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We show that the generalized geometry formalism provides a new approach to the description of
higher-fermion terms in N ¼ 1 supergravity in ten dimensions, which does not appeal to super-
covariantization or superspace. We find expressions containing only five higher-fermion terms across the
action and supersymmetry transformations, working in the second-order formalism.
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Introduction—Ten-dimensional N ¼ 1 supergravity
coupled to Yang–Mills multiplets [1–3] forms one of the
basic cornerstones of string theory and has been the subject
of many investigations over the span of several decades.
Nevertheless, the vast majority of the treatments consider
either the bosonic part of the action only or the action and
supersymmetry transformations to the lowest nontrivial
orders in fermions. Part of the reason is the immensely
complicated structure of the four-fermion terms, obtained
usually by reducing eleven-dimensional supergravity.
In this Letter we take a more direct approach using

generalized geometry, which is naturally adapted to the left
and right-moving world-sheet structure of string theory.
Following the insights from [4], we treat the spinor fields as
half-densities, which leads to further significant simplifi-
cations. Using this language one can simply write down
the most general admissible expression and then check
its supersymmetry by hand. This leads to a surprisingly
simple form of the action (16) and supersymmetry trans-
formations (17), extending the lower-order treatment
in [5,6]. The generalized-geometric formulation is second-
order throughout and makes manifest the compatibility of
Poisson-Lie T duality [7] with the supergravity equations
of motion, extending the purely bosonic result of [8].
This Letter presents the results and the main details of the

story, while the full calculation of supersymmetry of the
action and the details of the reduction to classical variables
are left for a later publication [4].

Generalized geometry—Generalized geometry, at least
in the narrower original sense of the term, is the study of
structures on Courant algebroids [9]. Up to small mod-
ifications (the most important being the treatment of
fermions as half-densities) we will follow [6,10].
We start with a Lie algebra g with an invariant pairing

denoted by Tr, and take M ≔ R10. We then consider the
bundle

E ≔ TM ⊕ T�M ⊕ ad; ð1Þ

where ad ¼ M × g stands for the trivial bundle whose
sections can be identified with g-valued functions on M.
The bundle E is equipped with the following bracket on the
space of its sections:

½xþ αþ s; yþ β þ t� ¼ Lxyþ ½Lxβ − iydαþ TrtðdsÞ�
þ ðixdt − iydsþ ½s; t�gÞ; ð2Þ

as well as the pairing

hxþ αþ s; yþ β þ ti ≔ αðyÞ þ βðxÞ þ Trst; ð3Þ

and the “anchor map” a∶ E → TM,

aðxþ αþ sÞ ≔ x: ð4Þ

One can also construct nontrivial “global” examples of
Courant algebroids by gluing the above description on local
patches together using automorphisms of the structure. In
this way one can describe field configurations involving
nontrivial manifolds and topologically nontrivial field
strengths. Here, we will suffice with the local picture.
The bosonic field content of the supergravity will consist

of two fields: (1) a half-density σ on M and (2) a
generalized metric G, seen as a symmetric endomorphism
on E such that G2 ¼ 1. Decomposing E into eigenbundles
of G we get
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E ¼ Cþ ⊕ C−: ð5Þ

In order to make connection with supergravity, we shall
from now on assume that (1) the signature of h·; ·i on Cþ is
(9,1) and (2) aðCþÞ ¼ TM. This allows us to recover the
usual field content, since

Cþ ¼
�
xþ

�
ixgþ ixB−

1

2
TrAixA

�
þ ixAjx∈TM

�
ð6Þ

for some Lorentzian metric g, 2-form B, and a connection
A∈Ω1ðM; gÞ. Similarly,

σ2 ¼ Φ ¼
ffiffiffiffiffi
jgj

p
e−2φ ð7Þ

for a function φ onM (the dilaton). Note that the orthogonal
complement C− ¼ C⊥þ can be written as the orthogonal
direct sum of

�
xþ

�
−ixgþ ixB −

1

2
TrAixA

�
þ ixAjx∈TM

�
ð8Þ

and

f0 − TrtAþ tjt∈ adg: ð9Þ

To proceed, let us denote by S� the positive and negative
chirality Majorana spinors with respect to Cþ, and byH the
line bundle of half-densities on M [11]. We shall use
indices A, a, and α to label the frames of E, Cþ, and C−,
respectively. The fermionic fields of the theory are (1) a
section ρ of Sþ ⊗ H and (2) a section ψ of S− ⊗ C− ⊗ H.
Since the anchor allows us to identify Cþ ≅ TM and C− ≅
TM ⊕ ad and σ allows the identification of half-densities
with functions, we can recover the usual dilatino ρ,
gravitino ψ, and the gaugino χ via

ρ →
ffiffiffi
2

4
p

σρ; ψ →
ffiffiffi
2

4
p

σψ þ 1ffiffiffi
24

p σχ : ð10Þ

Similarly to ordinary Riemannian geometry, one can
define connectionsDuv, where both u and v are sections of
E, by demanding that for any function f on M

Dfuv ¼ fDuv; DuðfvÞ ¼ fDuvþ ðaðuÞfÞv; ð11Þ

and that D preserves the pairing h·; ·i. Any such connection
naturally acts also on half-densities via

Duσ ¼ LaðuÞσ −
1

2
σDAuA; ð12Þ

where L is the Lie derivative. Given a pair ðG; σÞ one can
show [15] that there exists a connectionD, which preserves
both G and σ and has vanishing torsion tensor

Tðu; vÞ ≔ Duv −Dvu − ½u; v� þ hDu; vi: ð13Þ

Such a connection is to be regarded as a natural analog of
the Levi-Civita connection; it is however not unique (there
is an infinite class of Levi-Civita connections). Never-
theless, there are expressions that one can build out of D
that are only dependent on G and σ and not on the particular
representative of the Levi-Civita class. The most important
examples are

Dαρ; Dαψ
α; =Dρ; =Dψα; ð14Þ

with =D ≔ γaDa, from which one can assemble the fer-
mionic kinetic terms, and the generalized scalar curvature
operator R, which can be conveniently defined via

ð =D2 þDαDαÞλ ¼ −
1

8
Rλ; ð15Þ

for any spinor half-density λ with respect to Cþ.
Action and local supersymmetry—In terms of the above

generalized-geometric ingredients, the action for N ¼ 1
supergravity in ten dimensions coupled to Yang–Mills
multiplets takes the simple form

S ¼
Z
M
Rσ2 þ ψ̄α =Dψα þ ρ̄ =Dρþ 2ρ̄Dαψ

α

−
1

768
σ−2ðψ̄αγabcψ

αÞðρ̄γabcρÞ

−
1

384
σ−2ðψ̄αγabcψ

αÞðψ̄βγ
abcψβÞ: ð16Þ

It can be shown by a direct calculation [4] (which can be
fully exhibited on just a few pages) that this is invariant
under the local supersymmetry transformations

δGab ¼ δGαβ ¼ 0; δGaβ ¼ δGβa ¼
1

2
σ−2ϵ̄γaψβ

δσ ¼ 1

8
σ−1ðρ̄ϵÞ

δρ ¼ =Dϵþ 1

192
σ−2ðψ̄αγabcψ

αÞγabcϵ

δψα ¼ Dαϵþ
1

8
σ−2ðψ̄αρÞϵþ

1

8
σ−2ðψ̄αγaϵÞγaρ; ð17Þ

where ϵ is an (odd) section of S− ⊗ H [16].
Using the aforementioned decomposition

G → ðg; B; AÞ; σ → φ; ρ → ρ; ψ → ðψ; χ Þ
ð18Þ

the above formulas become
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S ¼
Z
M
Φ
�
Rþ 4j∇φj2 − 1

12
HμνρHμνρ þ 1

4
TrFμνFμν þ 1

2
Trχ̄ =∇Aχ − ψ̄μ =∇ψμ þ ρ =∇ρ − 2ψ̄μ∇μρ

þ 1

4
ψ̄μ =Hψμ −

1

4
ρ̄ =Hρ −

1

8
Trχ̄ =Hχ þ 1

2
Hμνρψ̄μγνψρ þ 1

4
ψ̄μHμνργ

νρρþ 1

2
Trχ̄ =Fρþ TrFμνψ̄μγνχ

þ 1

384
ðψ̄μγνρσψμÞðρ̄γνρσρÞ − 1

768
ðρ̄γμνρρÞTrðχ̄ γμνρχ Þ −

1

192
ðψ̄μγρστψμÞðψ̄νγ

ρστψνÞ

þ 1

192
ðψ̄μγνρσψμÞTrðχ̄ γνρσχ Þ − 1

768
Trðχ̄ γμνρχ ÞTr½χ̄ γμνρχ �

�
; ð19Þ

and

δgμν ¼ ϵ̄γðμψνÞ
δBμν ¼ ϵ̄γ½μψν� − TrA½μϵ̄γν�χ

δAμ ¼ −
1

2
ϵ̄γμχ

δφ ¼ 1

4
ρ̄ϵ −

1

4
ψ̄μγμϵ

δρ ¼ − =∇ϵþ ð∇μφÞγμϵþ
1

4
=Hϵþ 1

96
ðψ̄μγνρσψμÞγνρσϵþ 1

4
ðρ̄ϵÞρ − 1

192
Trðχ̄ γμνρχ Þγμνρϵ

δψμ ¼ ∇μϵ −
1

8
Hμνργ

νρϵ −
1

4
ðψ̄μρÞϵ −

1

4
ðψ̄μγνϵÞγνρþ

1

4
ðρ̄ϵÞψμ

δχ ¼ 1

2
=Fϵ −

1

4
ðχ̄ ρÞϵ − 1

4
ðχ̄ γμϵÞγμρþ

1

4
ðρ̄ϵÞχ ; ð20Þ

where

H ≔ dBþ 1

2
TrðA ∧ dAÞ þ 1

6
TrðA ∧ ½A; A�Þ

=∇Aχ ≔ =∇χ þ γμ½Aμ; χ �g; ð21Þ

and =C ≔ ð1=p!Þγμ…νCμ…ν for a p form C. Our definition of
the dilatino relates to the other common definition (typi-
cally denoted λ) via

λ ¼ γμψμ þ ρ: ð22Þ

Although significantly longer, the expressions (19) and (20)
still provide simplifications when compared to the standard
ones. The fact that this has to coincide—up to simple field
redefinitions and Fierz identities—with the other known
expressions for ten-dimensional supergravity (e.g., the ones
obtained by reducing the eleven-dimensional theory) follows
from the fact that the expressions match up to the lowest
nontrivial order in fermions [1–3,5,6] and from the unique-
ness of the supergravity theory.
Discussion—There are several conclusions that can be

drawn from this generalized-geometric reformulation.
First, the simplicity of the expressions confirms that

generalized geometry provides a natural set of variables for
studying the massless sector of string theory. Further, it has

enabled us to find compact expressions for the higher-
fermion terms that do not involve the usual constructions of
supercovariant quantities or superspace.
Second, it is easy to see that (16) and (17) remain

meaningful even in the case of a general Courant algebroid,
as long as one demands that the signature of Cþ is (9,1),
(5,5), or (1,9) [18]; in particular one can take dimM to be
arbitrary. This means that one can study various interesting
“limits” of the theory. For instance, letting Cþ ¼ E one
obtains a locally supersymmetric topological theory whose
only fields are σ and ρ [19]. Similarly, we can takeM to be
a point, in which case the Courant algebroid becomes
simply a Lie algebra with an invariant pairing. The
expressions (16) and (17) then describe a theory with
finitely many degrees of freedom, which nevertheless still
retains some of the aspects of the ten-dimensional super-
gravity, in particular its symmetry structure, and thus
provides an interesting toy model.
Finally, since Poisson-Lie T duality [7] can be formu-

lated in terms of pullbacks of Courant algebroids [8,20],
a repetition of the arguments in [8] shows that this duality
is compatible with the equations of motion of the full
supergravity.

Acknowledgments—C. S.-C. and F. V. are supported by an
EPSRC New Investigator Award, Grant No. EP/X014959/1.

PHYSICAL REVIEW LETTERS 134, 111601 (2025)

111601-3



Data availability—No new data were collected or
generated during the course of this research.

[1] E. Bergshoeff, M. de Roo, B. de Wit, and P. van
Nieuwenhuizen, Nucl. Phys. B195, 97 (1982).

[2] G. F. Chapline and N. S. Manton, Phys. Lett. 120B, 105
(1983).

[3] M. Dine, R. Rohm, N. Seiberg, and E. Witten, Phys. Lett.
156B, 55 (1985).

[4] J. Kupka, C. Strickland-Constable, and F. Valach,
arXiv:2410.16046.

[5] A. Coimbra, C. Strickland-Constable, and D. Waldram,
J. High Energy Phys. 11 (2011) 091.

[6] A. Coimbra, R. Minasian, H. Triendl, and D. Waldram,
J. High Energy Phys. 11 (2014) 160.

[7] C. Klimčík and P. Ševera, Phys. Lett. B351, 455 (1995).
[8] P. Ševera and F. Valach, Commun. Math. Phys. 375, 307

(2020).

[9] Z.-J. Liu, A. Weinstein, and P. Xu, J. Diff. Geom. 45, 547
(1997).

[10] P. Ševera, arXiv:1707.00265.
[11] Spinor densities have previously been considered in,

e.g., [12–14].
[12] C. Hillmann, J. High Energy Phys. 03 (2009) 135.
[13] H. Gustafsson and U. Lindström, Phys. Lett. 440B, 43

(1998).
[14] K. S. Choi and J.-H. Park, Phys. Rev. Lett. 129, 061603

(2022).
[15] M. Garcia-Fernandez, Adv. Math. 350, 1059 (2019).
[16] This general form of the two quartic fermion terms was also

recently proposed in Ref. [17].
[17] W. H. Baron, C. A. Núñez, and J. A. Rodríguez, J. High

Energy Phys. 01 (2025) 127.
[18] Strictly speaking one should also require that rankðC−Þ ≠ 1

and that the bundle Cþ is spin, i.e. it admits spinors.
[19] J. Kupka, C. Strickland-Constable, and F. Valach, Phys.

Rev. D 111, 046020 (2025).
[20] P. Ševera and F. Valach, Lett. Math. Phys. 107, 1823 (2017).

PHYSICAL REVIEW LETTERS 134, 111601 (2025)

111601-4

https://doi.org/10.1016/0550-3213(82)90050-5
https://doi.org/10.1016/0370-2693(83)90633-0
https://doi.org/10.1016/0370-2693(83)90633-0
https://doi.org/10.1016/0370-2693(85)91354-1
https://doi.org/10.1016/0370-2693(85)91354-1
https://arXiv.org/abs/2410.16046
https://doi.org/10.1007/JHEP11(2011)091
https://doi.org/10.1007/JHEP11(2014)160
https://doi.org/10.1016/0370-2693(95)00451-P
https://doi.org/10.1007/s00220-020-03736-x
https://doi.org/10.1007/s00220-020-03736-x
https://doi.org/10.4310/jdg/1214459842
https://doi.org/10.4310/jdg/1214459842
https://arXiv.org/abs/1707.00265
https://doi.org/10.1088/1126-6708/2009/03/135
https://doi.org/10.1016/S0370-2693(98)01080-6
https://doi.org/10.1016/S0370-2693(98)01080-6
https://doi.org/10.1103/PhysRevLett.129.061603
https://doi.org/10.1103/PhysRevLett.129.061603
https://doi.org/10.1016/j.aim.2019.04.038
https://doi.org/10.1007/JHEP01(2025)127
https://doi.org/10.1007/JHEP01(2025)127
https://doi.org/10.1103/PhysRevD.111.046020
https://doi.org/10.1103/PhysRevD.111.046020
https://doi.org/10.1007/s11005-017-0968-5

	Higher Fermions in Supergravity
	Introduction
	Generalized geometry
	Action and local supersymmetry
	Discussion
	Acknowledgments
	Data availability
	References


