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1 Introduction

In [1] we presented a general method for constructing classical integrable deformations of
principal chiral and symmetric space o-models. At the hamiltonian level, the classical in-
tegrability of these o-models rests on the fact that the Poisson bracket of their Lax matrix
takes the general form in [2, 3]. An important related feature of these o-models is the exis-
tence of another compatible Poisson bracket with respect to which the integrable structure
may be described [4]. The deformation is set up by starting from a linear combination
of these compatible Poisson brackets. The same procedure may also be applied to the
AdSs x S° superstring. Indeed, it is known that the Poisson bracket of the corresponding
Lax matrix has the right form [5, 6]. Furthermore, the second compatible Poisson bracket
was obtained in [7, 8].

The deformed action in the case of the AdSs x S° superstring was presented in the
letter [9] where its classical integrability and x-symmetry invariance were also exhibited.
The action depends on a real parameter n € |—1,1[ with n = 0 corresponding to the
undeformed Metsaev-Tseytlin action [10]. The first purpose of this article is to present a
derivation of this deformed action within the hamiltonian framework. In fact, the latter
is also the right framework for studying how the original psu(2,2[4) symmetry is affected
by the deformation. The second purpose of this article is to show that this symmetry
gets replaced in the deformed theory by the classical analog of U,(psu(2,2|4)), where the
relation between ¢ and 7 is found to be

_ 22n(1-1n?)

This relation, which may in fact already be inferred from the bosonic case [1], is in agree-
ment with the one found in [11]. We also indicate why the limits 7 — £1 correspond, at
the hamiltonian level, to an undeformed semi-symmetric space o-model. In particular, we
show that its target space is PSU*(4]4)/(SO(4,1) x SO(5)), the bosonic sector of which
corresponds to dSs x H?. This proves the conjecture made in [9].

We discuss the various freedoms and rigidities in the construction. The linear combi-
nation of the two Poisson brackets used in defining the deformation is characterised by a
so called deformed twist function. We argue that this function is essentially unique. This
rules out the possibility of obtaining a double deformation within this framework. On the
other hand, another key ingredient in the construction is a so called non-split R-matrix
on psu(2,2|4). Let us recall that the modified classical Yang-Baxter equation for a linear
operator R on psu(2,2|4) may be written as

[RX,RY] — R([RX,Y] + [X,RY]) = +[X,Y],

for X, Y € psu(2,2]4). Solutions to this equation with the minus and plus sign are referred
to as split and non-split R-matrices respectively. In this article we shall only need the
latter. We discuss what happens when one considers other non-split R-matrices than the
one considered in [9].



The plan of the article is the following. In section 2, we recall important properties
related to the hamiltonian integrability of the Green-Schwarz superstring on AdSs x S°.
The deformation is then carried out at the hamiltonian level in section 3. The limits
n — £1 are discussed in subsection 3.5. We show in section 4 how the original psu(2,2|4)
symmetry becomes ¢g-deformed. In section 5, we perform the inverse Legendre transform to
determine the deformed action, which was presented in the letter [9]. Some open questions
are mentioned in the conclusion. This article contains four appendices. Properties of
psu(2,2|4) which are used have been collected in appendix A. Appendix B concerns non-
split R-matrices. The g-Poisson-Serre relations are proved in appendix C. Finally, the
discussion related to the choice of R is presented in appendix D. In particular, we give the
metrics and B-fields corresponding to three inequivalent choices of R-matrices in the case
of su(2,2).

2 Green-Schwarz superstring on AdSs x S°

We start this section by recalling properties of the hamiltonian integrability of the AdSs x S°
superstring that will be used. For more details concerning material presented in sub-
sections 2.1 and 2.2, see [6, 12, 13].

2.1 Poisson bracket and Hamiltonian

To fix notations, consider the real Lie superalgebra su(2,2|4) and define the Lie algebra f as
its Grassmann envelope. We equip f with a Zs-automorphism € defined in equation (A.4).
The corresponding decomposition of f into the eigenspaces of Q is § = (0 @ 1) @ §2) g §3)
Define the Lie group F' = expf and the subgroup G = expg associated with the Lie
subalgebra g = f(o). We refer the reader to appendix A for further details.

At the hamiltonian level, the supersymmetric o-model on the semi-symmetric space
F/G may be described by a pair of fields A and II taking values in the Lie algebra f. We
shall consider the case where the underlying space, parameterised by o, is the entire real
line. The fields A and II, which are assumed to decay sufficiently rapidly at infinity, satisfy
the following Poisson brackets

{Ag’(a) A()( )} 0, (2.1a)

{40 1)} = [CYJ‘ A0 by — O G0 b, (21D)

{10 (0). 190"} = |55, 15 ()] 6. (2.1c)
i

(4—9)

Here CY;
equation (A.13) and d,, = §(0 —0’) is the Dirac distribution. There are also the following

is the projection onto f*) ® f of the quadratic Casimir Ci2 defined by

constraints:
¢ =1® ~o, (2.2a)
1
1 = 240 1) ~
¢V =AW+ 1 ~o0, (2.2b)
c® — _%A(i%) + 11 ~ 0, (2.2c)
Ty = str (Af)Af)) ~0, (2.2d)



where

@ _ 1 (@ £ 4@
A 2(1‘[ FA ) (2.3)

The constraint C() is associated with the SO(4, 1) x SO(5) gauge invariance and T are the
Virasoro constraints. The fermionic constraints C() and C®) are a mixture of first-class
and second-class constraints. Their first-class part,

KW = 2 [A(_z),c“)L . K® =9 [Af%c(?’)} . (2.4)

is related to the k-symmetry of the superstring. We introduce the following quantities:
1
T =T, —str <(A<1> - ;cm) c<3>) . T =T +str <<A<3> + 2c<3>> c<1>> . (2.5)

Then the dynamics is induced [6] by the Hamiltonian Htring = f_oooo do hetring Where
Rstring = AT T4 + A7 T- — str (k(3)IC(1)> — str <k(1)IC(3)> — str ((A(O) + E) H(O)) . (2.6)

Here the variables A are related to the worldsheet metric hag as

Cldy  1£70

2E =
711 —’YOO

: (2.7)

where v,5 = vV —hhqg.

2.2 Lax matrix and integrability

The AdSs x S° superstring possesses an infinite number of hidden symmetries. In order to
identify them we rephrase the Poisson bracket (2.1) together with the dynamics induced by
the Hamiltonian (2.6) in terms of the so called Lax matrix. In the present case, the latter
is a linear combination of the fields (A, II) and depends on an arbitrary complex variable
z called the spectral parameter, namely

L(z)=A0 4+ i (z_3 + 3z) AD 4 3 (z—Q + 22) A 4 I (32 1y 23) A®)
+ % (1 — 24) H(O)—i—% (273 Z) H(l) + % (272 22) H(2)+ (Zfl . 23) H(3) (28)

Its first property is that the Poisson brackets (2.1) of the fields (A, II) are satisfied if and
only if the Poisson bracket of the Lax matrix (2.8) with itself takes the form

{[’l(o-)v [’Z(OJ)} = [Rsz ‘Cl(a)] 500’ - [Rha ‘CE(U)] 600’ + (RQ + Rh) 80500’7 (2'9)

where the notation is as follows. We use the usual shorthands £1 = £(z1)®1, L2 = 1QL(22)
where the dependence on the pair of spectral parameters z7, zo is implicit in the tensorial
index. Similarly, the R-matrix, which lives in both tensor factors, also depends on both
spectral parameters and is given explicitly by

L4 A 4—))
DI Eale . 421
RQ(Zla 22) =2 =0 14 2 1 12 ¢string(z2) 17 Qbstring(z) = o - (210)
25 — 27 (1—2%)



We refer to @siring(2) as the twist function. The adjoint of the R-matrix in (2.9) is then
given simply by Riy(21, 22) = Ra1(22,21)-

Secondly, the evolution of the fields A and II under the string Hamiltonian Higying is
equivalent to the following zero-curvature equation

[0r — M(2),0, — L(2)] =0, (2.11)
governing the time evolution of the Lax matrix (2.8). Here 0; = {-, Hytring} and we have
introduced

M(z) = A — % (273 —3z) AW — % (272 = 2%) A® — % (3271 — 2% A®)
+ % (1-24 1O — % (x73+2) I — % (2422 1@ - % (=424 1O (2.12)

The advantage of formulating the Poisson structure and dynamics of the superstring
o-model in the Lax form (2.9) and (2.11) is that it naturally lends itself to the construction
of an infinite number of conserved charges in involution. Specifically, if we define the

monodromy matrix as
oo

T(z) = P&p / doL(z), (2.13)

—00
then by the usual argument it follows directly from (2.11) and the decay of the fields at
infinity that T'(z) is conserved, namely

0.T(z) = 0. (2.14)

Expanding the monodromy in z — 1 then yields an infinite number of non-local conserved
charges.

2.3 Group valued field

The group valued field g of the semi-symmetric space o-model is defined in terms of A
through the relation A = —¢~'8,9. If we also define the field X = —gIlg~! then the
Poisson brackets (2.1) can be deduced from

{91(0),92(0")} =0, (2.15a)
{X,(U% gg(gl)} = CQ 92(0)500’ 5 (2.15b)
{X,(J)vX,(O-/)} = [Cgv XZ(U)] 500’ . (2.15(3)

An important observation for what follows is the fact that the fields g and X can be
obtained from the expansion of the Lax matrix (2.8) at the poles of the twist function
Gstring(2). In order to see this, first note that the expansions at each of these four poles
are related to one another using the relation Q (£(2)) = L(iz). It is therefore sufficient to
consider one of these poles, say z = 1. Now the expansion of the Lax matrix near z = 1 reads

L(z)=A-2(z-1I+0((z— 1)2) . (2.16)



Consider the gauge transformation of the Lax matrix £9(2) = 0,99 + gL(2)g~* with the
group valued field g as parameter. Using the relation A = —g~ 19,9 we observe that

L£9(z) =2(z - 1)X + 0 ((z —1)?). (2.17)

In particular, the group valued field g is characterised by the vanishing of the gauge trans-
formed Lax matrix £9(z) at the special point z = 1. Furthermore, the field X corresponds
to the subleading term in the expansion of £9(z) at that point. In other words, we have

£51)=0, X=-—""A1). (2.18)

2.4 Global symmetry algebra

We assume that the field g tends to constant values as ¢ — 4o00. Then by virtue of the
conservation of the monodromy matrix (2.14) it follows that its gauge transformation 79(z)
by the field g is also conserved. Using equation (2.17), the first non-trivial terms in the
expansion of the gauge transformed monodromy near z = 1 read

o0 o0

Tg(z)—g(oo)T(z)g(—oo)l—P%/ daﬁg(z)—1+2(z—1)/ doX+0 ((2—1)%) . (2.19)
— 50 —o0

Since T9(z) is conserved for all z it follows that [*_ doX is conserved. It then follows
using (2.15¢) that its Poisson bracket algebra takes the form

{/ dO’Xl,/ dO’Xz} = |:Cl2,/ dO’X2:| .

This conserved charge therefore generates the symmetry under left action by the Lie
group F.

3 Defining the deformation

We shall proceed to deform the AdSs x S° superstring o-model by following the strategy
developed in [1] for deforming symmetric space o-models. Thus, in order to preserve
integrability throughout the deformation, we shall not modify the Lax matrix (2.8). We
shall also not modify the dynamics of the fields A and II. In other words, the zero curvature
equation (2.11) will remain the same. All we will deform is the Poisson bracket (2.9). And in
order to do so, we shall simply deform the twist function appearing in the R-matrix (2.10),
replacing ¢siring by another function ¢, in such a way that ¢. — @string in the limit e — 0.
It will then be a matter of suitably deforming the relations (2.18) for defining the fields g
and X of the deformed theory.

3.1 The twist function

Consider, therefore, the Poisson bracket (2.9) with the R-matrix defined using a more
general twist function, namely
4 GA—))
23:0 z{zé ]Cg _
Riz(21,20) =25 —— === e (3.1)

g T &




With ¢(z) set to 1 this is simply the kernel of the standard R-matrix on the twisted
loop algebra §*((z)) with respect to the trigonometric inner product. More generally, the
expression (3.1) is the kernel of the same R-matrix but with respect to a twisted inner
product (see for instance [12]). In order for the latter to be non-degenerate on §((2)), the
twist function should satisfy ¢(iz) = ¢(z). On the other hand, it is well known [14] that the
Poisson bracket (2.9) with R-matrix (3.1) and twist function of the form ¢(z) = z* leads to
a well defined Poisson bracket for the fields A and II only if —4 < k < 4. Hence there are
only three independent choices for the inverse of the twist function ¢(z)~! in (3.1), namely
2%, 1 and z~*. Moreover, the corresponding brackets are all compatible [14]. That is, any
linear combination of these also defines a valid Poisson bracket through (2.9) and (3.1).
Note that gbstring(z)_l = 1—1624 - % + %2_4 is such a linear combination.

The twist function ¢4rr(2) = 1 was shown in [8] to correspond to a certain gener-
alisation for the superstring of the Faddeev-Reshetikhin Poisson bracket [15]. To deform
the superstring o-model we will use the R-matrix (3.1) with the twist function ¢ = ¢,
depending on a real parameter €, defined by

¢e(z)_l = ¢String<z)_1 + 6Z(ﬁgFR(z)_l' (3'2)

We shall also denote the corresponding Poisson bracket as {:,-}.. The undeformed case
is recovered in the limit e — 0. Recall from (2.18) that in this limit the poles of the
twist function @string play an important role in extracting both the group valued field and
the non-local conserved charges of the superstring o-model. We shall extend this key
observation to the deformed case in order to extract the group valued field g and the non-
local charges of the deformed theory from the poles of the deformed twist function ¢.. A
natural parametrisation for these poles is obtained by introducing 6 € [—%, ﬂ as

€ = sin(26). (3.3)

Note that with the chosen range of values of 6, the original deformation parameter lies
in the range ¢ € [—1,1]. The reason for this apparent restriction is that, as we shall
see, the points € = +1 will play a special role in the deformation. In terms of the new
parametrisation (3.3), the deformed twist function defined by (3.2) explicitly reads

474

T ILy (2 — ki) (z — ke )’

+i0

Pe(2) (3.4)

Therefore the poles of this twist function lie at e™" and their images under multiplication
by i, as depicted in figure 1.

Before proceeding to extract the fields g, X from the behaviour of the Lax matrix at
these points, let us comment on the possibility of further deforming the twist function (3.4).
One could try to introduce a second real deformation parameter r by considering the

twist function
424

B szo(z — ikrei?)(z — ikre—i9) .

In fact, this is the most general real deformation of ¢.(z), since we must require that the

Pro(z) (3.5)

set of eight simple poles of the twist function be invariant under multiplication by i as well
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Figure 1. The eight poles of the deformed twist function ¢.(z) for € € [0, 1].

as under complex conjugation. Let us denote the corresponding Poisson bracket, defined in
the same way as (2.9), by {-,-},¢. It is natural to ask what linear combination of Poisson
brackets gives rise to it. For this we simply need to invert (3.5) which yields

qﬁng(z)_l = ¢smng(2)_1 + % (1 —rt cos(49)) ¢gFR(z)_1 + i (7“8 — 1) 274

The twist function (3.5) is thus a double deformation of gbstring(z)_l by ¢9FR(Z)_1 =1 and
z~%. However, note that we have the relation ¢, ¢(z) = r~4¢(z/r). But a rescaling of the
spectral parameter such as z — z/r simply corresponds to a linear redefinition of the fields
A® and I, Therefore the Poisson bracket {-, -}r0 can be obtained from the Poisson
bracket {-, -}, associated with the twist (3.2), by this linear redefinition of the fields and
an overall rescaling by r*. We thus conclude that any further deformation of the twist
function (3.4) will not lead to a more general deformed model.

3.2 The Hamiltonian

Recall that we wish to keep the dynamics of the fields A and II intact so as to preserve
integrability. In other words we want the dynamics of the Lax matrix (2.8) to still take
the form of the zero curvature equation (2.11). We actually find that for any functional f
of the phase space variables A and II,

{Hstringa f}e = {Hstringa f} )

when taking into account the constraints (2.2). In other words, this equality holds up to
terms proportional to the constraints.
3.3 The group valued field

In the superstring o-model, the fields g and X can be obtained from the behaviour of the
Lax matrix at 1 by means of the relation (2.18). The significance of the point z = 1 is



that it corresponds to a double pole of the twist function ¢siring(2). Having introduced a
deformed twist function ¢¢(z), our next goal is to extract new fields g and X in a similar
fashion to (2.18) but from the poles of ¢.(z). However, as the deformation is turned on,
the double pole at z = 1 splits into two single poles at z = € and z = e~*. We should
therefore consider the behaviour of the Lax matrix at both these points (see figure 1).

Definition of g. We define the group valued field g of the deformed theory by generalising
the approach in [1] to the case at hand. Since we want to describe a deformation of the group
valued field of the superstring o-model, which takes values in F' = expf, it is natural to
require our field g also to live in F for any value of the deformation parameter e. We define
9599~ " to be the component along f relative to the decomposition (B.3) of —gﬁ(ew)g_l.
In other words, we define g € F' as the parameter of a gauge transformation such that the

gauge transformed Lax matrix
L9 (ew) = 0,99 ' + gE(ew)g_1

belongs to ho@n C b. Now the fields A® and II() of the model take values in f which means
that A® = 7 (A(i)), oo = 7 (H(i)) with 7 defined by (A.14). By virtue of these reality
conditions and the definition (2.8) of the Lax matrix in terms of these fields we obtain

T(L(2)) = L(Z). (3.6)
This, in particular, implies £9 (e*w) =7 (L’g (ew)) so that £9 (e*w) belongs to ho @ 7(n) C
7(b). Thus the field g is characterised by the single property

£9(e”) ehgen. (3.7)

A nice feature of this definition is that in the limit ¢ — 0, or equivalently # — 0, where the
points e and e~* both tend to 1, we recover the defining relation £9(1) = 0 of the F-valued
field g of the superstring o-model. Indeed, in this limit we find that £9(1) = 7(£9(1))
from which it follows that £9(1) € b 7(b) = h. In fact £9(1) € hp C h which means that
L£9(1) = —7 (L£9(1)). The only possibility is therefore that £9(1) = 0.

Definition of X. We may also define the f-valued field X of the deformed theory by
generalising the analysis of [1]. Specifically, we set

v i i
X:%<£g(e ) =7 (£2(e7))). (3.8)
where the real normalisation constant v will be fixed later. The field X then takes values
in | because 7 is taken to be real and 7 is an anti-linear involution, which implies that
7(X) = X. We will come back to the limit € — 0 of (3.8) after fixing the value of v as a
function of e.
Applying the linear operator (B.4) to (3.8) we find

RX = 217 (Eg (ew) +7 (£9 (ew))) . (3.9)

Combining (3.8) with (3.9) and using the fact that £9(e=%) = 7 (£9(e")) we therefore
arrive at

L£9(e*?) = y(R¥1i)X . (3.10)



3.4 Lifting to (g, X)

Recall that in the superstring o-model, the field g describing the embedding of the string
in target space and the field X are related to the fields A and II entering the definition of
the Lax matrix as

A=—¢g19,9, I=—-¢g 'Xg. (3.11)
Further projecting these relations onto the various graded components of § yields equations
for the fields A® and II(9. As already emphasised at the beginning of this section, in order
to ensure that integrability is preserved throughout the deformation, we have deformed
neither the Lax matrix nor the actual dynamics of the fields A® and II(). Now that we
have candidates for the deformation of the fields g and X, what we need is to relate them
to the fields A® and II(®. This will, in particular, enable us to obtain the dynamics of ¢ in
the deformed theory. In other words, we seek a deformation of the relations (3.11). This

can be once more extracted from the behaviour of the Lax matrix at the pair of points e*%.

Using the relation (3.10), we can express the Lax matrix at e as follows

L(eF) =g 09 +79  (RF)X)g. (3.12)
On the other hand, the left hand side can be evaluated directly in terms of the fields A®
and II® from the definition (2.8) of the Lax matrix. Therefore (3.12) constitutes a set
of two equations relating (g, X) to (A,II), each of which can be projected onto the four
different gradings of f. This yields a linear system of eight equations in the eight unknowns
A® T for 4 = 0,...,3. Solving this system we finally arrive at the desired deformation
of equations (3.11), namely

A0 — P0<—glﬁag+’ygl<(R+ - 377172>X)g>, (3.13a)
A0 = L (a0 4007 (R X)), (3.130)
A 1 t Zz P, (—971809 + ’ygil(RX)g) , (3.13¢)
A0 =L (g 4007 (R X)), (3.130)
o — _72(771(1172?7)22) Po (g Xg) . (3.13¢)
n® = n22(11\/_+7:22)P1 (9709 +7v9 " (R—n7")X)g), (3.13f)
n® = _71;7772 Py(g™' Xg). (3.13¢)
1t = —772@133 (—97'09+79 " (R+n") X)g). (3.13h)

In these expressions, P; denote the projectors onto the subspaces §*) of §. Here we have

introduced a new parameter 7 related to the deformation parameter € as
€

- - 3.14
n B g (3.14)

,10,



Recall that the variable v was introduced in (3.8) as an overall factor in the definition of X.
Remarkably, it turns out that if we choose it to depend on the deformation parameter

(1-7%)
(1+72)?

then the deformed Poisson brackets between the fields A®) and I follow from the canon-
ical Poisson brackets between g and X identical to those in (2.15). Furthermore, with

as follows

v=—eV1—¢€2=2p (3.15)

the dependence of v now fixed by (3.15), we can proceed to determine the limit € — 0 of
the definition (3.8). And indeed we find that it correctly reduces to the definition in the
original superstring o-model, namely the second relation in (2.18).

3.5 Behaviour at e = +1

To close this section, we consider the deformed model for the values ¢ = £1. The situation
here is similar to the one discussed in the bosonic case [1]. Specifically, we find that these
values of € correspond to an undeformed semi-symmetric space o-model. A first indication
of this behaviour can be seen from figure 1: for ¢ = 41, the deformed twist function

+iZ +£3i7

once again acquires four double poles at z = e™*1 and z = ¢ . Furthermore, in the

neighbourhood of the pole z = €', the Lax matrix (2.8) has the behaviour

L(z) =AY 4+ Lt am_ %e&%A(?’) + 0O — g™ — @ — HEe) (3.16)

- T T - T T 2
+ (z—eli) <§A<1>+2624A<2>+Z’¢A<3> —2e3 5110 411 —iH(3)> +0 <(z—e’4> ) :

[\

In order to compare this situation to the undeformed one at € = 0, we introduce 2 = e 'z,
The pole z = €'% then corresponds to 2 = 1 and the expression (3.16) takes the same form

as in equation (2.16),

A—202-DII+0((2-1)? (3.17)
provided we define
A=A 11O 4 % (;A(l) - H(1)> —® 47 <;A(3) + H(3>> , (3.18a)
~ 1 . 3 . 1 ., 3
fi= - - Lo <2A(1) + n<1>) —iA® ¢ Lo <2A(3) _ n<3>> | (3.18D)

One can also check that the Poisson algebra satisfied by the fields A and II corresponds to
the undeformed one, given in (2.1). Furthermore, the constraints (2.2) take the same form
when expressed in terms of (A, ﬂ), namely

cO — 110 — _[j©)

e~ Lo - i (Lo f[(l)>
2 2
c® = _1a® e — 1 (_1ie H(z))
>

— 11 -



However, the fields A and 11 satisfy different reality conditions from the fields A and II.
Recall that the latter belong to § = (Gr ® su(2,2[4))1, where an element M in su(2,2[4)
satisfies the reality condition 7(M) = M with 7 the antilinear map defined by (A.14).
Starting from an element M in su(2,2[4), formulas (3.18) suggest to consider the following
element of sl(4/4),

M=MO 4+ 5O 45 M@ 4 T B, (3.19)

Using the reality conditions for M and the anti-linearity of 7, one finds that

(M) = MO e T M0 4 o5 M@ 4 e85 M),
= MO 4 =5 N 4 =T N@) 4 75 N = 71 (0.

The last equality is obtained by using the property (A.5) of the automorphism 2 defining
the Zs-grading of su(2,2]4). Thus, the reality condition for the element (3.19) may be
written as

Qor(M) =M. (3.20)

One can check that (2 07)? is equal to the identity. Working in the fundamental represen-
tation of s[(4]4), the reality condition (3.20) may be written more explicitly as

K 'M'K=M, K =diagk,—k,—ik,ik), (3.21)

where k is defined in (A.17). The matrix K is antisymmetric and non-singular. Up to
conjugation, equation (3.21) means that the matrix M belongs to the real superalgebra
su*(4/4) as defined in [16]. In particular, the fields A and II belong to the real form
(Gr@su*(44))% of the Lie algebra fC. The bosonic subalgebra of su*(4|4), after projection,
is su*(4) @ su*(4) = s0(1,5) P so(1,5). Notice that the grade zero part, and thus the gauge
algebra, is not modified.

We thus find that at e = +1, we obtain again an undeformed o-model on the semi-
symmetric space PSU*(4]4)/(SO(4, 1) x SO(5)) with bosonic sector corresponding to dSs x
H?5 as announced in [9].

4 g-deformed symmetry algebra

Recall from section 2.4 that charges generating the F symmetry of the undeformed su-
perstring o-model on F'/G can be extracted from the expansion of the gauge transformed
monodromy matrix at the pole z = 1 of the undeformed twist function. Since the mon-
odromy matrix is still conserved in the deformed theory by virtue of the zero curvature
equation (2.11) not being modified, it makes sense to try to extract the global charges of
the deformed model in a similar way.

Specifically, we consider the gauge transformed monodromy matrix 79(z) at the poles

2 = eT of the deformed twist function

Tg(eiw) = g(oo)T(ej“‘e)g(—oo)_1 = Pé&p [/oo da/jg(eiie)] : (4.1)

—00
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We note here the first difference with the behaviour of 79(z) near z = 1 in (2.19): since the
gauge transformed Lax matrix £9(z) does not vanish at z = e by (3.10), the expansion
of TY9(z) near these points is already non-trivial at leading order.

In order to evaluate the right hand side of (4.1) further we recall from (3.10) and (B.6)
that the expressions £9 (ew) and L9 (e*w) respectively take values in the subalgebras ho®n
and ho @ 7(n). We may therefore write them as follows

19 —fyZh H“—i—'yZea , E *le ——’yZh H“—’yZe_ B~

a>0 a>0

for some Gr-valued fields h,(c), h, (o) and GrC-valued fields eio(o) such that |h,(o)| =
|hu(0)| = 0 and |exq(0)| = |E¥|. By using the reality condition £9 (e7) =7 (L£9(e?)) we
then find that these fields are related as (see appendix A)

€a—€p

hy=h,,=hy, el _o = (=1)"@TOylEale (4.2)

for 1 < p < 7 and all positive roots ¢, — €, € ®T. Following the same reasoning as in the
bosonic case [1], the Cartan direction in (4.1) may be factored out as

72/ do3

a>0

, (4.3a)

~ 7
Tg(eie) = exp ’y/ daZhu(U)H“ P&p
pn=1

T ( —29) pr ,YZ/ do‘ﬁE ) E@

a>0

) 7
exp —'y/ dO’ZhH(O')H/“L . (4.3b)
o

The notation in these expressions is as follows. For any positive root o > 0 we define

the fields

7
=Y alH"h(0).  IEy(0) = exalo)e D ER (4
pn=1
Moreover, the function y, for a > 0 is explicitly defined as
N e O
XQ(U) - 9 do €oo' Vo (U ) 5 (45)
—00

where €,,» = sgn(o — ¢’), sgn being the sign function, which satisfies Oy€55/ = 20557. By
construction this satisfies 9,xa(0) = JX (o) and takes the following values at infinity

Xa(£o0) = i% /_OO do'3H2 (0. (4.6)

As in the case of bosonic o-models [1], it can be deduced from the conservation of TY(z)
and its explicit value (4.3) at the points z = e*® that the charges

[ doate). [ dodk, ) (4.7)

are separately conserved for each simple root «;. Note also that the conservation of the
former would also follow from the conservation of ffooo do h, (o) using the first relation
in (4.4) between the densities 3{){“ (o) and hy(0).

,13,



Deformed symmetry algebra. We now wish to derive the Poisson algebra of the
charges (4.7). As in the undeformed case, this can be obtained from the Poisson
bracket (2.15c¢) of the field X with itself since the charge densities (4.4) are entirely defined
in terms of the components of the field X. Indeed, by definition (3.8) of the field X, it
may be written more explicitly as

7 .
. ¢ [e% —Q
X = ;:1: ih, H" + 3 a§>0: (B +e_aE™%). (4.8)

Using the expression (A.13) for the tensor Casimir we may write the Poisson
bracket (2.15¢) as

7
(X3(0), Xa(0")}. = ( S v 6 [, X(0)]
pr=1

+> ((—1)'E°‘|Ea ®[E™* X (o) + E~*® [E%, X(@]))éw :
a>0

By comparing coefficients of the various basis elements of s[(4]|4) in the first tensor factor
on both sides we find

7
i{hu(0), X(0")}, =D Y [H", X (0)] 650, (4.92a)
v=1
i{eoé(a),X(U')}6 =2[E"% X(0)] 650 (4.9b)

Multiplying the first of these equations by the symmetrised Cartan matrix and using the
relation (A.11) along with the fact that I = ZZ:1 x, HY yields

7
iy By {hp(0), X (0")}, = [H", X(0))850r — w0 (H®) [I, X(0)]050-
p=1

However, since the generator I is central in s[(4|4), the second term on the right hand side
vanishes. Using the definition (4.4) we are left with
i {3 (0).X()} = (1. X(@))ore

€

Consider the component of this equation along the Cartan subalgebra. Since the right
hand side involves only non-Cartan generators, it follows that

{3l ()30} =0, (4.10)

€

for any 1 < p,v < 7. Likewise, by comparing the coefficient of E¥® on both sides of this
equation we obtain

{ {Sgu (U), €ta, (0/)} = :l:B;w €xa, (0)500’- (4‘11)
€
Using the definition (4.5) of x(0), this in particular implies the following
1
i {e‘”‘“#(a), €ta, (0'/)} = ¥§’yBW €ta, (J')@‘Wau(")emu (4.12)

— 14 —



Furthermore, specialising (4.9b) to the case of a simple root o = «,, and comparing the
coefficient of E~% on both sides we have

i {eau (O’), €—a, (0/)}5 =4 80’XOCH (U)(Suuéao’-

Putting the above together we find that the Poisson brackets between the charge densities
3@ (o) and 35%(0) take the form

i{38,(0).3%, (0"}

i{3 (0),35.,(0)} = By 350, (0)050. (4.13b)

€

— oy lp, (6—2'yxw(0)) 80507, (4.13a)

We define the integrated charges as

Qi = /°° do3;l (o), Q% = ( 7 >2 /00 o3, (0), (4.14)

4sinh y oo

where the normalisation in QE% was introduced for convenience as in the bosonic case [1].
With these definitions, the collection of Poisson brackets (4.10) and (4.13) for the densities
now implies

{ } (4.15a)

H _OH
i{ak QEQV} = 5WW, (4.15b)
i { au Qia,, }e = iBMV Qia,, 5 (415C)

where we have made use of the values (4.6). The new deformation parameter g used here
is related to 7, defined in (3.15), as follows

2
g=¢e¢ 7 =exp (6\/ 1-— 62> = exp (—277(177)> ) (4.16)

(1+n2)°

Charges associated with non simple roots. In order to construct conserved charges
Qf associated with any positive root @ € ®, we make a choice of normal ordering on
the set of positive roots @1 of psl(4/4) (see for instance [17-19]). The latter is defined
as a partial ordering on ®* with the property that if o < 8 and « + 8 is a root, then
a < a+ < B. Using such an ordering, the remaining path ordered exponential appear-
ing on the right hand side of (4.3a) can be expressed in terms of simple exponentials of
individual generators E®. Specifically, we have

’yZ/ do3 H exp <7/ do QE(0)E ) (4.17)

a>0 a>0

P&D

where QF (o) are GrC-valued fields whose parities are the ones of E. In particular, given
any simple root o, we have QF (o) = J¥ (o). The ordering of the product on the right hand

,15,



side of (4.17) is determined by the normal ordering of the corresponding roots. Although
the latter is only a partial ordering on ®T, there is no ambiguity in the above product
since generators E* and E® commute whenever the corresponding roots o and /3 are not
ordered. Moreover, equation (4.17) implies that for any pair of simple roots «,, < a, such
that «, + oy, is a root, we have

(o

QF 0 (0) = 3E 10 (0) =¥ Naypa, 3E, (0) / do'3E (o), (4.18)

with Ng, q, defined by (C.4). In this case, we define the corresponding charge by

E _ g E
Qo = 1 | 472 () (119)

g-Poisson-Serre relations. In this paragraph, we list the g-Poisson-Serre relations.
They are proved in appendix C. To write these relations, we first define the ¢-Poisson
bracket of any charges Q¥ and Qg associated with positive roots o and 5. It is simply

given by
(adg.3,.Qq) (@5) = {Q- @5}, = {Qa, Q5 ), — 7 (@ 1)@ Q5 (4.20)
The standard ¢-Poisson-Serre relations then take the form (see for instance [17]):
{ fy, Qfﬂ}e =0 when (a,a,)=0, (4.21a)
{ 5,,7{ > gu}%}% =0 when a, < oy and (o, 0y) #0, (4.21b)
{{Qfﬂ, aEV}qs , ny} =0 when ay, >y and (ay,ay) #0.  (4.21c)
qe

In the first relation (4.21a), note that for such a pair of simple roots, the corresponding
g-Poisson bracket (4.20) is equal to the ordinary Poisson bracket. Let us also point out
that this situation clearly holds when o, = o, and E%* is odd.

These relations are written independently of the choice of Dynkin diagram. We can
however be more precise, even without specialising to a particular Dynkin diagram. Indeed,
for v # p, we only have (v, @) # 0 when v = p4 1. The proof given in appendix C is for
v = p+ 1 with the ordering o, < oy, + 41 < ayy1. Let us note that we will also prove
the relation

E E . E
{Qaua o1 }qe = _21Naﬂ+1,a# (alHrlyO‘u)Qau—i-awl' (4'22)

For completeness, non-standard g-Poisson-Serre relations should also be proved. For
simplicity, this will be done in the case of the standard Dynkin diagram. In this case,
there is in fact just one non-standard relation. It is associated with the part of the Dynkin
diagram shown on figure 2. With these conventions, the relation is [17, 20, 21]

{{ L fﬂfl}qe,{ L fﬁl}qe}e:o. (4.23)

All these relations are proved in appendix C.
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Figure 2. Part of the Dynkin diagram relevant for the non-standard g-Poisson-Serre relation.

To conclude this section, we have shown that the psu(2, 2|4) symmetry of the AdSs x S°
superstring is replaced in the deformed theory by the classical analog of the quantum
group corresponding to this Lie superalgebra. This is a generalisation of the situation first
encountered for the case of the squashed 3-sphere o-model in [22, 23]. The relation (4.16)
between ¢ and 7 is in agreement with the one found in [11]. More precisely, in [11],
q = exp(—v/g) with v = 2n/ (1 + 7]2). The value of g should then be fixed by comparing
the different prefactors in the Lagrangian (2.1) of [11] and in the action (5.16) below.
This comparison leads to (4.16). Finally, it is expected that the full symmetry algebra,
including higher conserved charges, corresponds to the classical analog of U, (ps@ ]4))

This would again generalise the situation in the squashed sphere o-model [24].

5 The deformed superstring action

So far we have constructed a deformation in the hamiltonian framework. We would now
like to derive the corresponding action. To do so, we need to perform the inverse Legendre
transform in the presence of constraints. The fields AT and A~ will be treated as spectator
fields in the inverse Legendre transform. The starting point is to consider the quantity
(see for instance [25])

/dO'dT [— str (gilangleg) —

()\+7'++)\77-_ — str (M(S)C(l)) — str (,u(l)C(S)> — str ((A(O)—i—ﬂ) H(O)))} (5.1)

as a functional of g, X, u™, u® and £. Performing the Legendre transform then corre-
sponds to extremizing (5.1) with respect to all the fields except g. Specifically, varying (5.1)
with respect to the Lagrange multipliers ¢, 1 and p() produces the bosonic constraint
cO = — (gleg) 0 - 0, and the fermionic constraints C) ~ 0 and C® ~ 0, where

Vier

Here we have used the equations (2.2) and the results (3.13). The equation obtained by

1 B _ 1+9%)°

c® == ((g 1xg)" =1 (g 1RX9)(1)+2((1_77)2)(9 1809)(1)>, (5.2a)
1 1+ n? 2

¥ = ((g‘ng) @ (g7 Rxg)Y - 2((1_7777)2) (9_1309)(3)> . (5:2b)

taking the variation with respect to X is analysed in the next paragraph. We then get the
deformed action Sc[g] by plugging all these equations in (5.1).

5.1 Relating X to g~ '8,g

Using all the above, and setting the constraints C(9), (V) and C® to zero, the non-zero
grades i = 1,2,3 of the equation obtained by extremizing (5.1) with respect to X can be
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shown to take the form
D" (g7 9ag)” + RY) <D22 (971959) (2)>

g ‘g g
D 00 X . .
- DU ()~ R ), ©9)

where for notational simplicity we have introduced p(?) = 0. The rest of the notation is
defined as follows. We have introduced the diagonal matrix

2
(1+772) 2
D=_—+Fdiag(1,——=,1

20— T )

and the following shorthands

2
Rl =—nPioRy, R =—g—gPioR,  RY=—nPioR,  (54)

where

R,=Adg 'oRoAdg.

As recalled above, to perform the inverse Legendre transform, the last ingredient we need
is an expression relating X to the temporal derivative g='8,g of the group valued field g.
This can be extracted from the field equations (5.3) along with the constraints C() and
C®) as we now explain. Consider the field equation (5.3) for i = 2, namely

Doy (g_laag) @ + R§2) <D22 (g_laag) (2)>

D 00
= (57" xg)"” R <R§2) (97" x9)— (97 X0) "+ (97 xg) P 1+ (u(”—u(?’))),

VIt

and compare this to the difference between the field equations in (5.3) for i = 1 and ¢ = 3,
which can be written as

D1y (gflaag)(l) — D337%* (g7 0ag) B D23 (97'959) @4 E, (D22 (970-9) (2))

D 00
=R (g7'Xg) - E, <R§2) (97 Xg)— (97" Xg)" + (97 Xg) P+ = (u(l)—u(3))>,

V1 +n?

where we have defined E, = 1+ Rél) — Rég). In view of the similarity of some of the terms
in the above two equations, it is natural to introduce the following operator

Q=RPoE" (5.5)
Using this we obtain the following equation for the grade 2 part of the dynamics of g,

D297 (97" 00g)® + Q (—Dmoa (972 009)" + Das (979,9)” + Ds37* (97 00g)"” )

— (57'X9)? — Qo R? (47'Xg). (5.6a)
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Notice that the Lagrange multipliers ¢! and u(®) are no longer present in this equation.
We have made use of the grade 1 and grade 3 parts of the field equations to eliminate them.
To solve for g=! X ¢ we will combine this equation with the two fermionic constraints (5.2)

(0)

which can respectively be rewritten using C(0) = — (gle g) ~ 0 as

~Di (97'9,9)" = (97 x9)"V + R ((g_ng)(l)Jr(g‘ng)(2)+(g_1Xg)(3)) , (5.6b)
D3 (9710,9)” = (971 X9) V=R (57 x9) '+ (971 %0) P+ (571 x9) V) . (5.6¢)

Now we claim that the system of equations (5.6) can be written in the following matrix

form
_ (g_lagg)(l) (g‘ng)(l) ] e (g‘laag)(l)
D[40 (g0.9)? | =K | (57'x9)® | KD | (47'0,9)" |, (5.7)
(g—lagg) (3) (g‘ng) (3) A0 (g—laag) (3)
where the various matrices are defined as
1 1 1
1+R§,)2 R 2 R§)2 (o0
K=|-QoRr? 1-QoRY —QoR|. K=|QQQ
3 3 3
—RY ~R®  1-RY 000

To solve the system (5.7) for g=! X g we should invert the matrix K. Although this matrix
has non-commuting entries, it has the (right) Manin matrix property: entries of the same
row commute [K;;, K] = 0 and cross-commutators are equal [K;;, Ky| = [Ky, Kj;] for all
i,7,k, 1 (in other words the transpose K ' is a usual (left) Manin matrix). In particular, its
row ordered determinant is given simply by

wdet K = By — Qo R = (E,— BP) B, (B, + RY).

Now provided this operator is invertible, we can construct the inverse of K. Supposing
that £, = R§2) are invertible, it is straightforward to show that the inverse matrix K—!
exists and is given explicitly by K1 = %(K;l + K :1) where the matrices K| ! read

Rg(]l) Rg(]l) Rgl)

Kt =1\ 7R R 7R | -
RO g p) By ¥ RS

Note that multiplication by the inverse of £, IFR§2) is on the right. Moreover, one can also

show that KK = % (KJ:1 — K:l). We can thus invert the above system (5.7) and write

(g’ng)(l) , . (g’l&,g)(l) . _A0a (9713(19)(1)
2 _ _ 2 — _ 2
(g’ng)(s) =§(K+1+K_1)D 0 (gilaagg() +§(K+1—K_1)D (g’laag)()g
(g_ng)( ) (9_1309)( ) 0 (g_laag)( )
Alternatively, introducing the usual combinations Pi‘ﬁ = % (70‘5 + 8 ) we can also write
this as
(ging)(l) _P_?_a (gilaag)(l) poa (gflaag)(l)
(971 Xg) @] = K;lD P (g 10ug) @ | +x-'p| poa (97 00g) @ | (5.8)
(g*IXg) (3) Pga (gilaag) (3) _ pla (gilaag) (3)
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Finally, by adding the three components of the vector equation (5.8) and using the
constraint C(©) = — (g‘lX g) © ~ 0 we obtain the desired equation

) 1+n?)° LI 1 -
'Xg ~ ( p ——d (g7 0ag) + P d(g7'0ag) |, (5.9
T +1+—77doRg(g 9+ _l—ndoRg(g 9) |, (59)

where the following combinations of the projectors onto () have been defined:
2 ~ 2
d:P1+72P2—P3, d:—Pl—i-izPQ—i—Pg.
L—n L—=n
5.2 Deformed action

The last step is to plug the relation (5.9) and the constraints into the functional (5.1). This
means in particular that we need to compute (see (2.2d))

he = MNTe+ AT = A str (AP AQ) 42 str (4% 4®) (5.10)

with Af) defined in (2.3). Recall that the fields A* are related to the worldsheet metric
by equation (2.7). At this point, it is useful to introduce

1

_ 1 -1
“ TR, o d ~(97"0a9) - (5.11)

7160( i j(){ = =
(g g) 1+nRyod

Ja

With such definitions, the equation (5.9) for g~! X g may be rewritten as

(1+7°)°

-1
Xg=~~—"_
A Y Gy

(fﬁ@&3;4—f€adJ@). (5.12)

The Lagrangian expressions for Ag ) are then computed from (3.13) and (5.12). The result

of this computation is:

1 2 1 2 ~
AP = TP, A = T pea ), (5.13)

—n B
To bring the action into its final form, we will make use of the following identities,
str (g_lﬁangﬁ) = str (g—laﬂgﬁa> ,

str (g_la(angﬂ)) = str (J(adJﬂ)) =

str (JC(YQ)JEZ)) = % str (jc(f)jg)) .

1 —n?

They can be proved by using the antisymmetry of R and the property str(MdN) =
str ((dM)N) We then find on one hand,

1+n2\?
m_<ﬂj»[ﬁﬁwm+xﬂmﬁkn@ﬁﬁv, (5.14a)
1/1+n2\2
=3 <1 i_ 22) [700 str (Jé2)J(§2)) — 711 str (JI(Q)Jl(Z)ﬂ . (5.14b)
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On the other hand, we get

1+12)°
str (g_lang_ng) = 2((1_7777)2) str (Pf‘og_lﬁango + Pgag_lﬁonga) , (5.15a)
(L+7°)° has (1
:§ﬁtﬁﬁR‘“dg dagdJs) — he. (5.15b)
As a consequence, the deformed action stemming from (5.1) is
(1+7%)° of (1

This action is the starting point of the analysis carried in [9].

5.3 Comments on invertibility of 1 — nRgjod

An interesting feature of this computation is that to perform the inverse Legendre transform
and therefore define the theory at the lagrangian level, we have to take the inverse of the
operators 1 — nRyod and 1+ nR, o d. This is necessary in order to invert the relation
between g~ 10,9 and g~'Xg, as can be seen from equation (5.9). And these operators
appear in the deformed action (5.16) via the definitions (5.11) of J, and J,. It is therefore
important to study the invertibility of these operators. This is discussed in appendix D.
Let us briefly summarize the situation here. The invertibility depends on the choice made
for R and must be studied case by case. It is known [1] that the invertibility holds in the
compact bosonic sector regardless of the choice made for R. It is also known from the
results of [11] that for the choice made in [9], the operator 1 — nR, o d is not invertible
everywhere on the bosonic non-compact sector. As a consequence, the deformed metric
associated with the action (5.16) exhibits a singularity [11], whose meaning is not yet clear
(see also [26] for a related discussion). In appendix D, we study different choices of R in
the bosonic non-compact and fermionic sectors.

5.4 kK-symmetry

At the hamiltonian level, the k-symmetry transformations are generated by

g tog = {/ do str (w“)/c(?’) +¢(3)IC(1)> ,g} :

The first class constraints £ and K®) are given by (2.4) while (1) and ¢®) are the

parameters of this transformation. This variation can be easily computed by using the
expressions (5.2) of C(Y) and C® and the Poisson brackets (2.15). One finds

2i ((1 +1Ry) [A(f), 1/1(3)} p k) [A(f)’ W] +> |

-1
g 0~ ———
1+n?
The corresponding transformation at the lagrangian level is then obtained by substituting

the lagrangian expressions (5.13) of A(f ) into this result. This leads to

_ 2iy/1 41?2 ~
g l(sg ~ 1_777277 ((1 +77Rg) [P—(i)-a‘]c(f)’w(?))}_"_ + (]_ _ nRg) {PECXJ((E)Jb(l)] +> .

Note that the variation g~ 'dg does not lie purely in the odd part of psu(2,2|4) contrary to
what happens in the underformed case.
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6 Conclusion

In this article we gave a direct derivation of the integrable g-deformation of the AdSs x S°
superstring action. Its tree-level light-cone S-matrix in the bosonic sector was determined
in [11] and shown to match the large string tension limit of the S-matrix with ¢g-deformed
centrally-extended [psu(2|2)]? symmetry [27-29] for q real. The relation found in [11]
between the real parameters ¢ and 7 is exactly as in equation (4.16). Furthermore, we
have shown that the deformed theory, before gauge-fixing, admits a symmetry which is the
classical analog of the quantum group U,(psu(2,2[4)). Let us note that, for simplicity, we
have worked under the technical assumption that the string is of infinite spatial extend
with fields decaying at infinity. It would be interesting to obtain a proof which works
also for the closed string with periodic boundary conditions. These results leave no doubt
that the conclusion of [11] should extend to the full light-cone S-matrix. An interesting
duality was also found in [30, 31], relating the deformed superstring for two values of the
deformation parameter n through mirror duality. It would be interesting to understand if
such a duality admits a classical interpretation using the hamiltonian framework.

An interesting limit of the deformed theory is its “maximally deformed” limit given
by n — 1, or equivalently » — oo where » = 2n/(1 — n%). We have identified this
limit at the hamiltonian level in subsection 3.5. It is in agrement with the conjecture
we made in [9]. Note, however, that this limit cannot be taken straightforwardly at the
lagrangian level. This can already be understood from the relations (3.13) between (A, II)
and (g, X). Nevertheless, there has been significant progress in understanding the nature
of the geometry corresponding to the bosonic part of the deformed action in this limit. In
particular, it was studied in [32] using the parameterization of [11], where it was found that
the deformed metric in the limit s — oo only corresponds to dSs x H® after applying some
T-duality transformations. Furthermore, the same conclusion was reached more recently
in [31] but with a different combination of T-dualities. What distinguishes the results
of [32] and [31] is the way the various fields are scaled in the limit s — oc.

We believe that the situation may be clarified from the hamiltonian perspective. In-
deed, it is expected from the hamiltonian analysis carried out in subsection 3.5 that in the
limit 3¢ — oo one should introduce another field § taking values in PSU*(4|4). This limit
and the precise relation between the fields g and § within the present formalism deserve
further study. It is worth also noting that for some deformed symmetric space o-models,
the maximally deformed limit of the geometry is relatively simple. This is the case of
the SU(2)/U(1) example considered in [1]. But the inspection of other low dimensional
cases suggests that for spheres S?” and anti-de Sitter spaces AdSs,, of even dimension, the
curvature of the maximally deformed background is constant and negative, respectively
positive, without the need of performing any T-duality.

One of our original motivations for deforming the AdSs x S° superstring came from
the desire to understand the classical theory which may underly the ¢-deformed S-matrix
of [29, 33-36]. In fact, the linear combination of compatible Poisson brackets used in
constructing the deformed theory is very reminiscent of the interpolating nature of this
S-matrix [29], between the S-matrix of the AdSs; x S° superstring in light-cone gauge
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and the S-matrix of the Pohlmeyer reduced theory [37, 38]. However, the deformation
parameter g entering this S-matrix is taken to be a root of unity. Hence a natural question
concerns the possibility of constructing a deformation for which ¢ and n are complex.
Constructing such a deformation in the present framework would require using a split
solution of mCYBE on psu(2, 2|4). However, skew-symmetric split solutions of the modified
classical Yang-Baxter equation are known to exist mostly for split real forms. Let us also
note that the real form Uy (psu(2,2|4)) requires ¢ to be real. This problem deserves further
investigation.

Despite these issues regarding the reality conditions on ¢ and the connection with
Pohlmeyer reduced theory, the authors of [32] considered the bosonic light-cone theory
associated with the deformed AdSs x S® geometry defined by (5.16), for the standard
choice of R, in the limit where n = 4, or equivalently s» = ¢. More precisely, the part
of the full geometry relevant for this computation contains the deformed metric and the
B-field. When taking > = i, the deformed metric remains real but the B-field becomes
imaginary. Interestingly, it was found in [32] that, when discarding the imaginary B-field,
the expansion up to quartic order in certain fields of the bosonic light-cone action associated
with the deformed metric agrees with that of the Pohlmeyer reduction of the AdSs x S°
superstring [39]. Furthermore, it was shown that when truncating the deformation to
AdS3 x S3, this agreement even holds [39] to all orders for the bosonic fields but also
for the quadratic fermionic terms. Note that there is in this case no need to discard
the imaginary B-field as it vanishes for the deformed AdSz x S% geometry. It would be
interesting to understand this within the present hamiltonian formalism. Some progress in
this direction was made in [40] at the level of the generalised sine-Gordon theories.

The deformed action (5.16) is a generalisation of the Yang-Baxter o-model action [41].
In particular, it is also characterised by a non-split solution of the modified classical Yang-
Baxter equation. It is possible to extend this action to the case where the R-matrix involved
is a solution of the classical Yang-Baxter equation (CYBE). Such an action was studied
in [42-46]. It was shown in particular that the y-deformation [47-49] falls within this class
of deformations. It would be interesting to derive such deformed actions from first principle
in the spirit of the present article.

All these remarks lead in fact to the same and therefore important question of un-
derstanding how the choice of R-matrix used in the construction affects the deformation.
Indeed, the deformed action depends on a non-split solution of the modified classical Yang-
Baxter equation, which in turn can be associated with any choice of system of positive roots
of psu(2,2]4). Let us emphasise that the deformed geometry may typically depend on this
choice. An important and related question is whether the resulting deformed geometry
defines a background of Type IIB supergravity. This remains an open question.
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A The real Lie algebras § and py

A.1 The Lie superalgebras gl(4|4), s[(4|4) and ps((4|4)

Let E4 be the standard basis of generators for the Lie superalgebra gl(4]|4) with defining
Zo-graded commutation relations

[Eab, Ecd] = 5bcEad - (_1)|Eab||ECd‘5adEcb . (Al)

The parity of Ey, is defined as |Eq| = |a| + |b| € Za where |a| =0 if a <4 and |a| =1 if
a > 5. Let $ be the span of the generators E,, for 1 < a < 8. We denote by g[(4|4)m,
k = 0,1 the subspaces of gl(4]|4) spanned by all E,;, with |Eg| = k.

The subalgebra sl(4]4) is spanned by all generators Ey, with a # b together with the
following combinations of the Cartan generators

3Hy = E11 — Eao, Hy = E9 — Ejg, Hj3 = E33 — Eya, Hy = Eyy + Ejss,
Hjs = E55 — Egg, Hg = Eg6 — E77, Hy7 = E77 — Egg. (A.2)

Introduce the corresponding subspaces sl(4]4)% = s((4]4) N gl(4[4)* for k& = 0,1. The
generator I = 22:1 Eqq € s1(4]4) is central in s[(4]|4) and the quotient by the ideal spanned
by I defines the Lie superalgebra ps((4[4).

In the fundamental representation of gl(4[4), E4 is represented by the 8 x 8 matrix
eab Whose only non-zero entry is a 1 in the a'® row and b column. We equip gl(4[4) with
a non-degenerate bilinear graded-symmetric invariant form (-,-) : gl(4/4) x gl(4]4) — C
defined by taking the supertrace of the product in the fundamental representation. It is
given in the basis F,; by

(Eaba Ecd) = str(eabecd) = 5bc5ad(_1)|a‘- (A3)

Z4-automorphism. Recall that gl(4|4) is equipped with an automorphism 2 : gl(4|4) —
gl(4]4) of order 4. Letting ¢ be the permutation (12)(34)(56)(78), it can be defined on the
generators Fg, as

QUEqp) = (—1) =0 g, 0. (A.4)

Let gl(4/4)%), 0 < j < 3 denote the eigenspace of Q with eigenvalue i/, so that for
X0U) e gl(4]4)),
Q (XU>) — X0, (A.5)

Noting O?(E,) = (—1)/FalE,, it follows that gl(4]4)(©), gi(4]4) are both subspaces of
al(4/4)1% and gl(4/4)™), gl(4]4)®) are subspaces of gl(4]4)!]. The automorphism € preserves
the subalgebra s[(4|4) and since Q(I) = —1I it also induces an automorphism on ps((4]4).

Root system. With respect to the Cartan subalgebra $, the root space of gl(4|4) (and
s((4]4)) is given by ® = {e, — ¢, |1 < a # b < 8} where ¢, = (—1)l9(E,q4,-). The root €, — ¢,
is called even if |a| = |b| and odd if |a| # |b|. A positive system of roots in ® is uniquely
specified by a permutation (a1, ...,ag) of (1,...,8) and is given as ®* = {e,, — €, |1 <

— 24 —



p < v < 8}. The corresponding set of simple roots then reads A = {«a, |1 < pu < 7} where
we have defined o, = €4, — €apiy-

Given any root o € ® we denote the corresponding root vector as E%, which has the
property that

[H, E%] = a(H)E® (A.6)

for any Cartan generator H. In particular, E“~¢% for a # b is proportional to Fg. In
order to fix the normalisation we will use equation (A.3). Specifically, given any positive
root & = €, — €, € ®T we define

EY = ES~% = F, E~® = o = (—1)l91E,.
It then follows that for any a € @1, equation (A.3) takes the form
(E"‘,E5> = g (A7)
For each positive root a € ®* we then define the Cartan element
H® =[E“ E™“].

Explicitly, for a positive root of the form o = ¢, — ¢, € @ we have H % = (—1)‘“|Eaa —
(1)l By, with the property that (H®, H) = a(H) for any Cartan element H. A useful
basis of the Cartan subalgebra $) of s[(4]|4) is given by the generators H* = H* for each
simple root o), € A, pp=1,...,7. We also define the symmetric bilinear pairing on roots
as (o, B) = a(HP) = (H*, HP) for any a, 5 € ®.

Cartan matrix. The symmetrised Cartan matrix (B#V)Z,Vzl is defined as B, = oy, (H").
It is singular since oy, (1) = 0 for 1 < p < 7 using the fact that I = 2221 E., € $ is central
in sl(4]4). Writing the latter as I = $.7_, z,, H” for some z,, € Z we have

v=1

7
> B, =0. (A.8)
v=1

In order to deal with the Cartan matrix being singular we enlarge the Cartan subalge-
bra § of 5[(4]4) to $ by adding the extra generator H® = £ ¥ (~=1)4E,,, which amounts
to working instead with gl(4[4). The symmetrised Cartan matrix may now be extended
using the commutation relations (A.6) for H® to obtain the extended symmetrised Cartan
matrix (Eab)ib:l. Specifically, we have

[H®, E*#| = £B,,E**, B, = a,(H")

for 1 < pu <7and 1 <a <8 The remaining components Bg, with 1 < v < 7 are then
defined by symmetry and we set Bgg = 0. Explicitly, we have

s _( Bu e
(Bab)a,b—1_<ay (HS) 0 ) (A.9)
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Since the generators H%, a = 1,...,8 form a basis of §) it is clear that this matrix is

non-degenerate. Its inverse can also be written explicitly as

—_1\8 Y, wlz
B = e i Al
( ab )a,b:l (w_le 0 ) (A.10)

where w = 22:1 z,a, (H®) and the matrix (YW)ZW:1 satisfies the following relation
7
> BupYow +w  mpay (H) = 6 (A.11)
p=1

Of course, the matrix (Y,,,)] ,—; is also singular since we have S Yo (H®) =0.

Tensor Casimir. The tensor Casimir Cﬁ of gl(4|4), with the property that (Cﬁ , X g) ,=
X, for any X € gl(4]4), reads -

8
Ciy =Y (-1)PEy @ By
a,b=1

It will be convenient for us to also rewrite this Casimir in terms of Cartan-Weyl generators,
which can be done as follows. The generators E,; with a # b already correspond to root
generators since Fy, = E™%. As for the Cartan part of Ci’;, it can also be re-expressed
in terms of the basis H%, a = 1,...,8 of $ by using the extended symmetrised Cartan
matrix, namely

8
=Y ByH @H +) ((—D'Ea'E”‘ ®E+E*® EO‘) : (A.12)
a,b=1 a>0

In fact, by using the explicit form (A.10) for the inverse of the extended symmetrised Cartan
matrix, we may rewrite (A.12) more explicitly as C’ﬁ = Cio+r1 (I QH®+ H®® I) where

7
Cia= > Y,H'®@H +)_ ((—1)|E“‘Ea QEC+E°® E“) . (A.13)
p,r=1 a>0

This is the Casimir for psl(4/|4).

Examples. The standard positive system corresponds to the permutation
(1,2,3,4,5,6,7,8). In this case, the root vectors associated with positive roots are
just the generators F,, with a < b and the Cartan generators H* are identified with
the generators H,, defined in (A.2). The corresponding Dynkin diagram and extended
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symmetrised Cartan matrix are

2 —1
-1 2 -1
-1 2 -1
O—O—O—@—O—O—0 -1 1 1
(Bab)i,bzlz (1) ~92 1 )
1 -2 1
1 -2
1 0

where a node O (resp. ®) represents an even (resp. odd) simple root.

By contrast, the positive system defined by the permutation (5,6,1,2,3,4,7,8) corre-
sponds to the “Beauty” Dynkin diagram [50] and has the following extended symmetrised
Cartan matrix

-2 1
1 0 —1 -1
-1 2 —1
_ -1 2 -1

0—®—0—0—0—®—0 (Bab)jﬁbzlz .

-10 1 1
1 -2

~1 1 0

A.2 The real forms su(2,2|4) and psu(2, 2|4)

The real form su(2,2|4) of sl(4[4) is defined as follows. Let s be the function on {1,...,8}
such that s(a) = 1if @ = 3,4 and s(a) = 0 otherwise. We introduce an anti-linear involutive
automorphism 7 of s((4]|4) by defining it on generators as

T(H") = —H", 7(Egp) = _(_1)5’(a)+5’(b)fIEablEba7 (A.14)

where 1 < < 7,1 <a+#b<8 and then extending it to all of s[(4|4) by anti-linearity. It
has the properties

TAX 4+ pY) = A7(X) +a7(Y), 2 =1, 7 ([X,Y]) = [r(X),7(Y)],

for any \,u € C and X,Y € sl(4]|4). The real Lie superalgebra su(2,2[4) can now be
defined as the subalgebra of sl(4]4) consisting of 7-invariant elements. A basis of su(2,2|4)
is given by

TH=iH" ~ B*=i(E*—1(EY), C*=E"+7(E%), (A.15)

where 1 < 1 < 7 and o € ®F. We define su(2,2[4)* = su(2,2/4) Nsl(4/4)* £ =0,1. A
basis for su(2,2/4)% is then given by T# and B®, C® for any even positive root o € &+,
while a basis for su(2,2[4)[!) consists of all remaining generators B® and C® with odd
positive root a € ®*. Finally, the real Lie superalgebra psu(2, 2|4) is obtained as a quotient
of su(2,2|4) by the ideal spanned by I. It also admits a Zy-grading psu(2,2[4)*! with
k = 0,1 induced from that of su(2,2|4).
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Z4-automorphism. It follows from the definitions (A.4) of the Zj-automorphism 2
and (A.14) of the anti-linear automorphism 7 that Qo7 (Ey) = (—1)/Fatlr 0 Q(E,). Com-
bining this with the definition (A.5) of the eigenspaces of €, it follows that 7 preserves
each of the graded components 5[(4\4)(j), 0 < j < 3. We may therefore define the real
subspaces su(2,2|4)9) = su(2,2[4) N sl(4]4)0) so that for any X € su(2,2[4)) we have
T(X(j)) = XU). Note from the property (A.5), however, that Q does not preserve the odd
subspaces su(2,2/4)1) and su(2,2[4)®).

A.3 The Grassmann envelopes §f and pf

Let Gr® be a Grassmann algebra, namely an algebra over C generated by anti-commuting
variables &,, a = 1,...,N. A general ¢ € GrC is a finite linear combination of products of
the &,. Denote by (Gr€)¥, k = 0,1 the subspaces of sums containing only products of an
even (respectively odd) number of generators &,.

We equip GrC with an anti-linear involution ¢ — &* for any & € GrC satisfying

(c)" =rcf, (€)" =¢ (€Q)" =¢¢,
for £,¢ € Gr® and ¢ € C. Define the real Grassmann algebra Gr as the subalgebra of

elements ¢ € Gr® such that ¢* = ¢. Correspondingly, the real Grassmann envelope of
su(2,2[4) is defined as

f=(Gr@su(2,24)% = Grl¥ @ su(2,2/4)% @ grl @ su(2,2(4)M.

This is an ordinary Lie algebra with Zs-grading f* = Grl* @ su(2,2|4)# for k = 0,1. We
denote its complexification by & = (GrC€ ®5[(4]4))[O}. If we extend 7 to an anti-linear
homomorphism of f€ by setting 7(¢ ® X) = &* @ 7(X) for £ € Gr® and X € sl(4[4),
then f becomes the fixed point subalgebra of f, namely f = {z € {¢|7(z) = z}. We
introduce also the Lie algebra pf = (Gr ® psu(2, 2\4))[0] with Zy-graded subspaces pflFl =
GrliHl @ psu(2, 2|4) for k=0, 1.

The graded-symmetric bilinear form (A.3) on sl(4]4) extends to a symmetric bilinear
form (-,-) : f¢ x f© — Gr® on the Grassmann envelope ¢ by letting (¢ ® X,( ® Y) =
(—1)IIXlg¢(X,Y) for any €, ¢ € Gr€ and X,Y € sl(4]4). Restricting to the real Grassmann
envelope f we obtain a symmetric bilinear form (-,-) : f X f — Gr.

In the fundamental representation of su(2,2|4), the Lie algebra § consists of block

=)

where a, b are 4 x 4 matrices with entries in Grl% and v, y are 4 x 4 matrices with entries

diagonal even supermatrices

in Grlt, and satisfying the relation
al —xT
(M5 +SM =0, M= r 7| 5=diagly-1sily)

Here a' denotes the transpose of a 4 x 4 matrix with entries in Gr. We therefore have
(M) = =S~HM*)%ts (A.16)

in the fundamental representation of su(2,2|4).
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Likewise, the Zj-automorphism of s((4]|4), defined on generators in (A.4), can be ex-
pressed in the fundamental representation as

QM) = -K MK, K = diag(k,k, k, k), k::(?(f). (A.17)

B Non-split R-matrix

Following the conventions laid out in appendix A, we fix a positive system ®* of roots in ®.
Let 9B denote the corresponding Borel subalgebra of s[(4]|4) which by definition is spanned
by the Cartan generators H# € §) along with the positive root vectors E%, o € ®T. It is
clear from (A.14) that 7 sends B into its opposite Borel subalgebra 7(28), spanned by H*
and E~¢ for o € ®T.

Conjugate Borel subalgebras. We define a subalgebra b of f€ by letting

b:<®£®%ym. (B.1)

Explicitly, b is spanned by elements of the form ¢ ® H* with |{| = 0 and £ ® E*, a € ®T
with |¢] = |E¥|. Since B and 7(8) are opposite Borel subalgebras of s[(4|4) it follows that

b+ 7(b) = §°. (B.2)
Let h = bN7(b) which is spanned by elements { ® H* with |¢| = 0 and define the nilpotent
subalgebra n = [b,b]. Then b = h @ n and we have the vector space decomposition
i€ =neo7(b).
Decomposition of §* relative to f. Let hy = {h € h|7(h) = —h}. Using the first
relation in (A.14) it follows that b is the linear span over the real Grassmann envelope of
the Cartan generators in (A.2). That is, ho consists of elements of the form &, ® H* where
§u € Grlol and 1 < 1 < 7. Now we claim that as vector spaces,

fC=f@hy ®n. (B.3)

Indeed, using the decomposition & = n @ 7(b) we may write any z € fCasx =n+h+ X
where n € n;, X € 7(n) and h € 7(h). On the other hand we have

;¥+h:(<X+;h>+T<X+;h>>+;Uw~dM)—ﬂX)€HBM@u,

so that 2 € fC can be written as a sum in @ by ®n. Such a decomposition is clearly unique
since the three subalgebras f, hy and n have pairwise trivial intersection.
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Non-split R-matrix. We introduce a Gr-linear operator R : f — f defined relative to a
choice of subalgebra b in (B.1) as follows. First note that any € f can be written uniquely
in the form z = %(b—7(b)) for some b € hy@n. Indeed, such an expression can be obtained
by decomposing —iz € fC relative to (B.3) as —iz = y + b with y € f and b € by @ n.

Moreover, it is unique since if 2 = £(c — 7(c)) for some ¢ € by @ n then it follows that

b — c € f and therefore b = ¢. We now define R as
R(i(b—7(b))) =b+7(b) (B.4)

for all b € by @& n. It is straightforward to check that this is a skew-symmetric ‘non-
split” solution of the modified classical Yang-Baxter equation, that is to say it satisfies
(Rz,y) = —(z, Ry) and

[Rz, Ry] — R([Rz, y] + [z, Ry]) = [2,y], (B.5)
for any z,y € f. Indeed, writing = i(b—7(b)) and y = i(c—7(c)) for b, ¢ € ho B n we have

(R(i(b—7(b))),i(c—7(c)) + (i(b— 7(b)), R (i(c — 7(c)))) = 2i(b, c) — 2i(7(b), 7(c)),
which vanishes since b, ¢ € hy @ n. Moreover, for each term in (B.5) we find

[Rz, Ry] = [b, ¢] + 7 ([b,c]) + [b, 7(c)] + 7 ([b, 7(c)]) ,
R([Rx,y] + [z, Ry]) = 2[b,c] + 27 ([b,]) ,
[z,y] = =[b,c] =7 ([b,c]) + [b, 7(¢)] + 7 ([b, 7(c)]) -

The R-matrix also has the property that (R F i) : f — §C project onto the positive and
negative Borel subalgebras b and 7(b) of fC, respectively. More specifically, for any z € f

we have

(R—i)x € hoDn, (R+1i)x € ho @ 7(n). (B.6)

Given a particular choice of Borel subalgebra B, the R-matrix (B.4) may be written
explicitly as follows. We first introduce an R-linear operator R : su(2,2[4) — su(2,2[4) by
defining it on the basis generators (A.15) of su(2,2|4). For the Cartan generators we set
R(T*") = 0. Next, for every positive root a € T we define

R(B®)=C®,  R(C®) = —B". (B.7)

These expressions can be obtained from an analogous formula to (B.4) but for b € 9B. In
particular, this is a non-split solution of the super mCYBE, namely

[RX,RY] — R([RX,Y]+ [X,RY]) = [X,Y]. (B.8)

Extending R to the real Grassmann envelope by letting R(§ ® X) = £ ® R(X) for any
&€ grand X € su(2,2[4), we obtain a skew-symmetric operator R : f — f satisfying the
usual mCYBE (B.5).
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C g@-Poisson-Serre relations

In this appendix, we prove the standard g-Poisson-Serre relations (4.21) and the non-
standard one (4.23).

C.1 First set of standard g-Poisson-Serre relations

We start by proving that

{ fy, 5“}6 =0 when (ay,ay) = 0. (C.1)
The charge QF defined by (4.14), with J¥ (o) given by (4.4), is merely the integral of the
density eq, (0r)e~Xew (9)e¥Xer (=20)  Thus, when computing the Poisson bracket of ny and
QaE‘L, we have three different kinds of terms. It is however clear that they all vanish. Indeed,
the first kind of terms comes from Poisson brackets of xq, with xo,. They vanish by using
the definition (4.5) of x4, and the Poisson bracket (4.10). The second kind of terms comes
from Poisson brackets of eq, () with e (®") and those with (v,¢) and (u,¢’) flipped.
However, the result (4.12) indicates that these Poisson brackets are both proportional to
the element B,, of the symmetrized Cartan matrix, and therefore vanish in the case at
hand. Finally, the last kind of term originates from the Poisson bracket of e,, (o) with
€a, (0"). This Poisson bracket has to be extracted from the Poisson bracket of X (o) with
X (o) and may be read off from (4.9b) by using (4.8). But more generally, the Poisson
bracket (2.15c) of X with itself is just a Kirillov-Kostant Poisson bracket associated with
psu(2,2[4). It is therefore clear that the Poisson bracket of eq, (o) with eq, (o) vanishes in
the present case. This ends the proof of (C.1).

C.2 Second set of standard g-Poisson-Serre relations

Next, we prove that

{{er e}, en.} o ©2)

with o, < oy + auq1 < ayq1. The relation

{wa {Q;EM,QSMH}%} —0 (C.3)

qe€

is proved in a similar way.

Intermediate results. We begin by listing some of the properties that will be used in
proving (C.2). These properties all hold when o, + «a,, is a root.
We define Ny, o, by
[E“, E*] = Na, a, BT (C.4)

Starting from the relation (4.9b) one can then show that

Na“,au {ea# (O‘), €a, (OJ)}E = 2Z~(_1)|E°‘#||EQV|(O[“’ au)eaMJrou/ (0)500’- (05)
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Let a and 8 be two positive roots. It immediately follows from the generalisation of
the Poisson bracket (4.12) to arbitrary positive roots « and f that
{e—v<xa<a>—><a<—oo)>, e 5(0/)} = in(a, B)e X (@)Xa(=D e (5)9, 0. (C.6)

€

where 0,, = %(60-0./ + 1) is the Heaviside step function.
The results (C.5) and (C.6) may be combined to prove that
{35.(0),35.(0)} = ~2iNay 0 (00, 0)IE, 10, ()00 + (0, )L, ()35,

€

(UI)€00’7
(C.7a)

when Ng, q, # 0. We have made use of the definition (4.4) of 35 (o), the (anti)-symmetry

property (—1)‘Ea"“Ea”|Nam% = —Na, 0, and the relation N2

dpiar, = 1. In particular, it
follows that

{32,(0).35,(0")} +ir(an, 0,)3E, (3L, (o)
= —2iNa, 0, (O, au)ﬁgﬁ% (0)650r + 2i7(aw, ) I (0)IE (0))050r. (C.TD)
We will also make use of the following results:

/

C.8a
(C.8b)

| |
—~~
~

{eau eO‘u U

{eau+l( ) eau+au+l J/ }

The first relation comes from the fact that 2y, is not a root. The second relation is a
consequence of (4.9b) and the ordinary Serre relation [EY+1 [EY%+1 EY%]] = 0.

A consequence of (C.8a) and (C.6) is that we have

{38.(0).35,(0)} = (0 0)3E, ()35, (0)eos (C.9)

g-Poisson-Serre relation. Following the approach of [1], we first show that

E AE E
{ a O‘““}qe —2iNa, 41,0 (Qpt1,00) Qi oy - (C.10)

This is simply done by integrating (C.7b) in the case ¥ = p + 1 and remembering that
(see (4.18)) the density Qa t+a,.1(0) is defined by

A o (0) =3 a1 (0) = Ny n3Z. 1 (0) / do'3E (o). (C.11)

—0o0

With the help of (C.10), proving the g-Poisson-Serre relation (C.2) means showing that
E
{Qau+au+17 aﬂ+1}q6 =0. (C.12)

This is equivalent to proving {Q = 0, or, in other words,

)
Qpt1 au+au+1 }qfl ¢

/ da—/ dJ JO‘IJ'"'l( ) Q§H+au+1(0—/)}6+i7(a/—t+17 aﬂ+aﬂ+l)ﬁg#+1( )Qau—&-a#_‘_l (O—/)> :O
(C.13)
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Let us first evaluate {JEMH(U),QQE#JWHH(U’)} . Using the definition (4.4), the prop-

€

erty (C.6) for @« = a, and 8 = 41 + o, and the result (C.8b) leads to

~F ~FE . ~FE ~F
{38, (0038 s (0} = 9000 + s, s )3E, L (03E, s (erore (C14)
We then obtain

{3‘€u+1 (U)’ qu"‘“u-H (J/) }e
~F

- ~FE
= Z’Y(O‘u + Oéu+1, au+1)‘jau+1 (U)‘jau+a#+1 (U,)EUU/

o./
~F ~F ~FE
-7 No‘maw—l {da,”l (0-)7‘-;&”4»1 (0/) }6 / do'//\ja# (Oﬂ)
—o0

g
R ~ ~
- 'yNa#,aMH(—l)'E 8 |d§#+1(0,)/ da”{dg#ﬂ (U),‘jgu (U”)} ’
—0o0
The complete integrand in (C.13) may then be written as

iﬁY(aN + a1, a#+1)3aEH+1 (J)saEM+ozu+1 (J/>600'

!

ag
- i/‘}/2 Nau,au+1 (all«+1> aﬂ‘i‘l)ﬁg;k‘rl (O-)‘Tgu+1 (O-/)EO'U/ / do—”‘/}gu (O-,/)
—00
E%u+1 . ~F ~F
+ (_1)| " |2Z’7(au+1’ O‘M)dau+1 (O-I)\jaMJraer (0)00'0

o_l

CHESE ~ ~ ~
- (_1)|E . IZ’)/QNCY;L,Q,UA»I (aﬂ‘i‘l’aﬂ)\ja’EMJ’_l (0—/)155#_‘_1 (O')/ do-”\jgu(o-”)ea'aﬁ
—0o0

. ~F ~F
+ ZFY(O[,U«Jrl’ Oéu + O‘u+1)\jau+1 (J)‘ja“+au+1 (OJ)

0./
_ i’}/2NaM’a#+1 (Oéu_t'_l, CY,u + Ozu+1)3§H+1 (0)3§u+1 (0'/) / do'll"}g# (0_/1)7
—0oQ
where we have successively used (C.11), (C.14), (C.7a) and (C.9). Adding the terms linear
in 7 on the one hand and those in 72 on the other hand, we find that both sums are
proportional to

L]
(o + apr1, 1) + (_1)|E . |<O‘waﬂ+1)-
However, the value of this coefficient is:
(g1 aps1) + 2(o, apg1) = 0, for E%*1 even. (C.15)
(ops1, 0pt1) =0, for E%+1 odd. (C.16)

QptQp 417 o4

This shows that { E K } =0.
qe€

C.3 Non-standard g-Poisson-Serre relation

In an analogous way, one can also check the non-standard g-Poisson-Serre relation (4.23),

{{ wafu,l}qsv{ aEwQaEMH}qE} —0. (C.17)

€

namely
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We will not give full details but just sketch the proof. When computing the left hand side
of this relation, one typically gets multiple integrals of terms that are linear, quadratic,
cubic and quartic in ,j and which contain products of Heaviside step functions. It is clear
that the linear term Vanlshes This is so because o, 1 + 20y, + 41 is not a root. One can
show that all other multiple integrals vanish. Let us illustrate this on one type of cubic
term and on the quartic term.

The computation leads to a cubic term proportional to

/ dO’/ do’ / dU”ﬁg )3§u+au+1(0)31(0”)(900”90%” — 055105151 — 00’0900”)'

The appearance of the first product of Heaviside functions means that the domain of
integration corresponds to o > ¢” and ¢’ > ¢”. The two other products with the minus
sign correspond to the domain {o > ¢’ > 0"} U{0’ > 0 > 0”}. Therefore, the two domains
coincide and this cubic term vanishes.

The quartic term is proportional to

/ do / do’ / do” / do"35 ()35 (0I5 (03 (6”056 0158151 Oggr.
(C.18)
The product of Heaviside functions in (C.18) is symmetric in the exchange of ¢” and
o while the product 35 (" )JaE (6" is antisymmetric since E% is odd. Therefore, the
quartic contribution vanishes as well.

Comment on literature. Let us note that the set of defining relations for (quantum)
superalgebras are sometimes written differently in the literature (see for instance [51, 52]).
Therefore, for completeness, we will also prove that

for, {0, for0n}, ) | -0 1)
.

€

by showing that

E E E E E E
{ a#’{Qaﬂvaall+aM+l}q€} — {{ ay? aufl}qg’ au+au+l} . (020)

To do this, let us start with the left hand side of this equality. By using the definition (4.20)
of the ¢-bracket and the Jacobi identity, one gets

E Q — E E E
ap? —17 ¥aptautl ae ). Q-1 Qg oy tog 41 e
E E E . E E E
+ {{ Q) Q-1 }e ) aptop41 }e - 7’7(0‘/1—17 au) { Q) oy —1 Yoy tou41 }e . (C21)

We then wuse the ¢-Poisson-Serre relation (C.3), which can be written as
{ B QE } = 0 using (C.10), to rewrite the first term on the right hand side
qe

Q) Yoy tou
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of (C.21). This leads to
{ar{er Qb | —{{o8 08 ) ah ), (©22)

. E E NHE . E E E
+ 27((1#7 aqul) {Qau,l, QauQau+au+1 }e - 1’7(()‘#713 O‘,u) {Qa,ﬂ Qau,l QCXHJFOLHJ’»l }e .

Finally, since (o, ouq1) = — (o, ap—1), the last two terms in the right hand side of (C.22)

E E
ap—17 O‘u"!‘auﬁ»l

the right hand side of (C.20). Note that we have used many times that the parity of E%#
is odd. Thus equation (C.19) coincides with equation (C.17).

combine together and give —iy(ayu—1,0y) {quQ } . One then recognizes
€

D On the invertibility of 1 — nR; o d

We are interested in discussing the invertibility of the linear operator O = 1 — nR; od
acting on the Lie algebra f when |n| < 1. Recalling the Zs-grading of the Lie algebra f from
appendix A, we denote by P = Py + P> and Fjy) = Py + P3 the projectors on each graded
components f° and fm. The operator O is invertible if and only if its two “diagonal” blocks

Oo = P[O](l - "7Rg o d)P[O} 01 = Pm(l - 77Rg o d)P[l] (D.l)

are invertible on i and fl!! respectively. Moreover, the group element g in (D.1) can be
restricted to the even subgroup SU(2,2) x SU(4). In this case, Ad g respects the Zs-grading.
We will only consider R-matrices which also respect the Zs-grading. Therefore, in the cases
considered below, the operator R, = Ad g ' o R o Ad g respects the Zy-grading. Because
of this, the operators Oy and O may be rewritten as

00: 1—%RgOP2 01 = 1—77R90(P1—P3), (D2)

considered as linear operators acting respectively on f[o} and f[l]. In this appendix we
make use of the notation and parametrisation in [11]. In particular we have introduced

w=2n/(1—n").
D.1 Bosonic sector

If we restrict attention to deformations of the non-linear o-model on the bosonic symmetric
space % = AdSs x S° then only the operator Oy is present. The latter was
computed in [11] for a standard choice of R and with an element g which parameterises the
coset AdSs x S°. It is non-invertible for a particular value of a radial parameter of AdSs
called p. The singularity takes place at p = 1/r and affects only the deformed metric on
the non-compact factor AdSs. Indeed, a general proof of the invertibility of Qg in the case
of a compact symmetric space is given in [1].

One might hope that modifying the operator R could improve the situation. Let us
discuss this point in the case of the Lie superalgebra su(2,2). Denote by R the standard
antisymmetric non-split solution of mCYBE acting on su(2,2). Let us consider a permuta-
tion PP of 4 objects, and the corresponding 4 x 4 matrix P;; = d;p(;). We may then construct
another solution of mCYBE as

RF = AdP 1o Ro AdP.
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The reality condition satisfied by any element M € su(2,2) reads MTH + HM = 0, where
H = diag(1,1, -1, —1). If the permuted matrix Hp = P~'HP coincides with H, up to an
overall sign, then the matrix RF leads to the same deformation of AdSs as R does. This is
so because P belongs to SU(2,2), after a possible rescaling by a phase, and the deformed
actions associated with R and RF are related by

Sgelgl = Sp[Pyl.

There are therefore only two permutations which lead to operators RF that are inequivalent

to R. They are
1234 12314
P, = P, — .
! (1324) and Py (1342)

By contrast, permutations do not make any difference in the case of the deformation of S°.

Below we give the metric and the B-field associated with the choices R, RP1 and
RP2. To fix notations, the restriction to the bosonic non-compact sector of the deformed
Lagrangian corresponding to the action (5.16), is written as

1 1
—§u+zﬂ¢w%XM@JWGMN+§@+%%§W%XM%XN&WW
For convenience, we start by recalling the results of [11]. The coordinates X™ used to
describe AdSs are (t, p, (,1%1,12). The metric and the B-field associated with the standard
choice R take the form

; 1+ R 1 7 P’

GR = — y G,, = ) G¢ = )
tt 1 — »2p2 PP (14 p2) (1 — 22p2) T 14 s2ptsin ¢

2 (oq2
& p~cos” ¢ R 2 02
Gh =2 "> G = p~sin” (,

v T 52ptsin? Potp = P ¢
po 1 ; ptsin(2()

BE = —9,log (1 — 5*p?), BY o=
pt = 0 g ( r) BT T 2t sin? ¢

To write down the metrics and B-fields associated with the choices of R-matrices RFt and
RP2 more succinctly, we introduce the following functions

F(p,O) = 14 52+ 20202, s(p,¢) = 1 — 520* (14 p? cos? () sin® .,
h(p,¢) =1+ »° (1+ ,02) + % p? (1+ p2) cos? (.

For the choice of R-matrix Rpl, the non-zero components of the metric read

grr— () e 1 ssin? (o0 (14 pP) cos® Csin® ¢
s T (1+27) T (o, (0, 0) ’
aPr — p? (14 52 (14 p?) cos® ¢ — 3% p?sin* ()
« f(p,Q)s(p,€) ’
P p? cos? ¢ P 9 . 9 P 72p (1+p2 sin? C) cos(sin(
= Gyly, = Gt =
P11 f(p,¢) Yorpy — P S G, P% F00.0)5(p, O)
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It turns out that this deformed AdSs; geometry corresponding to the operator RP1 has a
curvature singularity at p = oo and another singularity at a value of p which depends on
the angle . When ¢ = 7/2 this singularity is at p = 1/sc. The correspondingly B-field has
the following non-vanishing components

1 1
Bl = —5,,00108 /(. Q) Byl = 5,,0c10g f(p. C),

psin? ¢ BB %pQ (1 + p2) Sin(cosc.

Py _
Bot = (0, Q) w2l s(p, ()

For the choice of R-matrix RPQ, the non-zero components of the metric are

145243 p? (2+p?) cos® () P, p? (1+52% (14p?))

Gip=-(1+p%, Gr=

(L+02) f(p, Oh(p,C) 7 7 flp,Ohlp,C)
Py _ p* cos® ¢ Py p*sin” ¢ Py w2 p® sin(2¢)
vier T fp, Q) T h(p, Q) 7 2f(p, QOh(p,C)

This deformation of AdSs associated with the operator RP2 has no singularity for finite
values of p. However, the metric and the curvature scalar diverge when p tends to infinity.
The result for the B-field is

1 1
By, = —5_0,log f(p. ), Byic = 5,018 f(p, ),
B = 2p? (14 p°) sin(26) BP: = LIS

2 2h(p, ¢) P2 h(p;¢)

Finally, let us mention that all three matrices R, RF1 and RP2 may be extended to solutions
of the mCYBE equation on the whole of su(2,2[4).

D.2 Fermionic sector

The standard choice for the R-matrix acting on f[l] simply corresponds to
vM e, R(M)=[J,M], J=diag(i,i,i,i,0,0,0,0).
Because of this very simple form, and as already noticed in [11], one has
VM el vgeSU(2,2) x SUM4), Ry(M)=R(M).

Thus, for this R-matrix one simply has to check the invertibility of the operator 1 — nR o
(Py — P3) on flll. This is easily shown to hold.

One may be interested to know, however, what happens in the fermionic sector when
one chooses another R-matrix. Once again, the various cases may be described in terms of
permutations Q, but this time of 8 objects. Since in this paragraph we are only interested
in what happens in the fermionic sector, we consider permutations which do not modify the
action of R in the bosonic sector. That is to say that we restrict attention to permutations
Q which neither modify the order of the indices 1,2, 3,4, nor that of the indices 5,6,7,8.
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Any such permutation corresponds to a given Dynkin diagram of the Lie superalgebra
s(4]4).} Consider, for instance, the permutation

Q = 12345678
"“\12567834)°
corresponding to the Dynkin diagram
O0—R®—C0O0—00®-0,
The corresponding operator R?! has a simple restriction to fm which reads
vM e, RO (M) = [Jy, M), J = diag(i,i, —i,—i,0,0,0,0).

Because the matrix J; does not commute with SU(2,2), the operator R;@l depends on g.
One finds that the restriction to flI of the operator 1 — nR?l o (P; — P3) is singular for
p = 1/5. For comparison, let us consider another possible permutation

g, (12345678
2" \56123478)°

which corresponds to the same Dynkin diagram. The restriction of R2 to fm again has a

simple form
vM e, RO (M) = [Jy, M], J, = diag(0,0,0,0,i,i, —i, —i).

In this case, one finds that the restriction to f!! of the operator 1 — nR?Q o(P, — P3) is
regular for finite values of p. Yet another example of a permutation is

Qs = 12345678
" \15672348)°
corresponding to the Dynkin diagram

—10OC—"0CB0C00.

The restriction of R%3 to fl!! cannot be written as a commutator. Nevertheless, one can
show that the restriction to fl!! of the operator 1 — 77R§3 o (P — P3) is regular for finite

values of p.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

1Strictly speaking, the permutations which differ simply by the interchange of the set of indices 1,2, 3,4
with 5,6,7,8 correspond to the same Dynkin diagram. However, they should generically be considered
as leading to different deformations, because the two blocks 1,2,3,4 and 5,6,7,8 are subject to different
reality conditions when restricting to the real form su(2,2|4).
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