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Higher Fermions in Supergravity
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We show that the generalized geometry formalism provides a new approach to the description of
higher-fermion terms in 4" = 1 supergravity in ten dimensions, which does not appeal to super-
covariantization or superspace. We find expressions containing only five higher-fermion terms across the
action and supersymmetry transformations, working in the second-order formalism.
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Introduction—Ten-dimensional .4 =1 supergravity
coupled to Yang—Mills multiplets [1-3] forms one of the
basic cornerstones of string theory and has been the subject
of many investigations over the span of several decades.
Nevertheless, the vast majority of the treatments consider
either the bosonic part of the action only or the action and
supersymmetry transformations to the lowest nontrivial
orders in fermions. Part of the reason is the immensely
complicated structure of the four-fermion terms, obtained
usually by reducing eleven-dimensional supergravity.

In this Letter we take a more direct approach using
generalized geometry, which is naturally adapted to the left
and right-moving world-sheet structure of string theory.
Following the insights from [4], we treat the spinor fields as
half-densities, which leads to further significant simplifi-
cations. Using this language one can simply write down
the most general admissible expression and then check
its supersymmetry by hand. This leads to a surprisingly
simple form of the action (16) and supersymmetry trans-
formations (17), extending the lower-order treatment
in [5,6]. The generalized-geometric formulation is second-
order throughout and makes manifest the compatibility of
Poisson-Lie T duality [7] with the supergravity equations
of motion, extending the purely bosonic result of [8].

This Letter presents the results and the main details of the
story, while the full calculation of supersymmetry of the
action and the details of the reduction to classical variables
are left for a later publication [4].
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Generalized geometry—Generalized geometry, at least
in the narrower original sense of the term, is the study of
structures on Courant algebroids [9]. Up to small mod-
ifications (the most important being the treatment of
fermions as half-densities) we will follow [6,10].

We start with a Lie algebra g with an invariant pairing
denoted by Tr, and take M := R0, We then consider the
bundle

E=TM & T*M & ad, (1)

where ad = M x g stands for the trivial bundle whose
sections can be identified with g-valued functions on M.
The bundle E is equipped with the following bracket on the
space of its sections:

x+a+s,y+p+1t=Ly+ [Lp— iyda+ Tre(ds)]
+ (iydt — iyds + [s, 1), (2)

as well as the pairing
x+a+s,y+p+1t)=aly)+p(x)+ Trst, (3)
and the “anchor map” a: E - TM,
alx+a+ts)=x (4)

One can also construct nontrivial “global” examples of
Courant algebroids by gluing the above description on local
patches together using automorphisms of the structure. In
this way one can describe field configurations involving
nontrivial manifolds and topologically nontrivial field
strengths. Here, we will suffice with the local picture.

The bosonic field content of the supergravity will consist
of two fields: (1) a half-density ¢ on M and (2) a
generalized metric G, seen as a symmetric endomorphism
on E such that G> = 1. Decomposing E into eigenbundles
of G we get
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In order to make connection with supergravity, we shall
from now on assume that (1) the signature of (-,-) on C, is
(9,1) and (2) a(C, ) = TM. This allows us to recover the
usual field content, since

1
C, = {)H— (ixg—kixB—ETrAixA) +ixA|xeTM} (6)

for some Lorentzian metric g, 2-form B, and a connection
A€QY(M,g). Similarly,

ot = =/[gle (7)
for a function ¢ on M (the dilaton). Note that the orthogonal

complement C_ = C+ can be written as the orthogonal
direct sum of

1
{x + (—ixg +i,B— ETrAiXA) + i Alxe TM} (8)
and
{0 — TrtA + t|t € ad}. 9)

To proceed, let us denote by S the positive and negative
chirality Majorana spinors with respect to C, , and by H the
line bundle of half-densities on M [11]. We shall use
indices A, a, and «a to label the frames of E, C,, and C_,
respectively. The fermionic fields of the theory are (1) a
section p of S, ® H and (2) asectiony of S_ @ C_ Q@ H.
Since the anchor allows us to identify C, = TM and C_ =
TM @ ad and ¢ allows the identification of half-densities
with functions, we can recover the usual dilatino p,
gravitino y, and the gaugino y via

, 1
— V20w + —oaoy. 10
W v \ﬁx (10)

Similarly to ordinary Riemannian geometry, one can
define connections D, v, where both u and v are sections of
E, by demanding that for any function f on M

p — V20p,

Dyv=fDyv.  Dy(fv) = fD,o + (alw)f)v. (1)
and that D preserves the pairing (-, -). Any such connection
naturally acts also on half-densities via

1
La(u)a—zaDAuA, (12)

D,oc =
where L is the Lie derivative. Given a pair (G, ¢) one can
show [15] that there exists a connection D, which preserves
both G and ¢ and has vanishing torsion tensor

T(u,v):=D,v—D,u—[u,v]+ (Du,v). (13)

Such a connection is to be regarded as a natural analog of
the Levi-Civita connection; it is however not unique (there
is an infinite class of Levi-Civita connections). Never-
theless, there are expressions that one can build out of D
that are only dependent on G and ¢ and not on the particular
representative of the Levi-Civita class. The most important
examples are

D,p. Dy  Dp. Dy (14)
with ] := y*D,, from which one can assemble the fer-
mionic kinetic terms, and the generalized scalar curvature

operator R, which can be conveniently defined via
5 1
(D*+ D*D,)A = —gR/I, (15)

for any spinor half-density A with respect to C,.

Action and local supersymmetry—In terms of the above
generalized-geometric ingredients, the action for .4 = 1
supergravity in ten dimensions coupled to Yang—Mills
multiplets takes the simple form

S= / Ro> + o Dy® + pDp + 2pD "
M

1

- =2( a\ (H,,abc
763° (WaY abe®) (PY*p)

1 — 7/ a Yy abc
_@6 z(ll/{zygbcl// )(l///ﬂ/ b l//ﬂ) (16)
It can be shown by a direct calculation [4] (which can be
fully exhibited on just a few pages) that this is invariant
under the local supersymmetry transformations

1
0Gap = 0Gap =0, 0Gp = 6Gp, = 56_25}%///3
1
56 = ga‘l (pe)
_ 1 —2(,7 a\,,abc
Op = De + 15507 Warancy“)r e
1 - | “

51//(1 = Da€+§6_2(l//m0)€+§6 2(1//(17/06)7 P, (17)

where € is an (odd) section of S_ ® H [16].
Using the aforementioned decomposition

G — (9.B.A), v = (w.x)

(18)

o=@, pop

the above formulas become
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1 1 1
S:/ <R—|—4|Vg0|2——H pH"" + 2 TIF, F‘“’+§TIZVA)(—II7”WW”—I—pr—2y7”VMp
M

12

_ _ 1 1 _ 1_ 1 _ _
+ Z‘I/”Hllfﬂ - ZI’HP - §Trxﬁx S Hu Wy’ + Zw”Hﬂy,,y””p +5TiFp + TeFu9y'x
1
o\ uvp by T A POTy Y
+ 357 Wat oW (77p) 768 @r o) T (v ) = 195 (w,,y,mw )W)
1 1 _ _
g3 Ut VT 2) = 5 TG, T2 ). (19)
and
59/41./ = éy(,ulllu)
(3Bﬂy = é}/[ﬂllly] — TrAU,ém;(
1_
0A, = €
1. 1_
bp = 1Pe - Z‘I’”Yﬂe
1 L,
5p = —WG’ + ( ”(p)}/ﬂe + - He 96 ('I/;ﬂ/vpaw ) %€ + Z (pe)p 192 Tr()(hup)())’””pe
1 1 _ _ 1,
5‘/’/4 = v/,te - gH/wpybpe - Z (V’ﬂp>€ - Z (Wﬂ%/e)yyp + Z (ﬂe)ll/y
1 1._ 1, 1 _
& =5 Fe——(ip)e - (tv.€)r'p + 4 (pe)x. (20)
2 4 4 4
[
where enabled us to find compact expressions for the higher-

1 1
H = dB + S Tr(A A dA) + £ Tr(A A [A.A)

Vax = Vx +r*[Au 2y (21)
and ¢ := (1/p!)y*-*C,. , fora p form C. Our definition of
the dilatino relates to the other common definition (typi-
cally denoted A) via
A=y +p. (22)

Although significantly longer, the expressions (19) and (20)
still provide simplifications when compared to the standard
ones. The fact that this has to coincide—up to simple field
redefinitions and Fierz identities—with the other known
expressions for ten-dimensional supergravity (e.g., the ones
obtained by reducing the eleven-dimensional theory) follows
from the fact that the expressions match up to the lowest
nontrivial order in fermions [1-3,5,6] and from the unique-
ness of the supergravity theory.

Discussion—There are several conclusions that can be
drawn from this generalized-geometric reformulation.

First, the simplicity of the expressions confirms that
generalized geometry provides a natural set of variables for
studying the massless sector of string theory. Further, it has

fermion terms that do not involve the usual constructions of
supercovariant quantities or superspace.

Second, it is easy to see that (16) and (17) remain
meaningful even in the case of a general Courant algebroid,
as long as one demands that the signature of C, is (9,1),
(5,5), or (1,9) [18]; in particular one can take dim M to be
arbitrary. This means that one can study various interesting
“limits” of the theory. For instance, letting C, = E one
obtains a locally supersymmetric topological theory whose
only fields are ¢ and p [19]. Similarly, we can take M to be
a point, in which case the Courant algebroid becomes
simply a Lie algebra with an invariant pairing. The
expressions (16) and (17) then describe a theory with
finitely many degrees of freedom, which nevertheless still
retains some of the aspects of the ten-dimensional super-
gravity, in particular its symmetry structure, and thus
provides an interesting toy model.

Finally, since Poisson-Lie 7 duality [7] can be formu-
lated in terms of pullbacks of Courant algebroids [8,20],
a repetition of the arguments in [8] shows that this duality
is compatible with the equations of motion of the full
supergravity.
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