<i<2n+1
P =yx 7, 1<i<2n+1.

Clearly, font1-x=1=f; and fi-x=x=fy1 for 1<i<2n Similarly, fi,2-x=y=
fnra and  fopi1iox = yx' = fant1)+i+1- The result now follows. O
Proposition 4.5. With @ as defined above, p,.,(y) = <((I)) ((I)))

Proof. Let f;, font1+i be as above. First observe f; -y =y = fo,.,. For a more general element
where 2 <i < 2n+ 1, we have fi-y = x""'y =y = fio, 1)1 0p45 . Similarly f, 5y =1=

f1. For a more general element, fo, 11y = yx ly =x*"2" =f, 5, 0
Proposition 4.6. For r >2,V, =V(r) + V(2n+1—r) =2 A.
Proof. Immediate since py, (g) = pro,(g) for all g € Dyy12, by Propositions 4.2 - 4.5. O

We are, therefore, left with T+ V(1) which can be used to give us L. Consider the following
map Y : I} ® I, — 7 defined by,

1, if r=s+1;
Vevie < -1, if s=r+41;
0, if |[r—s|#1

where Z is taken to mean the trivial Ag-module and 0 <r, s <2n — 1.
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Proposition 4.7. The map \, as defined above, is a Ay-homomorphism.

Proof. It is straightforward to check i is well defined and a Z-homomorphism. By applying the
x-action, note that (v'x @ v*x) = (™ @ ') = (v @ v°) = Y (" @ 1) x since x acts trivi-
ally. We, therefore, conclude that  is a Aj-homomorphism. 0

Proposition 4.8. The map ¥ : (Ic)_ ® (Ic)_ — 7Z_ induced from \ above, is a A-homomorphism.

Proof. Consider how ¥ behaves on " ® v°. By Proposition 4.7, we need only consider the y-
action. There are three cases to consider:

(a) r=s+1, (b) s=r+1, (c) |[r—s| # 1.
For (a) we have the following:
2n—1 )
—ZV’ ®1, s=0;
+1 =0
v y®VS)’: 2n—-1
-l ZV’, s=1;
i=0
S Al 2 <s<2n— 2.

As such,
2n—1 )
yl=D vel|=y-1el-val— - '@l)=-1,
i=0

2n—1
lp <_V2n1 ® nzyz) _ 1//(—y2”*1 @1 — - — Al g 22 il g I/anl) =1,
i=0

and finally (1" @ *"*175) = —1. In each case, y acts by —1 when r = s+ 1. A similar argu-
ment applies to s = r + 1.
When |r — s| # 1 there are the following possibilities:

1®1, r=s=0;
1 ® s, r=0,2<s<2n-1
v @ v, r=s=1;

Vy®@ vy =< v @At r=1, 3<s<2n-1;
T e, 2<r<2n—1, s=0;
LT @ 2, 3<r<2n—-1, s=1;
V2n+1—r R V2n+1—s, 2 S r, s S 2n—1.

The only cases that do not obviously go to zero are those involving v*". For v*" ® 2"~
observe 2 <2n+1—s<2n—2. It is clear that both r— (2n+1—s)=1 and 2n+1—35s) —
r =1 occurs as r varies between 0 and 2xn — 1. Hence, the + 1 and —1 cancel each other out and
the effect is that 12" ® v*"*17% is sent to zero. Likewise, 2""17" @ 1/*" is sent to zero.

For the case 1*" ® 1*", we sum over all " ® 1 where both r, s vary as above. By the above
remark, we are left with elements of the form 1 ® ¢ and " ! ® ¥ where 0 < s < 2n — 1. The
only elements sent to something other than zero in the former is of the form 1 ® v, and in the
latter 2"~ @ 1272, These are clearly sent to —1 and 1, respectively, and, therefore, cancel. It fol-
lows that {y will map each of the above elements to zero when |r — s| # 1. Consequently, y acts
by —1 and ¢ : (I¢)_ ® (I§)_ — Z_ is a A-homomorphism. O

Let VV=V(2)+ -+ V(2n — 1) and observe that V' is free and V' C Ker(y/). Let

1 [(1g)- @ (10) ] — [(Ig)_ @ (1) ]/ V'
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be the natural map and restrict  to [(I&)_ ® (I&)_]/V'. Then the following is exact,

0 — Ker(y) — [(I2)_ & (I2) /v Lz —o. (4.9)

To emphasize which part of (I})_ ® (I5)_ remains when we quotient by V', we write this as
B(T + V(1)). Observe that the sum T + V(1) will not be direct over A. We now prove:

Proposition 4.10. Ker(y) = spanz{t(v' @ V') | 0 <i < 2n}.
To do so, we first prove several preliminary results.

Proposition 4.11. For each j € {0, 1,..., p—1}Li(¥ @ /) = §(T) + Zj,+f+12 (V@ .

Proof. Start with the case j=0 in which we successively subtract the ‘columns’ from T.

1IQ1=T+ '@ ? -~ (1+v+ -+, —

—(l+v+-+)RV - —(1+V)®v
— T+VP*1®VP*2+(VP*1+VP*2)®VP*3+...
N A TR ’H)®I/—|— (VP71+-~~—|—1/2)®1/

p—
:T+Z(Vp_l+--~+yi+l)®l/i.
i=1

However, ** @ 1/ € V(k) for some 1 < k < p — 2. Thus, §(1 ® 1) = §(T) + S 5(*! @ V).

Now suppose we have shown the result for j € {0,..., p—2}, ie. we have shown f(V ' ®
v ) =4(T) + Z]er *5(v"*' @ 11). We need to show the result holds for §(2/ ® 1/). The result
will then follow from a straightforward inductive argument.

jtp=2 Jtp=3 Jtp=2
+Zh(Vi+l®Vi):h<le®Vil ZVIH@V_FZI/H@V)
i=j+1 i=j+1
=g/ e -V e+ @ u?)
=1 '@+ ) T @)
=4V +v+-+ VP HV ) =T @)
=4(- T+ eV VT Qv+ YT U 4 )
:h((l+y+...+y/_ +V1+Vl+2_|_...+yp—1)®yi_
_VJ*I®(1+V+...+Vi*3+yi+1+...+1/P*1))
=1V eV+Q+v+-+V P+ @)
U @ (b T ),
™)
It remains to show (1+v+ -+ 2+ /2. 4P )@Y and V'@ (1+v+---+
Y3 4+ T . 4 P71 both belong in V’. This is left to the reader. 0

Corollary 4.12.

o t(VOV)—f(l®l) =1 v ) +i(vel) —4(v ®@v) - (v’ @ V?);

e For3<j<p- 451 @V 1V @ V) = bV @) - (i@ i),
o BV EV ) S EW e V) = B e v ) — 51 o W),
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Proof of Proposition 4.10. Clearly Q = spanz{b(z/ ®v') | 0<i<p—1} C Ker(y). For the con-
verse, suppose v € Ker(i)) and write v = Y20 a,4(v""' @ ") + arh(T), where oy, ar € Z. By
the results of Proposition 4.11, we can rewrite §(T) as §(T) = (1 ® 1) — S22 5( @ ). We
can, therefore, rewrite v as

p-
Z V@ V) +arh(1®1),

r=0

where By =0, =0, —or for 1 <r<p—2 and ﬁp,l =a, 1. Thus, v€Q if and only
if v =3P 0 Bt @) e Q.
Next, since /(52! @ 7)) = 1 and W(v') = 0, it follows that >*) §, = 0. In particular:

p—1 p-1
V=3 a0 @) Zﬁru
r=0
p—1 p—1
=Y Bhvex =) Bivel)
r=0 r=0
p-1
(Zﬁ Y
r=0

:[h(y Q) <Zﬁ =1 ))
It is, therefore, sufficient to show (v @ v) — (v ® 1) € Q. To do so, first note that for 3 <
j < p—4, we can rewrite §(/7? @ V) — h(V 2 @ 12 + (VT @ ) —b(VW @ V) as
102 @) — (T @) @ V) (P @) =4 @ V) g e ).
We now have two cases to consider:

° p—3 =0 mod4: In this case, it is a straightforward use of Corollary 4.12 to show
Z (1YY @ V) = 5(v* @ v?) — (1@ v !) and so

a~)
—_

- ev) —i1e1) =4’ @) 11 ) + i1 e P )+

T
8]

+hvel) -0? ov) -1’ @)
=tv®l) -4 ).

e p—5=0 mod4: This time, Zf;sl (—1Y5(v @ V) = (v’ @ v*) —g(1 ® v*'). The proof
follows 1n the same manner as the previous case. We once again reach the desired conclu-
sion, 37 (—~1/a(V @ V) —1(1®1) =4(ve 1) — (v’ @ V). O
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With f as above, we use Proposition 4.6 to construct the following split exact sequence,

0— A" — (1) ® (1) — B(T+ V(1)) — 0. (4.13)

Proposition 4.14. L, §(T + V(1)) € Ext'(Z_, Ly).

Proof. Using [6] and a similar argument to that of K, we have the short exact sequence 0 —
Ly — L — Z_ — 0. Thus, by (4.9) and Proposition 4.10 it remains to show

Q = spanz{t(v @ V') | 0 <i < 2n} L.

To do so, denote the bases of Q and Lo by {e; | 1<i<2n+1}, {fi| 1<j<2n+1},
respectively, where ¢; = §(v"! ® v/™!) and f; = (y + 1)x'~'. Clearly, we have an isomorphism as
abelian groups. The result now follows as both sets of basis elements are easily shown to be
equivariant under the actions of x and y. |

Corollary 4.12. L = §(T + V(1)).

Proof. 1t is sufficient to show L and §(T + V(1)) belong to the same class of Ext'(Z_, L). First,
recall j.(Z)=[y+1) and observe j.(Z)=L,. Using Eckmann-Shapiro, Ext'(Z_, j.(Z)) =
Ext'(Z_, Z) = Z/2. Since L is indecomposable, it clearly does not belong in the trivial class.

For §(T + V(1)), we observe this is free as a Z[C;|-module. Start with the exact sequence 0 —
A" — (I5)_ ® (I5)_ — §(T + V(1)) — 0 and apply the exact functor j*(—),

0 — Z[C) > (1) @ (I5) ) — j*(5(T + V(1)) — .

As (If)_ = P, and since j*(P) is free of rank n (Proposition 3.3), j*(§(T + V(1))) is stably free
of rank n+ 1. By the Swan-Jacobinski Theorem, j*(§(T + V(1))) is, therefore, free of rank n+1,
ie. j*(0(T + V(1)) = Z[C]".

Next, we show j*(Ly) = Z D Z|C,]". Consider the exact sequence 0 — Ly — L — Z_ — 0 and
apply j*(—). Then 0 — j*(Lo) — Z[C,]""" — Z_ — 0 is also exact. By comparing this with 0 —
Z — 7|C)] — Z_ — 0 we use Schanuel’s Lemma to deduce j*(Ly) ®Z[C,] = ZDZ[C,]""". The
identity now follows from Proposition 29.5 of [4] (p. 122).

We now suppose (T + V(1)) is in the trivial class of Ext'(Z_, Ly), i.e. the exact sequence
containing §(T + V(1)) splits. In particular, so too does the restriction to Z[C,] :

0— ZDZIC) SZ[C)" - Z_ — 0.
This exact sequence can be altered so that
0— Z — Z[C)" " JWZ[C)") — Z_ — 0 (4.16)
is also exact. By Johnson’s ‘destabilization theorem’ (see [5], p.97), Z[C,]""" /1(Z]C,]") is project-
ive. We can, therefore, construct the following split short exact sequence
0 = Z[Gy]" SZIC"™ — Z[C)"™! (Z]C]") — o.

Thus, Z[C,]""" /1(Z[C,]") is stably free, and hence free of rank 1. Replacing this in (4.16), we
have 0 — Z — Z[C,] — Z_- — 0. However, this clearly does not split and so (T + V(1)) cannot
belong in the trivial class of Ext!(Z_, L,). Hence, both L and §(T + V(1)) belong to the non-
trivial class. It, therefore, follows that they are isomorphic, as required. O

Using Corollary 4.15 we can replace (T + V(1)) with L in (4.13). We, therefore, have the fol-
lowing split the short exact sequence, 0 — A" — (I%)  ® (I)_ — L — 0. By recalling (I}.) =
P, we have, therefore, shown:

Proposition 4.17. P@ P> LA A" L.
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Furthermore, note the following dual statement:

Proposition 4.18. R R~ LB A"

5.P®L~R
The aim of this section will be to construct the following isomorphism:
LOP~RBA" (5.1)
First, in [6] it was shown that:
e P has Z-basis {nx, nx?, ..., m*'}, = (x"—1)(y — 1);
e Lhas Z-basis {(y +1), (y+1)x, ..., (y+Dx*, Z,LEZ =1+x+ -+

e Rhas Z-basis {(y —1)(x—1), (y—1)(x*—=1), ..., (y—1)(=*" 1)}

We define L, to be the A-submodule of L with Z-basis {(y +1), (y + 1)x,..., (y +1)x*"}.
Observe that L/L, is of rank 1, generated by the image of X,, upon which x acts trivially and y
acts by multiplication by —1. To reflect this, write L/Ly =2 Z_ and construct the short exact
sequence 0 — Ly — L — Z_ — 0. Tensoring with P yields,

0—-Ly®P—-L®P—>Z_®P—0. (5.2)

Proposition 5.3. p; (x™') =1, and p; (y) = —1.

Corollary 5.4. For any module M, py, oy (x™ ") = py(x71) and pg_on(y) = —pu(y).

Proposition 5.5. The representation of the x-action on Z_ ® P is given by

(pz ep(x™); =14 =1, j=2n 1<i<2m
0, o/w.

Proof. Write e; = nx’, where 1 <i<2n. Then ¢;-x =¢;; for 1 <i<2n—1, and ey, - x = 7.

Since X, is central we note 7%, = 0. It follows that 1 = —mx — x> — - -+ — " = — ZZI e;. As

x acts trivially on Z_, the result follows. 0
It will be convenient to use the following form for p; p(x™!). A proof is left to the reader.

Proposition 5.6.

_ p, P,
pZ,@P(x 1) = (P; P4>

where Py, P,, P3, P4 are each n x n blocks such that

L, j=i—-1,2<i<m -1, j=n 1<i<mn
(P1>ij:{ (Pz)ij:{

0, o/w; 0, o/w;
1, i=1, j=n; 1, j=i—1, 2<i<nm;
(Ps); = 0: O/W., ’ (P4)ij: -L j=n 1<i<n

0, o/w.
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Proposition 5.7. The representation of the y-action of Z_ ® P is given by,

1, j=2n+1-—14 1<i<2m

= {5 17

Proof. Consider the y-action on a general basis element of P,

ey = nxiy =x"-1)y— l)yxZ"H*'l = - = ey

By Corollary 5.4 we, therefore, have the desired representation.
Now repeat the process for the x, y-actions on R.

Proposition 5.8. The representation of the x-action on R is given by,
-1 . . i
(pr(x™ 1))y =14 -1 i=1 1<j<2n

0, o/w.

Proof. Set f; = (y — 1)(x* — 1), where 1 <i < 2n. Then,

firx=@p-DE -Dx=@-DE" =)= (-DE—1) =fin - fi

for 1 <i<2n—1, and f5, - x = —f;. The result now follows.
As with Proposition 5.6, we can rewrite pp(x~!) as follows:

Proposition 5.9.

_ Ry R
pR(x 1) = <R:lz, Ri)

where Ry, Ry, Rs;, R4 are each n x n blocks such that

1, j=i-1,2<i<nm . _
. . -1, i=1 1<j<m
(R);=q-L i=1L1<j<n (R);=
0, ofw;
0, o/w;
1, i=1, j=n; 1, j=i-1,2<i<nm
(Rs); { 0, o/w; (Ra); { 0, o/w.

Proposition 5.10. The representation of the y-action on R is given by,

1, j=2n+1—i
0, o/w.

mWZ{

In particular, pr(y) = —pz_op()-
Proof. As before, apply y to a general f; to yield,
fy=0-DE -1y= -1y =1) = ~fru1.
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To show the equivalence of Z_ ® P and R, we define the following (2n) x (2n) matrix X,

(0 —af 1, j>i
X(zx 0 >, where OC’J{O, i<i (5.11)

Proposition 5.12. With X as defined in (5.11), pg_op(x )X = Xpg(x).

Proof. Using Propositions 5.6 and 5.9,

_ Pyo —Pal - —afR; —alR
1 X = 2 1 , X 1 — 3 4 .
pZJ%P(x ) P4fx —P3OCT and Pr (x ) O{Rl (sz

We, therefore, have four calculations to check. First we show P,o = —o'R;. Now, (Prot)y =
Z}Ll (P2)j05 # 0 only if k > j and j=mn,1 <i<n. In other words, when k =n arnld 1<i<
n then (P,a),, = —1. For any other entry we get 0. Now, (a'R;),; = > i1 i (Ra)
#0 wheni>j and j=1, k=n. So, when k=#n and i>1 (ocTR3)i)n =1 and zero other-
wise. Thus, P,oo = —aR; as required.

Next, we show Pia’ = o Ry by first observing (Pia’), = > 7, (P1),ou7 #0 when j>k,j =
i—1land 2 <i < n. Putting this together, we see that for i >k where 2<i<n and 1 <k<
n—1 we have (Pja’), =1, and zero otherwise. Likewise, (¢'Ry); = D1 %i(Ra) e #
Owhen i >j,k=j—1land 2<j<mn. So when i>k 1<k<m—1land 2<i<mn we have
(«TRy); = 1, and zero otherwise.

For Pyo. = oR; note (P40), = Z}Ll (P4)ijocjk # 0 when either:

o k>jj=i—1land 2 <i<n, in which case we have +1; or when
o k>jj=mnand 1 <i<n when we have —1.

Putting the above two cases together we find that when n —1 >k >i— land 2 <i <, then
(P42); = 1. However, if k = n, then (Pyx);, # 0 only when i = 1. This is due to a cancelation
occurring from the +1and — 1whenever i > 2. Putting this together, we have

1, i-1<k<n—1,2<i<m
(Pyot)y =< —1, i=1, k=mn;
0, o/w.

Adopting a similar approach shows (aR); = Z;l:1 %;j(R1); # 0 when either:
e j>ik=j—1land 2 <j<mn, in which case we have +1; or when
o j>ij=1and 1 <k <n when we have —1.

By putting this together we once more get a cancelation between the +1, — l1when i=
1 and k<, and so for i=1, k=n we get a value of —1. When 2<i<mand i—1<k<
n — 1, we get a value of 1. Thus, we conclude Pyo = oR;.

Finally, we show —Ps;al =oR,. First, (—Psal), = >t (=Ps)you # 0 only if j>ki=
1 and j = n. In other words, we get a value of —1 when i =1, and zero otherwise. Likewise,
(aR2)y = D5, %j(Ra)j # 0 only when j>i,j=1and 1 <k <mn, ie when i=1. In this case
we get —1, and zero otherwise. O

Proposition 5.13. With X as defined in (5.11), py_.p(y)X = Xpr(y)-
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Proof. Tt is clear that p; op(y) may be written in the form

poas) = (5, )

where Py is an n X n block such that

L j=n+l1—i 1<i<n;
(PO)U:{O, o/w.

It is then also clear that

m)=( 5 )

As such,

. P()OC 0 o O(TP() 0
PZ@P()’)X—< 0 _POaT>’ and XPR()’)—< 0 —ab )

It remains to show aPy = Ppa’ and a’Py = Pyor. Observe (aPp); = Z};l oc,-j(Po)jk which is
non-zero when j > iand k =n+1 —j; that is, when k <n+1 —i. In this case we get a value
of +1, and zero otherwise. Likewise, (Pyal); = Z}Ll (Po);j%xj # Owhen j=n+1—iand j >k,
i.e. when n+ 1 —i > k. Thus, aPy = Pya!. A similar proof shows a’ Py = Pya. O

Proposition 5.14. Z_ ® P =< R.

Proof. By Propositions 5.12 and 5.13, it remains to show X is invertible over Z. Define the n x
n matrix f§ by
Lo i=j
Bi=14 —1, j=i+1
0, o/w.

Observe (aff),; = 27:1 % = > ;=i Bix- Suppose now that i =k, then (af); = 1 since fj; =0
for any j#i in the range i <j<m. If i# k then there are two cases to consider. If k <
i then (af); =0 since B =0 for any k<i<j<n. If k>i then (af); =P 1x+ B =
—1+1=0. Thus, o =1I,. A similar argument now shows fo =1I,, ie. o' = f. Finally, we

define the matrix
_( 0 B
Y= ( _ﬁT 0 > >

and a straightforward calculation shows XY = I, = YX, i.e. X is invertible over Z. O
Proposition 5.15. Ly @ P = A".

Proof. Consider j,.(Z) = Ly. By Proposition 3.3, j*(P) = Z[C,]". So, by using Frobenius reciprocity
we have Ly ® P2 j,(Z) ® P = j.(Z ® Z|C,]") = j.(Z]C,]") = A”. O

From Propositions 5.14 and 5.15 we can now rewrite (5.2) as, 0 > A" = L®P — R — 0.
Dualizing yields a split short exact sequence and so (L ® P)" = P® A". By dualizing once again,
and since M** = M for any A-lattice M, we reach the desired conclusion; that is,

Proposition 5.16. L@ P =~ RO A".
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6. PQR~K

To conclude the proof of Theorem 2, we construct the isomorphism,

ROP2K®A" L. (6.1)

Proposition 6.2. RQ P~ (Z_® L) D A" .

Proof. In the previous section we showed R=~Z_®P. Using (4.1), we can show
RP~(Z_ ®P)®P~2Z ®(LOA" = (Z_0L)®A"". 0

Proposition 6.3. Define the (2n+1)x (2n+1) matrix V¥ as in Proposition 4.2.

_ ¥ 0(2n
Then pz o (™) = <01x(2n+1) ’ ?)ﬂ)'

Proof. Set E;= (y+ 1)x"! for 1 <i<2n+1, and Ey,4, = Z,. Clearly, E; - x = E;; for 1 <i <
2nand E,, i, - x = E;. Finally, E,,15 - x = E;,15. The result now follows since x acts trivially on
Z_, ie. py (x7')=1. O

Proposition 6.4. Define the (2n+1)x 2n+ 1) matrix ® as in  Proposition 4.3
- -1
o= (o 5

01><(2n+1)
Proof. With E; as above, consider how y acts on the basis elements of L. First, we observe that
Ei+E + - -+ Eyt1 = 24y + Ezuqa. Now, Ejy = E; and for a general E; where 2 <i <2n+1,

Ey=(+1)xy=(y+ 1)y = Eyi3;
E2n+2y=y+xy+ """in)/:El +E,+--- +E2n+1 —E2n+2.

Finally, apply Corollary 5.4. O
Next, we do the same for K. Similar arguments show the following:

4 0
Proposition 6.5. With ¥ as above, px(x~!) = (0 i) Q"{UXI )
1x(2n+1

-0 1
Proposition 6.6. With @ as above, px(y) = 01 omt) (2"{1)“ )
1x(2n+1

Proposition 6.7. Z_ @ L = K.

Proof. Define

1,  i=j, 1<i j<2n+1;
Xj={ -1, i=j=2n+2;
0, o/w.

We claim Xpg(g) = py 51 (g)X for all g € Dyyy». It is straightforward check that

¥ 0
-1 _ (2n+1)x1 o —1
P ol >X—(OIX(2M) . )—XPK(x )
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Likewise,
) 1
X — @n+1)x1 ) _ X ]
pran0X = (g 0 ) = Xp)
Since X is clearly invertible, this completes the proof. 0

Propositions 6.2 and 6.7, therefore, imply the following:

Proposition 6.8. RQ P KB A" .

Evidently, by combining the main results of Sections 4-6, we have proven Theorem 2. We
hope to explore the extent to which this result may be generalized to other metacyclic groups of
order pq (g|p — 1) in an upcoming paper.
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