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1 Introduction

The aim of this paper is to extend the dictionary between quantum integrable systems and
supersymmetric gauge theories introduced and studied in [1-3], the so-called Bethe/Gauge
correspondence. We focus on an elementary example of this phenomenon: the correspon-
dence between the XXX 1 Heisenberg spin chain and a family of 2d N = (2,2) super-
symmetric gauge theorieg. Some basic aspects of this correspondence are summarized
in figure 1.



k = # excitations U (k) gauge group
N = total # spins N flavours

Figure 1. Basic aspects of the correspondence between spin chains and supersymmetric gauge
theory.

A fundamental entry in the dictionary is the identification of the eigenstates of the spin
chain Hamiltonian with massive vacua of the supersymmetric gauge theory. The spin chain
is a quantum integrable system, whose spectrum is encoded in the Bethe equations [4],

N h
=l ——  a=1..k (1.1)
=1 Oa = Mi — 3 b#a Oa Ob

Here, o, denote the rapidities of excitations, m; are inhomogeneities, ¢ determines a quasi-
periodic boundary condition and A is Planck’s constant.

On the supersymmetric side of the correspondence, m; and A are complex mass pa-
rameters associated to flavour symmetries of the gauge theory in figure 1, while ¢ is the
exponential of a complexified FI parameter. For generic values of the mass parameters,
the theory has a low energy description as a U(1)* gauge theory with an effective twisted
superpotential W(O’) depending on complex vectormultiplet scalars o,. This function is
determined exactly by a one-loop calculation. The equations for supersymmetric vacua,
oW
do,

coincide with the Bethe equations for the spin chain (1.1). The ring generated by gauge-

exp 1, a=1,...,k, (1.2)

invariant functions of the vectormultiplet scalars oy, ..., 0, modulo the relations (1.2) is
the twisted chiral ring of the supersymmetric gauge theory. The twisted superpotential
itself can be identified with Yang-Yang function of the spin chain.

A powerful approach to computing a wide range of observables in quantum integrable
systems is the algebraic Bethe ansatz, as explained in [5]. In this paper, we will understand
how elements of this approach arise in the Bethe/Gauge correspondence. For this purpose,
we will perform exact computations in the original supersymmetric gauge theory shown in
figure 1, rather than the effective abelian description. In particular, we will interpret aspects
of the algebraic Bethe ansatz in terms of correlation functions in the A-type topological
twist of the supersymmetric gauge theory, using techniques from supersymmetric localiza-
tion [6, 7]. Investigations of the Bethe/Gauge correspondence in this context have appeared
in [8, 9]. The remainder of the introduction is dedicated to summarizing our results.

An important part of the algebraic Bethe ansatz is the construction of off-shell Bethe
states |o1,...,0k), which are elements of the spin chain Hilbert space depending on aux-
iliary parameters oy ...,0,. The inner product (f|oi,...,0x) with another state |f) is



(flo) = flo) g(o)

Figure 2. The inner product on the spin chain Hilbert space corresponds to two-point correlation
functions in the A-twisted supersymmetric gauge theory on CP?.

a symmetric function f(oq,...,0%) of the auxiliary parameters, which can be identified
with a gauge-invariant function of the vectormultiplet scalar in the supersymmetric gauge
theory in figure 1. The correlation functions of such operators in the A-type topological
twist depend only on the class [f(o1,...,0%)] of the function modulo the twisted chiral
ring relations (1.2). The map

|f) = [flo1,. - on)], (1.3)

then sets up a correspondence between states in the spin chain Hilbert space and invariant
functions of o1,...,0, modulo relations, such that the inner product (f|g) on the spin
chain Hilbert space coincides with the two-point correlation function of f(oq,...,0x) and
g(o1,...,04) in the A-twisted theory on CP!. This is illustrated in figure 2.

In order to investigate this relation, it is convenient to introduce an orthonormal ‘up-
down’ basis for the spin chain Hilbert space. The basis elements are labelled by subsets
I ={i1,...,ig} C {1,..., N} such that |I) is the state with spin 1 at positions iy,..., i
and spin | everywhere else. We can then introduce the wavefunctions of off-shell Bethe
states in this basis,

S1(01,- s 0) x (Lo, on), (L4)

which provide a set of generators for the twisted chiral ring. Nekrasov has proposed a phys-
ical definition of the corresponding twisted chiral ring elements as ‘orbifold defects’ [10].
In this paper, we explain how to implement this orbifold construction in the A-twisted
supersymimetric gauge theory to compute correlation functions of the twisted chiral opera-
tors (1.4). We furthermore demonstrate that these operators are orthonormal with respect
to the A-model two-point functions, corresponding to the fact that (I|J) = d; s in the spin
chain Hilbert space.

In the algebraic Bethe ansatz, the eigenstates of the spin chain Hamiltonian are ob-
tained by evaluating the off-shell Bethe state |o1,...,0k) on a solution of the Bethe equa-
tions (1.1). The functions Si(o1,..., o) evaluated on solutions of the Bethe equations are
therefore the wavefunctions of the eigenstates in the ‘up-down’ basis |I). We will show
that this wavefunction can be obtained directly from the supersymmetric gauge theory by
computing the A-model in a cigar geometry with a vacuum corresponding to I at infin-
ity. More precisely, we first introduce an 2-background and then compute a normalized
correlation function that is finite in the limit € — 0. This is shown in figure 3.
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Figure 3. Wavefunctions of spin chain eigenstates from A-twisted cigar partition functions.

f(o) g(o) —>
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Figure 4. Supersymmetric quantum mechanics formulation of A-model correlation functions in
the limit ¢ — 0.

The parameter ¢ determines the quasi-periodic boundary condition for the spin chain.
Apart from the final step of evaluating the off-shell Bethe states on solutions of the Bethe
equations, the steps in the algebraic Bethe ansatz are independent of the parameter ¢. It is
therefore sufficient to understand these aspects in the limit ¢ — 0, which corresponds to dis-
carding instanton corrections in the A-twisted supersymmetric gauge theory. In this limit,
correlation functions can be understood in a finite-dimensional N' = 4 supersymmetric
quantum mechanics with boundary conditions preserving the same pair of supercharges as
the A-twist. In particular, each twisted chiral operator generates a boundary condition in
the supersymmetric quantum mechanics, and two-point functions are computed by interval
partition functions — as shown in figure 4. In particular, we will provide two independent
constructions of the boundary conditions generated by the operators Sr(o1, ..., o), either
by coupling Neumann boundary conditions to additional degrees of freedom or as ‘thimble’
boundary conditions.

The setup described above is compatible with turning on background holonomies for
flavour symmetries. In the supersymmetric quantum mechanics description, background
flavour holonomies around the circle become ‘real mass parameters’ for flavour symmetries.
The ordering of the holonomy eigenvalues or real masses can be identified with an ordering
of sites on the spin chain. It is therefore natural to consider ‘Janus’ interfaces which
permute the ordering of the masses. We will show that A-model correlation functions of
such Janus interfaces in between the elements Sy(o1, ..., o)) reproduce matrix elements of
the spin chain R-matrix. The Yang-Baxter relation is interpreted as the statement that a
given permutation of real mass parameters can be decomposed in a number of ways into

elementary Janus interfaces permuting a pair of real mass parameters.



Finally, the Bethe/Gauge correspondence provides a physical realization of a parallel
developments in geometry and representation theory, and many of the objects we con-
sider here have already appeared in this context. The starting point is the statement that
the twisted chiral ring is the equivariant quantum cohomology ring of the vacuum mani-
fold of the supersymmetric gauge theory, T*G(k, N). The A-model correlation functions
considered here can be formulated in the language of quasi-maps to the vacuum mani-
fold. In particular, the functions S7(o1,...,0%) were introduced in work of Maulik and
Okounkov [11] as the ‘stable basis’ in the quantum equivariant cohomology (see [12] for
connections to Bethe wavefunctions). This paper is largely motivated by understanding
these mathematical constructions in the language of supersymmetric gauge theory.

The paper is organized as follows. In section 2 we collect some relevant properties of
the Heisenberg spin chain. In section 3 we describe 2d N' = (2,2) supersymmetric gauge
theory and explain how to calculate their A-twisted sphere and cigar partition functions
using supersymmetric localization. Section 4 focuses on the definition of the distinguished
twisted chiral operators and their correlation functions. In section 5 we reduce the problem
to a 1d quantum mechanics and explain how the twisted chiral operators can arise from
appropriate boundary conditions in this quantum mechanics. Finally, in section 6 we show
how the spin chain R-matrices can be obtained as correlation functions of twisted chiral
operators in the supersymmetric gauge theory. Our conventions and more technical details
of the calculation are postponed to the appendix.

2 Spin chain primer

In this section we collect some basic information on the Heisenberg XXX 1 spin chain,
where all spins transform in the fundamental representation of su(2). Many of the state-
ments we present here and in subsequent sections have a natural generalization to spin
chains with higher representations, as well as to higher rank algebras. Our notation is de-
signed to match that of supersymmetric gauge theory and therefore differs from standard
integrability conventions.

2.1 Heisenberg spin chain

In order to define the Heisenberg spin chain we need to specify a Hamiltonian and a Hilbert
space on which it acts. The Hilbert space of the spin chain is the N-fold tensor product of
the fundamental representation of su(2),

V=0CeC0Ce...0C. (2.1)

N—times

We introduce standard basis elements | 1) and | | ) for each spin chain site C2. There is then
a natural basis for V that is labelled by subsets I = {I;,..., It} C {1,..., N} such that

|I>:|¢...\IL...\]L...¢>. (2.2)



We define an inner product by demanding that the basis vectors at each site are orthonormal

=0t =1  {In)=(])=0, (2.3)

and naturally extending this definition to V. Any operator A : V — V can be represented
a 2V x 2V matrix of its expectation values between tensor products of | 1) and | | ).
The (twisted, homogeneous) Heisenberg spin chain is defined by the Hamiltonian,

N
1
H=+ ;(”i,m — Piit1), (2.4)
with the twisted boundary condition,

| DN+ =T, | Ivs1=q | 1. (2.5)

Later on, we will also introduce inhomogeneities for each spin chain site.

The Hamiltonian commutes with the operator counting up spins and therefore the
Hilbert space can be decomposed into a direct sum of spaces with fixed number of
excitations,

N
V=EPW:. (2.6)
k=1

The spectrum of the Heisenberg spin chain can be then found using the celebrated Bethe
ansatz. In particular, the eigenvalues of the Hamiltonian H are obtained from the disper-
sion relation

oh
E=)" w0 (2.7)
a=1 4 ~ %a
where we sum over the rapidities! of excitations o4, @ = 1,...,k, which are solutions to

the Bethe equations

N
ot} o= 0yt h
(U g) :qﬂw, a=1,... k. (2.8)

Oa— 3 biaaa—ab—h

There is a natural generalisation of the homogeneous spin chain described above to

include inhomogeneities m; at each site of the spin chain.? In that case we denote the spin
chain Hilbert space as

Vm=C., ®C: ®...0C2, (2.9)
and the Bethe equations turn into
N h
Ua_mi+§ 0q—o0p+h
—_— = = _— =1,...,k 2.1
il = = e=te (2.10)

b#a

For a given number of excitations k, there are (JZ ) solutions distinct solutions of the Bethe
equations. The solutions o can be labelled by a subset I = {Iy,..., I} C {1,..., N} such
that, expanding around g — 0, the solutions are of the form ¢! = mj, — % + O(q).

Tt is common to use the letter u to denote rapidities. In this paper we use the letter ¢ instead in order
to make connection with the gauge theory side of our story in the following sections.

2Tt is common to use the letters v; to denote inhomogeneities. In this paper we use the letters m; instead
in order to make connection with the gauge theory side of our story in the following sections.



1 2 3 1 2 3 1 2 1 2

(a) Yang-Baxter equation. (b) Unitarity of the R-matrix.

Figure 5. Relations satisfied by the R-matrix.

2.2 R-matrices

There are many independent ways to arrive at the Bethe equations (2.10). Usually, the
most powerful method is the algebraic Bethe ansatz, which is based on the construction of
an R-matrix. For the inhomogeneous spin chain, this is an operator acting on two sites,

Rij(mj —m;) : Ch,, @ Ch = Co @ Chy (2.11)

It has rational dependence on m; —m; and satisfies the regularity property R;;(0) ~ Pj;
where P;; is the permutation operator, together with the Yang-Baxter equation (shown
graphically in figure 5a)

Ria(mg — mq)Ri3(ms — my)Rag(ms — ma) = Raz(ms — ma)Ri3(mg — m1)Ri2(ma — my),

(2.12)
where R;; acts non-trivially only on (Efni and (E%nj.
An explicit form of the R-matrix is
1
R;j (mﬂ) = m (mﬂ 0;; + hﬂDi]’) , (2.13)

where mj; = m; —m; and we fixed the normalisation by the unitarity condition (shown
graphically in figure 5b)

R12(m)R21(—m) =1. (2.14)
2.3 Bethe states

We now introduce an auxiliary space C2 with spectral parameter o and define the mon-
odromy matrix

M(O’) = Rl()(a — ml)Rgo(O' — m2) .. .RN()(O' — mN) N (2.15)

where each R;o(c — m;) acts non-trivially only on the auxiliary space and (E?ni. This is a
2 x 2 matrix in the auxiliary space

_ [ Alo) B(o)
M(o) = (C(O_) D(U)> , (2.16)

where each matrix element is an operator acting on the Hilbert space (2.9). Namely, each
matrix element of M (o) in the auxiliary space can itself be represented by a 2V x 2V matrix.



For a given k, we define an off-shell Bethe state by
01,y ok) = B(o) ... B(oy)|€), (2.17)

where |2) = | | ... |). Additionally, for given subset I = {I,..., I3} of {1,...,N}, we
define the functions S7(o) as the overlaps of off-shell Bethe state |01, ..., 0x) with the basis
vectors:

S1(0) = (~1)IN (@) (Iloy, ..., ow). (2.18)
Here we have introduced a normalization factor

Eb) L kN [1.(0a — mi +§)

N(o) = (-1) I

(2.19)

which is independent of I. These functions can be computed explicitly with the result,

ko [I.—-1 N
al;[l < IT (aa—mi—i—%) IT (—Ua+mi+g)>

i=1 i=I,+1
Sr(o) = Sym 2.20
a<b
It can be shown that the states |o1,...,0k) become eigenstates of the spin chain Hamil-

tonian provided o, are evaluated on a solution o of the Bethe equations. The functions
S;(c”7) are then (up to normalization) the wavefunctions of the Bethe eigenstates in the
position basis |J). In the following sections, we will explain how to construct such wave-
functions in the Bethe/Gauge correspondence.

3 Setup

In this section, we review the computation of correlation functions in A-twisted supersym-
metric gauge theories on CP! and a cigar. We review two approaches to computing such
correlation functions using supersymmetric localization. The first leads to a contour inte-
gral in the complex Cartan subalgebra of the gauge group. The second is via equivariant
localization on the moduli space of quasi-maps into the vacuum manifold. This will provide
a foundation for the results presented in the following sections.

3.1 The model

We consider 2d N = (2, 2) supersymmetric gauge theories with R-symmetry U(1)y x U(1)4
that flow to sigma models onto cotangent bundles to complex Grassmannians, T*G(k, N).
Such a theory has gauge symmetry G = U(k) and flavour symmetry Gy = PSU(N) x U(1)4.
The field content is depicted in figure 6 and can be summarized as follows:

e A vectormultiplet containing bosonic fields (A,,o, D) transforming in the adjoint
representation of U(k), where A, is the gauge field, o is a complex scalar and D is
an auxiliary scalar.
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Figure 6. Quiver.

e Chiral multiplets (®, X,Y") transforming as shown in the table below.

U(k) | UQ)y | PSUNV) | U)n
o | adj 2 1 ~1
X| O 0 o +3
v | O 0 O +3

e A superpotential W = Tr(®XY') of the required U(1)y R-charge +2.

e A complex twisted chiral parameter t = % +4r, combining a real FI parameter » > 0
and theta angle 6.

Our conventions are summarized in appendix A.
For positive FI parameter, » > 0, the theory flows to a sigma model onto the moduli
space of solutions the vacuum equations

ur —r1 =0, [o,0] =0,
. X =0, Y. ®=0, X.-Y=0,
o-X=0, -Y . 0=0, [0,®] =0, (3.3)

modulo constant gauge transformations. We define
pri=X - XT—YT. vV +[®, 0], (3.4)

to be the moment map for the gauge symmetry. It can be shown that solutions require
® =0 and ¢ = 0, and that the remaining equations reproduce the hyper-Kéhler quotient
construction of T*G(k, N) where r is the Kéhler parameter of the base Grassmannian
G(k,N). We refer to this as the vacuum manifold 5.

It is useful to provide an algebraic description of the vacuum manifold. For r > 0,
we can replace the D-term equation (3.1) by the stability condition that the matrix X has
maximal rank and divide by complex gauge transformations,

U={X,Y|X Y =0,1k(X) = k}/GL(k,C) = T*G(k, N) . (3.5)

From this perspective, X defines a k-plane in CV corresponding to a point in the base
Grassmannian G(k, N). For example, in the case k = 1, we have T*CP" ! with homoge-
neous coordinates [X1, ..., Xy| on the base. For negative FI parameter r < 0, the roles of
X and Y would be interchanged.

We can also introduce complex mass parameters for the flavour symmetry Gy by
coupling to a background vectormultiplet and introducing non-zero vacuum expectation
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Figure 7. We consider a U(1) isometry of CP' with fixed points {+} and {—}.

values (myq, ..., mp,h) to the complex scalar in the vectormultiplet in a Cartan subalgebra
Ty C Gy. Note that we must have Zj m; = 0. In the presence of complex masses,
equations (3.3) are replaced by

h A .
<0a—mj—|—2>X“j:O, <—0a—mj+2)YJa:O, (0 —op+ )P =0, (3.6)

where ¢ = 1,...,k and j = 1,...,N are gauge and flavour indices respectively and
(01,...,0k) denote the eigenvalues of the vectormultiplet scalar o. For generic values
of the complex masses (m1,...,my,h), the vacuum manifold U is lifted, leaving behind

(]]X ) isolated massive vacua

h .
uri Ga=my, =g X =/rdj 1, Y7,=0, oY =0, (3.7)
labelled by subsets I = {I1,...,Ix} C {1,...,N} of size |I| = k. The massive vacua
can be identified with the fixed points of the infinitesimal T’ action on the vacuum man-
ifold U = T*G(k, N) generated by (mi,...,my,h) and correspond geometrically to the

coordinate hyperplanes in the base G(k, N).

3.2 Sphere partition function

We will now consider correlation functions in the Q-deformed A-model on C' = CP!, in-
troduced in [6, 7]. We introduce homogeneous coordinates [z : w] on CP! and define a
U(1); isometry that transforms the homogeneous coordinates by (z,w) — (e/?z,e~¢/?w)
with fixed points {+} = {z = 0} and {—} = {w = 0}, as shown in figure 7. The back-
ground preserves a pair of supercharges Q_, Q o that commute with the combination
UMD :=U1);+UQ1)y.

3.2.1 Contour integral

Partition functions in the 2-deformed A-model can be computed exactly using supersym-
metric localization for the supercharge Q = Q_ +6+ [6, 7]. This reduces the path integral
to a contour integral over the complex Cartan subalgebra of G parametrized by the eigen-
values (o1, ...,0n) of the vectormultiplet scalar o.

~10 -



In order to express the contributions to the integrand of the contour integral from the
various multiplets, it is convenient to introduce the following function

In|
2l _q

[ (e+¢), if n<oO,
== (3.8)

5
IT (c+¢e)~t, if n>0,
r—_

n
2

ZM(g) = M
Fi(oc+ Se+e)

where
6x/e

\V2Te

is Barnes’ gamma function. Due to the functional equation I'1(z + €) = 2 '1(x), this ratio

Fl(ZL‘) =

L(z/e), (3.9)

of Barnes’ gamma functions is in fact a rational function of o.

The contribution to the integrand from a chiral multiplet of charge r under the U(1)y
vector R-symmetry and charge ¢y under a U(1) s flavour symmetry is Z (qf"*T)(qfa), where
o is the vectormultiplet scalar and n € Z is the quantized flux through CP'.

Coming back to the model introduced in section 3.1, partition functions are expressed
as a contour integral over the complex vectormultiplet scalar & = (o1,...,0%) together
with a summation over the flux 7 = (n1,...,nx) € Z*. The contributions to the integrand
from the chiral multiplets are

Zgl)(g) — H H 7(na) (Ua —m; + Z) , (3.10)

h
2 9y

where we introduce a shorthand notation o, = o, — 0p and ng, = ne — np. There is an

%
S
[
=
’:]»
N
2
=
s
_l’_
3
_l_

additional contribution from the vectormultiplet

Z0(5) = [125" 2 (0w)

ab
2 (3.11)
= H(_l)nab—H ((Ua - Ub)2 - Z(na - nb)Q) .
a<b
The partition function is then given by
" d*o i .
()g2 =Y g>am™ / 1 ZNn@), (3.12)
nezk T
where . )
200(@) = ()" 2{7(6)2," ()21 (3) 2y (@), (3.13)

)

- 11 -



combines the contributions from the vector and chiral multiplets. We include an additional
sign (—1)F with P = k% + (k+ N + 1), na, where the factor k? fixes a sign ambiguity in
the contributions from the chiral multiplets [6] and (k+ N +1) >, n, is an additional sign
that can be absorbed into the definition of ¢. The contour + is given by the Jeffrey-Kirwan
prescription, which reduces for » > 0 to the contour surrounding poles at

h n
aa:mi—i—(?a—@e, (3.14)
for all i = 1,...,N and ¢ = 0,...,n, coming from the contributions from the chiral

multiplets X%; in the fundamental representation of the gauge group. The summation over
fluxes can therefore be restricted to the region 7 € Z%,. We will often use the shorthand
notation n := ) ng. -

The partition function is enriched by inserting twisted chiral operators annihilated by
Q- and Q, at {£}. We will consider gauge-invariant functions f(&) of the vectormultiplet
scalar. As explained in [6, 7], there are then additional contributions

+1 f<6—§e),
-} f<a+fe),

to the integrand in equation (3.12). We denote a correlation function with f(&) inserted
at {+} and ¢(¢) inserted at {—} by

(3.15)

o . e dko (7@ /= L n L n

(@ s = X = [ G200 (7-5)o(a+5e). @0
ezt T

Importantly, the contributions from n, > 0 vanish unless certain conditions are satis-
fied. For example, in the abelian case instanton corrections to (f(c), g(0))g2 vanish unless
the combined degree of the polynomials is greater than or equal to 2N — 1. This follows
from the fact that for n > 0 the only potential pole outside of the contour is at ¢ — oo,
which only exists if deg(f) + deg(g) > 2N — 1. This phenomenon can be understood as
the condition to cancel the U(1)4 axial anomaly. In all cases, the partition function (1)g2

receives contributions only from @ = 0 and is therefore independent of q.
Moreover, correlation functions involving particular combinations of twisted chiral op-
erators vanish, reflecting the structure of the twisted chiral ring. For example, in the

abelian case
N

UL (o-mi+5) —as - T] (7= mi— ) ool =0.
e , S ) (3.17)
(ot 1 (o-ms+3) —asto+o ] (o-ms =5 s =0.

for any f(o) and g(o). In the limit € — 0, we recover the twisted chiral ring relations,

ﬁ<a—mj+z>—qf[<a—mj—2>:0, (3.18)

- 12 —



which coincide with the equivariant quantum cohomology ring of the vacuum manifold
U =T*CPV 1.

In the limit ¢ — 0, the general twisted chiral ring relations of a non-abelian theory
that hold inside correlation functions are

N . L b —
[\ mite) _ qpoe=oth (3.19)
=1 (Ua_mj_%) b;éaaa_o-b_h

This coincides with the quantum equivariant cohomology ring of U = T*G(k, N) and the

Bethe equations (2.10) for an inhomogeneous XXX spin chain of length N with quasi-
2

periodic boundary conditions.

3.2.2 Counting quasi-maps

We now consider alternative approach to computing correlation functions in A-twisted
gauged linear sigma models introduced in [13, 14] in terms of vortex counting. This
approach was derived rigorously from supersymmetric localization in [6]. The mathe-
matical formulation of this construction involves equivariant integrals over holomorphic
‘quasi-maps’ to the vacuum manifold 2, which may be computed by equivariant localiza-
tion [15, 16]. This provides the link with recent mathematical work on the Bethe/Gauge
correspondence [12].

In this approach, we first set the complex mass parameters (mq,...,my, k) and the
Q-deformation € to zero, and consider configurations preserving both Q_ and Q 4. Such
configurations are given by

21
URr — 1l = —g—zeg, (3.20)
D.X =0, D.Y =0, D:®=0, (3.21)
®-X=0, Y. =0, X-Y=0, (3.22)
together with
c-X=0, -Y . 0=0, [0,®] =0, (3.23)
D.oc =0, D:o =0, [0,6] =0, (3.24)

modulo gauge transformations.

The solutions of such ‘generalized vortex equations’ are known as freckled instan-
tons [17, 18]. The moduli space of solutions has an algebraic description by dropping the
D-term equation (3.20) in favour of a stability condition and dividing by complex gauge
transformations. This leads to a description in terms of stable ‘quasi-maps’ from C' = CP!
into the vacuum moduli space U = T*G(k, N). The moduli space of solutions decomposes
into a union of components

M= My, (3.25)
ne”z
labelled by the vortex number or flux n € Z through CP!, which coincides with the degree
of the quasi-map.
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Now turning on the mass parameters (mj,...,my,h) and the Q-deformation param-
eter e deforms the equations (3.23)—(3.24) that determine o by replacing

c—soc+m+h+ely, (3.26)

where (mq,...,my, h) are understood to mean the infinitesimal T flavour transformation
generated by these parameters and Ly is the Lie derivative along the vector field V' gen-
erating U(1), rotations. This restricts the system to the fixed points of the corresponding
Ty action on the moduli space M.

This can be understood as working equivariantly with respect to the action of Ty x U(1),
on the moduli space M with equivariant differential Q = Q_ +Q 1. In particular, localiza-
tion of the path integral to Gaussian fluctuations around Q_, Q_ -invariant configurations
is equivalent to computing the following sum of equivariant integrals

(g2 = q"/ 1, (3.27)

ne?Z [Mn}vir

where [M,,]"'" is the virtual fundamental class. The correlation functions (f(),g(&))g2
correspond to computing the equivariant integrals of certain virtual equivariant cohomology
classes [f] and [g] on M,,.

We will first explain how to compute the partition function in this manner in the
abelian case, before considering the general case.

Abelian case. We first set the mass parameters (mq,..., my,h) and Q-deformation e
to vanish. Assuming r > 0, we then have ¢ = ® = 0 and the remaining equations become

al 2i
D UXP =) —r=—5F.z, (3.28)
— g
J
N
D:X; =0, D:¥;=0, > X;¥;=0. (3.29)
j=1
Solutions are labelled by the flux
L [ pez (3.30)
n=— .
2 C ’

through C' = CP! and we denote the corresponding moduli space by M,,.

It is convenient to introduce the following algebraic description of the moduli space
M,,. We first remove the D-term equation (3.28) and replace it for » > 0 by the stability
condition that X; # 0 for all j = 1,..., N except at a finite number of points on CP.
In addition, we divide by complex gauge transformations that leave the remaining equa-
tions (3.29) invariant. A point in M,, is now specified by N holomorphic sections (X}, Y})
of O(n) ® O(—n), such that }_, X;¥; = 0 and the sections X are not all zero. It is now
straightforward to compute the moduli spaces explicitly:

e If n <0, the moduli space is empty M,, = 0.

— 14 —



e If n=0, we recover the algebraic description of the vacuum manifold
My =0 =T*CPV1.

e If n > 0, we have Y; = 0 and the moduli space is parametrized by N holomorphic
sections X; of O(n). Using a complex gauge transformation to set Az = 0, the
holomorphic sections are homogeneous polynomials

n
Xj(z,w) = Z xj 2w (3.31)
r=0

The moduli space is therefore parametrized by the N(n+ 1) coordinates z; , that are
not all zero, modulo residual constant C* gauge transformations preserving Az = 0.
We therefore find that M,, = CPN®+D-1,

We now consider the fluctuations around a point on the moduli space M,, for n > 0.
On general grounds such fluctuations decompose into chiral and Fermi multiplets with
respect to the supersymmetry algebra generated by Q_ and Q. A 2d N = (2,2) chiral
multiplet of U(1)y charge r transforming as a section of a line bundle L contributes:

1. Chiral multiplets: H%(C, Kg/2 x L).

2. Fermi multiplets: H'(C, Kg/z x L).

Here, K¢ is the canonical bundle of the Riemann surface C. For us, K¢ = O(—2). This can
be summarized by the statement that the fluctuations of a 2d N' = (2,2) chiral multiplet
contribute H*(C, K, g/ % L) to the ‘virtual tangent bundle’ of the moduli space.

Turning on (my,...,my, k) and € corresponds to working equivariantly with respect to
the action of Tt x U(1). on M,,. Let us consider the fluctuations from each chiral multiplet
in turn for n > 0, leaving the special case n = 0 until the end.

e The fluctuations from each X, transform in H®*(C,O(n)). There are therefore
N(n+1) chiral multiplets corresponding to fluctuations of the coordinates z;, in
equation (3.31) and no Fermi multiplets. Under a G x Gy x U(1), transformation

generated by parameters (o, mq,...,my,h,€), they transform with weight
h n .
a—mj+§+(§—s)e, j=1,....,N, s=0,...,n. (3.32)

e The fluctuations from each Y; transform in H*(C,O(—n)). There are therefore no
chiral multiplets and N(n —1) Fermi multiplets corresponding to fermion zero modes
in the vortex background. They transform with weight

h

—O’+mj+2_<

n—2
2

—s>e, j=1,...,N, s=0,...,n—2. (3.33)

e The fluctuations from & transform in H*(C, O(—2)). There is therefore a single Fermi
multiplet transforming with weight —A.
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In addition there is a contribution —H*®(O) from the vectormultiplet. Combining these
contributions, the equivariant index of the virtual tangent bundle is

N n N n—2 h 9
i g hn _ 4 h_(n=2 _
TV M, = § :ecr mj+5+(5—s)e _ § :6 otmi+5—("5=—s)e| _ o=h _ 1, (3.34)
j:l s=0 s=0

where —1 comes from the vectormultiplet.

The moduli space M,, = CPN D=1 hag isolated fixed points under a generic TyxU(1),
transformation generated by (mi,...,mxy, h, €), which correspond to the N(n + 1) coordi-
nate lines. We can label the fixed points by the pair (i,7) withi =1..., N andr =0,...,n.
The fixed points correspond to sections

Xj(z, w) = 5ijznfrwr , (3.35)
whose transformation under (mq,...,muy,h,€) is compensated by a gauge transformation
by 0 =oli, :=m; — g — (§ —r)e. The equivariant index at the fixed point (7,7),

N n n—1
T(‘:;)Mn _ (Z emi—mj+(r—s)e - Z e—mi—i-mj—i-h—(r—s)e) - e—h - 17 (3.36)
j=1 \s=0 s=1

by the replacement o — o|; ;.
The contribution to the partition function from fluctuations around each fixed point
of M,, is encompassed in the virtual localization formula

1
=y (3.37)
/[Mn]vir Z G(TV )Mn)

(i,T) (i,T

where we have introduced the replacement rule e : >, nje" — [[; w;" to compute the
equivariant Euler character. This result is most neatly expressed as the following contour

integral
n—2
v T (ot + 4 (552 - )
/ do(—n) T =5 , (3.38)
R b (30
§—
where the contour surrounds the poles corresponding to the fixed points o = o|;, =
m; — % — (§ — r)e. This exactly reproduces the coefficient of ¢" for n > 0 in the contour

integral formula (3.12). Note that the Jeffrey-Kirwan residue corresponds to computing
residues at poles of the integrand corresponding to fixed points of M,,.

Let us now consider the special case n = 0. The moduli space now corresponds to
constant maps to the vacuum manifold ¥ = T*G(k, N) with bosonic fluctuations from
both X and Y. As above, the equivariant localization expression is neatly expressed as a
contour integral

- 1
/[MO]W 1= /vda(_h) H CIr S y—— (3.39)

J=1
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where the contour surrounds the poles at o = m; — g from the contribution of X;. This is
a regular equivariant integral of 1 over the vacuum manifold U = T*G(k, N).

The extension to include twisted chiral operators inserted at {+} will be discussed in
detail in section 4.

Non-Abelian case. With gauge group U(k), we again pass to an algebraic description
of the moduli space M of solutions to equations (3.20)—(3.22) by removing the D-term
equation in favour of a stability condition and dividing by complex gauge transformations.
We therefore consider only

D:X =0, DY =0, X-Y=0, (3.40)

with the stability condition that the £ x N matrix X has maximal rank away from isolated
points on C' = CP! and modulo complex GL(k, C) gauge transformations. A point in M,
is then specified by:

e A holomorphic GL(k, C) bundle V.

e Holomorphic sections X and Y of associated vector bundles V x W and V x W where
W ~ C x C¥ is a trivial vector bundle associated to the fundamental representation
of the PSU(N) flavour symmetry.

e Constraints X - Y = 0.
e Stability condition that rk(X) = k except at isolated points.

According to a theorem of Grothendieck, on C' = CP! we can decompose

V=0m)® --o0m;) > na=n, (3.41)

such that X become sections of O(n,) x W and Y, become sections of O(—n,) x W. This
leads to a stratification of the moduli space for flux n € Z into components labelled by
integers (ny,...,n;) € Z* with > aMa = n. The moduli space is empty if n, < 0 for any
a=1,...,k. We therefore restrict attention to the region n, € Z>.

Fluctuations around a point on the moduli space M,, decompose into chiral and Fermi
multiplets with respect to the superalgebra generated by Q_ and Q.. Following the
discussion above, the contributions can be summarized by the equivariant index

™" = H* <V><W><W,§> +H* (VxWxWé) + H*(KexVxVxW, ) = H(VxV),

(3.42)
where we have introduced yet another trivial line bundle Wj ~ C' x C associated to the
fundamental representation of the flavour symmetry U(1)s. The first three contributions
arise from the fluctuations of the chiral multiplets X, ¥ and ® respectively. The final
contribution —H®*(V x V) is the contribution from the vectormultiplet.
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The equivariant index is straightforward to write down explicitly for any 7 € Zgo- Let

us write the formula for the case when n, > 1 for all a = 1,...,k, and n, # n; for a # b:
N k np—2
TVirMn — Z Zeob mJ—i- + ) Z e—ab—&-mj—&-g—(n;—s—l)e]
J=1b=1 s=0
k [Mpe—2 " Npe "
DS <>Z<>] (349
b,c=1 L s=0 s=0
k [ b Npe—2
S 3 [ (o S e e
b,e=1 Ls=0

The moduli spaces themselves for k£ > 1 are singular and do not admit an explicit de-
scription as in the abelian case. It is nevertheless possible to compute the equivariant fixed
points in terms of the algebraic data and apply the virtual localization formula to compute

the partition function. The fixed points are labelled by a decomposition @ = {n1,...,nx},
a choice of vacuum I = {[1,..., I} C {1,...,N} and a vector § = {s1,...,s;} where
sq € {0,1,...,n,}. The vectormultiplet scalar takes the following value at this point
h n,
Ua:O—a’]7§Em]a_§_ (f—sa)e, (3.44)

and the virtual localization formula is

1
o= X X i (3.49)

|7|=n (1,5) " (71,5)

This reproduces coefficient of ¢" for n > 0 in the contour integral formula (3.12) where the
data {7, I, 5} enumerate poles of the integrand chosen by the Jeffrey-Kirwan description.
The case n = 0 should again be treated separately and reproduces a regular equivariant
integral over the vacuum manifold ¥ = T*G(k, N).

3.3 Vortex partition function

We will also consider the vortex partition function or ‘cigar’ partition function with a
fixed vacuum vy at infinity. We can equivalently view this as a sphere with the boundary
condition that the system sits in the vacuum vy at {—}, as shown in figure 8. In section 4.3,
this partition function will be used to construct the wavefunctions of spin chain Bethe
eigenstates. As above, we present the partition function both as a contour integral over the
complex Cartan subalgebra of the gauge group and its interpretation in terms of counting
quasi-maps that are ‘based’ at {—}.

3.3.1 Contour integral

Let us first consider the abelian case. The partition function with the vacuum v; at {—}
can be expressed as a contour integral in the vectormultiplet scalar o,

N h h
—Z H Iy <U —m; + 2) Iy (—O’ +m; + 2> , (3.46)
j=1
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U1

o )U(l)J . U(l))_] N

Figure 8. We consider the vortex partition function on a cigar with U(1); isometry and vacuum
vy at infinity. This can also be viewed as a sphere with a fixed vacuum at {—}.

where ¢ = (—l)Nq. The integrand has poles at o = m; — % —fle forall j=1,...,N and
¢ € Z>o. The contour v; selects only those poles with j = ¢ arising from the 1-loop deter-
minant for the chiral multiplet X; that has a non-zero expectation value in the vacuum v;.

The classical and 1-loop contributions can be factored out by normalizing by the value
of the partition function at ¢ — 0

(1),

7<1>Ui‘q%0 =Vi(q). (3.47)

The result,

00 N n
Wi =3 [T e il (3.48)
n=0

— J=1 0=1 i—mj—ﬁe

is the vortex partition function with vacuum wv; at infinity.
This can be generalized to the non-abelian case with vacuum vy,

[[Ti(oa+e) & o,

dbo __ b h h
<1>v1 = Wq 2aoale 27& H Hrl <0’a—mj+2> Fl <—0’a+mj—|—2> s
" I Ti(—0oa+h)e=1i=1
a,b=1
(3.49)
where ¢ = (—1)Yq. The same integrand appears in the computation of the hemi-

sphere partition function with the boundary condition supported on the whole of
B =T*G(k,N) [19, 20]. However, the contour -7 surrounds only the poles arising from
the 1-loop determinant of the chiral multiplets X; for all ¢ € I. As above, we can extract
the corresponding vortex partition function Vr(q), which we will not write down explicitly.

We will denote the correlation function of a twisted chiral operator f(&) at {4} in the
background with a supersymmetric vacuum vy at infinity {—} by (f(5)),,. In the limit
that we remove the 2-deformation, ¢ — 0, such correlation functions have the common

asymptotic behavior -
(F(&))o, —> e~ V@ @) 4 (3.50)

where W(E) is the effective twisted superpotential and ol(q) = my, — % + O(q) is the
particular solution of the Bethe equations (2.10) associated to the fixed vacuum vy at
infinity. Therefore, normalizing by the vortex partition function, we find that

tim Y _ fz(0)), (3.51)

e—0 <1>v1
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is independent of € and it evaluates the twisted chiral operator at a particular solution
of the Bethe equations corresponding to a fixed vacuum v;. In section 4.3, evaluation of
this expectation value for a particular class of functions f(&) will be used to construct the
wavefunctions of spin chain Bethe eigenstates.

3.3.2 Counting quasi-maps

The vortex partition function can also be expressed as an equivariant integral over the
moduli space of vortices with vacuum v;. The algebraic description of this moduli space
is in terms of ‘based’ quasi-maps to the vacuum manifold 2 such that the point {—} is
mapped to a fixed vacuum v;. Let us denote the moduli space of based quasi-maps by M.,
with components M,, ., labelled by a flux n € Z. It is straightforward to relate equivariant
integrals over the moduli spaces M,, and M,,,, as follows.

Let us first consider the abelian case with a vacuum v; at the fixed point {—} and
flux n > 0. In the notation of equation (3.31), the vacuum condition fixes the coordinates
xjo = 0;;. Here, a complex gauge transformation has been used to set the non-zero coef-

::{ﬂVn

ficient to 1. Therefore, the moduli space is M,, ,, , parametrized by the remaining

coordinates z;o for j =1,...,N and £ = 1,...,n. This has a single equivariant fixed point
at the origin, with compensating gauge transformation o = 050 = m; — % — 5€.

Clearly, the vacuum condition removes bosonic fluctuations corresponding to the co-
ordinates ;0. On the other hand, there are now additional fermionic zero modes. The

result can be summarized by adding a contribution —7;,0 to the virtual tangent bundle.

The result is that
—wiy " / 2\ (o (3.52)
n>0

where Z](\?L(O') is the same integrand that appeared in the computation of the sphere

partition function (3.12) and the contour ~; , computes the residue at the pole o = ;9 =
h

mi — 5 — y€. Finally,

w; = [ [(mi = my) (B = mi +my), (3.53)
J#
is the equivariant weight of the tangent space T;,0. This reproduces the vortex partition
function (3.48).
This formula can be extended to the non-abelian case,

)=wr Y g ”/ Z\0(3) (3.54)

"Ezio V1,7

where the contour «7 5z surrounds the poles at o, = o*a|[ g=mr, — 5 — 76 and

wr = [[T](mi = mj) (B = mi +m;), (3.55)

i€l j¢I

is the equivariant weight of the tangent space T),,°U.
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Figure 9. The -deformed A-model partition function on a sphere can be decomposed as a sum
over the vacua vy of products of vortex partition functions centered on {+} and {—}.

3.4 Factorization

Although not strictly necessary for this paper, we note that partition functions on the
sphere can be decomposed into vortex partition functions,

(g2 =Y Vilg, G)LVz(q, —€). (3.56)
I

Note that e appears with opposite sign in each factor because the neighbourhoods of {+}
and {—} look like Q-deformations with opposite orientation. A similar result holds for
correlation functions of twisted chiral operators. A nice feature of this expressions, is that
it manifests the fact that the sphere partition function reproduces an equivariant integral
over the vacuum manifold U = T*G(k, N) in the limit ¢ — 0.

Intuitively, the sphere is ‘pinched’ to form a pair of spheres with identified marked
points, as shown in figure 9. The path integral is then decomposed into a product of
integrals over moduli spaces of quasi-maps restricted to land on a fixed point v € U at
each marked point, which is then integrated over the vacuum manifold . In the presence
of mass parameters (my, ..., my, k) and €, this becomes an equivariant integral over ¥ and
equivariant localization reproduces the above equation.

4 Defect operators in 2d

In this section, we consider in more detail the correlation functions of twisted chiral oper-
ators constructed from invariant functions of o. In the presence of the mass parameters
(m1,...,mp,h), the twisted chiral ring coincides with the equivariant quantum cohomol-
ogy of the vacuum manifold U = T*G(k, N). In computing correlation functions, twisted
chiral operators can be interpreted as equivariant cohomology classes on the moduli spaces
M, of quasi-maps to 0.

We will study a distinguished set of generators for the twisted chiral ring, which coin-
cide with the stable basis in equivariant cohomology introduced in [11] and coincide with
the wavefunctions of off-shell Bethe states. In section 4.1, we focus on abelian theories,
reviewing the dictionary between polynomials in ¢ and equivariant cohomology classes,
and introducing the stable basis elements in the case of U = T*CPY~!. In section 4.2,
we consider a systematic physical construction of the stable generators using an orbifold
construction proposed by Nekrasov [10] and explain how to implement this construction

- 21 —



in the A-model to recover the functions S;(&). Finally, in section 4.3 we show that the
correlation functions of the stable basis in a cigar background reproduce on-shell Bethe
wavefunctions.

4.1 Abelian theories

In abelian theories, twisted chiral operators f(o) are polynomials in the vectormultiplet
scalar ¢. Turning on complex mass parameters, we restrict to polynomials that are homo-
geneous in the parameters (o, mq,..., my, h). Recalling that these parameters have U(1) 4
charge +2, a homogeneous polynomial of degree d will correspond to an equivariant form
on U of degree 2d.

Let us first consider the case of vanishing flux, where we have constant maps into the
vacuum manifold, 2 = T*CPY~!. Consider the homogeneous polynomial

h
corresponding to the equivariant weight of the coordinate X;. This is a polynomial
representative of the equivariant cohomology class Poincaré dual to the submanifold
{X; =0} ¢ T*CPY~1. Similarly, the homogeneous polynomial

r

11 (a —my + Z) : (4.2)

j=1

is a polynomial representative of the cohomology class Poincaré dual to the complex codi-
mension 7 submanifold {X; = --- = X,, = 0} ¢ T*CP¥~!. Similar comments apply to
polynomials that are products of weights of X;’s and Y;’s.

Let us study the special case N = 2 more systematically. Recall that the vacuum
manifold is found by solving the moment map constraints

pe = X1Y1 + XpYo =0,

(4.3)
pr = | X1? + | Xa|? = 1|* = [Vaf* = 7,

modulo U(1) gauge transformations for 7 > 0. The vacuum manifold is therefore T*CP*
with the homogeneous coordinates X1, Xo on the base. The charges of these fields under
the U(1) gauge and U(1),, x U(1); flavour symmetries are shown in table 1. We denote
the mass parameter for U(1),, by m = m; = —ma.

It is convenient to exhibit the vacuum manifold as an S! fibration over R? induced
the action of U(1),,. The base is parametrized by the invariant real and complex moment
maps for U(1),,,

pem = —X1Y1 + XoYa,

(4.4)
pRm = | X1 + X + [V1* — V2,
while the fiber is parametrized by
1 1
9= §arg(X1/X2) = —§arg(Y1/Y2), (4.5)
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UM | U@)m | UW)n
X | 1 -1 :
Xy | 1 1 i
Vi | -1 1 :
Yo | -1 | -1 :

Table 1. Gauge and flavour charges of chiral multiplets in the case kK =1 and N = 2.

v

HR,m
U1 U2

UM)m

Figure 10. The slice pc,m = 0 of T*CP' exhibited as an S'-fibration over R parametrized by
UR,m- The U(1),, flavour symmetry rotates the fibers with fixed points at g, = —r and pgm =r,
corresponding to the vacua vy and vy respectively.

and rotated by U(1),,. In figure 10, we have drawn the slice pc.,, = 0 of the vacuum
manifold. The fiber degenerates at the fixed points of the U(1),, action, pr,, = —r and
UR,m = T, corresponding to the positions of the supersymmetric massive vacua vy and v9
respectively.

To each individual chiral multiplet there is a holomorphic lagrangian in T*CP! defined
by the vanishing of the corresponding coordinate,

{(X;=0}=F, {V1=0}=CP'UF, (4.6)
{(Xo=0}=F;, {Y2=0}=CP'UFR,

where F}, F, denotes the fibers of T*CP! at the points v1,vs on the base CP'. These
holomorphic lagrangian submanifolds are illustrated in figure 11. The equivariant weights
of the coordinates then provide polynomial representatives of the Poincaré dual cohomology
classes. In particular, we have

h h
[FQ]:U_m+§7 [CPIUF1]=—0+m+§, (4.8)
h h
[]=o+m+3, [CIPlLJFQ]:—Ufqug. (4.9)

Certain pairs of these classes provide convenient bases for the equivariant cohomology
of T*CP!. Let us explain this statement by considering the pair

Si(0) = [CP U By = —0 —m+ 2,
2 (4.10)

Sa(o) = [Fg]:U—m—i-g.
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551’2}(0):0—171—1—; 5{21} U+m+*
5'1{2’1}(0):U+m+7z 5{12} O'*Tn+*

2

Figure 11. The subspaces defined by setting one of the chiral multiplets X7, Xo, Y7, Y5 to vanish
and the polynomial representations of the Poincaré dual cohomology classes. For future reference,
we have included the stable basis labels to be introduced in section 4.2.

A general cohomology class is represented by a polynomial f(o) of degree at most 2. This
can be reduced to a polynomial of degree 1 using the ¢ — 0 limit of twisted chiral ring

<0_m+2> (a—km—i—;i):O. (4.11)

It may then be expressed uniquely as

fm=1%)
—2m -+ h

relations,

f(=m+ %)

flo) = G —

81(0') + SQ(O’) 5 (4.12)

where the coefficients are rational functions of m and A. For example,
[CP'] = Si(0) — Sa(0) = —20. (4.13)

Note that we could have alternatively chosen the complementary pair of cohomology classes
[F1] and [CP! U F1] whose polynomial representatives are obtained from S;(c) and Sa(o)
by the replacements m — —m and ¢ — —o.

The above discussion has a natural extension to N > 2. The basis generalizing (4.10)

is given by
i—1 h N A
a):r[1<a—m]+2> 1_‘_[’_1<_0-+mj+2>’ 1:177N7 (414)
J= J=t

corresponding to the holomorphic lagrangians in T7*CPY~! defined by

X;=0 for j=1,...,i-1,
{ ] o ! (4.15)

Yj=0 for j=i41,...,N.

These polynomials match the wavefunctions of the off-shell Bethe states (2.20) for k£ = 1.
More generally, we will introduce a stable basis for each permutation 7 of {1,..., N}. They
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correspond to the holomorphic lagrangians obtained by setting to zero the coordinates
Xry for j=1,...,i—1and Yy for j =i+ 1,...,N. The corresponding polynomial
representatives Si(ﬁ) (o) are obtained by permuting the mass parameters (mq,...,my) in
expression (4.14). A more systematic approach, including the generalization this basis to
the non-abelian case, is presented in section 4.2.

Now let us consider correlation functions with flux n > 0. Let us take a polynomial
f(o) corresponding to an equivariant submanifold Z C 2. Inserting this operator at the
point {+} on CP! leads to an additional contribution f(c — Ze) to the integrand of the
correlation function. This corresponds to the equivariant cohomology class on the moduli
space of quasi-maps, M, = CPN D=1 that is Poincaré dual to the subspace of quasi-
maps that land in Z C U at the point {+}.

Let us demonstrate this in more detail. We recall that the moduli space M, =
CPN D=1 is parametrized by the coefficients {z;¢} of the sections

n
Xi(z,w) = ijvgzew”_e, (4.16)
=0

modulo complex rescalings. Upon restriction to the point {4}, we find
Xj(O, w) = :cjpw” 5 (417)

where the coordinate z; o has equivariant weight

h
U—mj+§—ge. (4.18)

Inserting the twisted chiral operator f(o) = o —m; + % at the point {4} acts as an

equivariant delta-function for this mode: it corresponds to the equivariant cohomology
class Poincaré dual to {z;0 = 0} C M,. From equation (4.17), this is the subvariety
corresponding to quasi-maps that land in {X; = 0} C U at {+}. Similar comments
apply to {—}.

In addition to the bosonic fluctuations, there are fermionic fluctuations arising from
the superpartners of Y;. Inserting a polynomial corresponding to a weight of Y; corresponds
to adding a fermionic zero mode localized at {+}. Such an insertion should be interpreted

as a ‘virtual’ cohomology class on the moduli space M,,.

4.2 Orbifold construction

We now consider a more systematic definition of the stable basis of twisted chiral oper-
ators using an orbifold construction proposed by Nekrasov [10]. We will explain how to
implement this construction in A-model correlation functions, reproducing the wavefunc-
tions of off-shell Bethe states. Our approach mirrors similar computations for orbifold-type
codimension-two defects in higher dimensions [21-24].
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4.2.1 Chiral multiplet

As a warm-up, we will first consider the case of a chiral multiplet. The contribution to the
partition function of a chiral multiplet of U(1)y R-charge r =0 is

I'i(q(o — 5e))
Li(gp(o+ 5e) +¢€)’

26 (qp0) = (4.19)
where the chiral multiplet has charge ¢y under a U(1) flavour symmetry with flux n € Z.
In order to perform an orbifold construction independently at {+} and {—} we should first
express this result in terms of contributions localized at these fixed points.

Let us show that the Barnes’ gamma functions in the numerator and denominator
arise from fluctuations in the neighbourhood of {+} and {—} respectively. Provided n > 0,
the only fluctuations on CP! come from the complex boson ¢ in the chiral multiplet. A
solution of D¢ = 0 in a neighbourhood of {4} takes the form

{+} : s=uw"> ¢/ (z/w),

£>0

B . (4.20)
(=} = o=2") ¢ (w/2),
>0
whose coefficients have equivariant weights
+ .
¢y olxEle, (4.21)
where 0|+ = o F §e is the value of the complex vectormultiplet scalar at {£}. It is
convenient to encode these contributions in the equivariant indices
arol+
_ o—2ette _ €
I+ - ; € 2 - 1 — ef )
- (4.22)
— o+2e—Lle e(Ifol
- Z e 2 1 — ¢
>0

This manifests that the contributions from {4} and {—} are related by € — —¢, reflecting
the fact that we have an 2-background with opposite orientation in the neighbourhoods of
the fixed points {4} and {—}.

The contributions to the partition function are recovered from the equivariant index by
taking expansion in positive powers of e and replacing >, nje*" — [[,w; "*. In particular,

o o),

1 (4.23)
n

I — I3 (qf (O’+§€>+€> ,
where zeta-function regularization of infinite products I'y(z) ~ []psq(x 4 fe)~" is under-
stood. The total partition function (4.19) combining the contributions from {+} and {—}
is of course a rational function, reflecting the fact that there is a finite number of global
holomorphic sections of O(n) on CP!.
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We now perform an orbifold construction at either of the fixed points {+} or {—} by
choosing a subgroup Zy C U(1); and turning on a discrete holonomy g = w®~! for the
U(1) s flavour symmetry for some choice of i = 0,..., N —1 where w” = 1. The introduction
of this orbifold is implemented at the level of the equivariant index by replacing

€ €
— —1)— - — .

ol » ol + (i )N € (4.24)

and then averaging over the transformation € — € + 2wis for s =0,..., N — 1, keeping the

expectation value o|y fixed. Applying this operation to the equivariant indices (4.22) in
the region —N < ¢¢(i — 1) < N we find that

T, —e®o if 0<qp(i—1)< N,
I+H{+ e i qr(i—1)

7. if —N<gqi—1)<0,
d (4.25)

. if 0<gqp(i—1)<N,
- —
I_—euol- if —N<gqp(i—1)<0.

Therefore, the partition function remains unchanged for —N < ¢(i — 1) < 0 at {+} and
0<gq¢(i—1) < N at {—}. Otherwise, the partition function is multiplied by an additional
factor gro|+. In this case, the orbifold construction is then equivalent to inserting the
twisted chiral operator gyo.

Let us now explain this procedure by implementing the orbifold construction directly
on the mode expansion. We focus on the fixed point {+} and set the coordinate w = 1 with
the understanding that ¢ transforms with weight o[, = o — % under U(1); flavour trans-
formations. This is natural because | is the vacuum expectation value of the complex
scalar at {+}. With this understanding, the chiral field is expanded

o(z) = of 2. (4.26)

>0

In the presence of the orbifold, the chiral field should transform under Z 5 transforma-
tions as ¢(z) — g% ¢(wz), where g = w~!L. It is therefore convenient to define a deformed
field ¢(z) := 297~V g(z), which absorbs the effect of the discrete holonomy and transforms
in the standard way ¢(z) — ¢(wz). This has an expansion

Bz) = ¢z =DFE, (4.27)

>0

The modes that are invariant under the Zy action are ¢, such that gs(i — 1)+ ¢ = (N for
some ¢ € Z. Projecting onto Zy-invariant modes and redefining the complex coordinate

z — 24N it is straightforward to see that

Y oial it 0<qpi—1)<N,

bz) == 4.98
#2) Yol i =N <g(i—1)<0, (4.28)
>0
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where we have defined ¢+ = ¢t IN—qr(i-1)" Therefore the effect of the orbifold on the mode
f

expansion is trivial if —N < ¢¢(i — 1) < 0. However, in the region 0 < gs(i — 1) < N the

orbifold has removed the mode (,bar and we should therefore multiply the integrand of the

partition function by the corresponding equivariant weight gro|.

4.2.2 Gauge theory

We now consider the supersymmetric gauge theory introduced in section 3.1 and introduce
a Z orbifold with discrete holonomy that breaks the U(k) gauge and PSU(N) gauge and
flavour symmetry to a maximal torus [10]. The construction depends on the following data:

e A permutation 7 of {1,..., N}, which specifies the discrete holonomy for the flavour
Symmetry,

(gp)'j = w7167 (4.29)

e An ordered subset I = {Iy,..., I} C {1,...,N} with I, < [ for a < b, which
specifies the discrete holonomy for the gauge symmetry,

(96)" = wir@~15%,. (4.30)

We first perform the orbifold construction at the point {+}. We will denote the twisted
chiral operator introduced by this orbifold construction at {+} by S (ﬂ)( 7). In the following,
in order to simplify our notation, we write formulae for the unit permutation = = {1,..., N}
and define S;(¢) := S}“""’N}(E).

The starting point for the computation is the equivariant index for contributions
at {+},

1y =

k
E (UGI+ m1+2 +e —0oal++mi+ ) § eo'abh— —hte _ E egab|+

1a=1 a,b=1 aFb

e

1—e6
(A

(4.31)
The orbifold construction is implemented by shifting the complex flavour and gauge pa-
rameters according to the discrete holonomy,

€ €

) €
mi—>mi+(z—1)ﬁ Ua‘:t—>0'a|:|:+(la—1>ﬁ €= (4.32)
and averaging over the transformations € — € + 2mis for s = 0,..., N — 1. This operation

leads to a modification of the equivariant index by

k I,—1 N
I+ _)I+_Z (Z ega‘+_mi+g+ Z 6_0a|++mi+%_z (60ab|+ +egab+_h)> , (433)

a=1 i=1 i=1,+1 a<b

and therefore to an insertion of

k I,—1 N
[I{ I (ea=mi+5) I (—oatmi+$)
S1(6) = Sym,, o=l \= —
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*

Figure 12. Table encoding the function S;(o) for N =10, k =4 and I = {2,4,7,9}.

in the integrand of the partition function. In writing this expression, we have symmetrized
over oi,...,0% as the operator is inserted inside a contour integral that is symmetric in
these parameters. Note that in the abelian case kK = 1 with I = {i}, the above expression
reduces to the abelian formula (4.14) considered above.

This formula can be understood graphically as explained in figure 12. In order to
read off the numerator of (4.34) one draws a k x N table and indicates the positions of
{I,...,Ix} by *. Then one fills in the cells to the right (light grey) with equivariant
weights —o, +m; + % corresponding to fields Y,, and the cells to the left (dark grey) with
weights o, — m; + g corresponding to fields X“;. Finally, one multiplies all the weights in
the table. The denominator of (4.34) is universal for all I for a given k.

Performing the orbifold construction at {+} with a holonomy labelled by a general

permutation 7 inserts the operator S}F) (&) given by the expression

SY(@) = Spm1(1)(@) sy - (4.35)

Finally, performing the same orbifold construction at the other fixed point {—} leads to
an insertion of the operator S}M) () where ¢ : {1,...,N} — {N,...,1} is the longest or
reflection permutation.

We now perform the same computation at {+} using a zero mode analysis, highlighting
the additional features that appear compared with a single chiral multiplet. For simplicity,
we restrict ourselves here to the zero flux sector. The computation in the general flux
sector is obtained by replacing o, — 04| = 04 — "§*€ everywhere with o[, fixed under the
orbifold action.

In absence of the orbifold defect, we can expand the fields X, Y and ® around the

point {+} as holomorphic functions of z,

X%(2) = (@)% 2, Yia2)=> (W)az',  ®%(z) =) (¢0)%2".  (4.36)
=0 =0 =1

Note that since the adjoint chiral multiplet ® has U(1)y charge +2, the expansion of this
field starts at O(z) in the twisted theory.

In the presence of the Zy orbifold with discrete holonomies (4.29) and (4.30) at {+}
we can introduce the deformed fields

Xoz) = 27y (w2t Vi) =21y (@)% 2
=0 £=0
B%y(2) = 2" Y (d0)% 2, (4.37)
=1
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which transform under Zp transformations by replacing their argument z — wz. We
now project onto modes in the expansion that are invariant under Zy. For example, the
invariant modes in the expansion of X¢%; are parametrized by (z¢)* ; with I, —i+ ¢ = (N

1/N

for some ( € Z. Replacing z — z and relabelling the coeflicients, the invariant parts of

the expansions are

o0 o0

N > (@)% 2" Lo < . S (e)%i2t, Lo >
X%(z) =4 ‘2 , Yi(z) = ¢ &0 :
S (@)%t I > S @)%t Ia<i
\ /=1 /=1
= T a A
_ > (90)% 2" s a<b
D% (2) = X0 _ , (4.38)
Z (¢€)ai Zz , a > b
=1

near {+}.

The orbifold defect has completely changed the zero mode structure at {+}, as one
can see from the above expansions. Note that before orbifolding, each component of X and
Y had a zero mode at {+}, while ® vanished there. However, the orbifold has eliminated
some of the fluctuations of X and Y at {+} with equivariant weights

ﬁ <Iﬁ1 (Ua —mit Z) ﬁ (—aa +m; + Z)) : (4.39)

a=1 =1 Z:Ia+1

while introducing additional zero modes for ® with equivariant weights

[[(ea—0o—0)". (4.40)

a<b

Furthermore, the orbifold breaks the gauge symmetry U(k) — U(1)¥ at {+} and the
broken generators develop additional zero modes in the defect background parametrizing
the complete flag variety Fj, = U(k)/U(1)*. This leads to an additional contribution

[[ca—on)", (4.41)

a<b

corresponding to the equivariant weight at a fixed point of ;. This combines with the
contribution from ® to form the equivariant weight of the cotangent bundle T*Fj. The
symmetrization over o1, ..., o together with these denominator factors can be interpreted
as an equivariant integral over the moduli space T*F of the defect. The appearance of a
hyper-Kéhler moduli space is expected since in the absence of the mass parameter A the
defect preserves a N' = (0,4) supersymmetry. Combining these contributions reproduces
the function Sy(o) obtained in equation (4.34).

4.3 Bethe wavefunctions

The functions S7(o) are up to normalization the wavefunctions of the off-shell Bethe states
for the spin chain in the up-down basis, (I|o1,...,0x). The Bethe eigenstates themselves

— 30 —



Bf Bg

Figure 13. Quantum Mechanics Limit.

are obtained by evaluating the auxiliary variables on a solution ¢/ of the Bethe equations,
W) =|of,...,0]). The wavefunctions of the Bethe eigenstates in the up-down basis are
then (I|W;) = (~1)IN(67)71S;(0”) where the normalization factor N'(o) is defined in
equation (2.19).

These wavefunctions arise in the supersymmetric gauge theory from expectation value
of the stable basis elements S;(c) in the cigar background with vacuum o7 at infinity, as
in equation (3.51). More precisely, we compute the limit € — 0 of a normalized correlation
function with S7(o) inserted at the tip of cigar and vacuum vy at infinity,

o (51,

fim =y, = S1(a”). (4.42)

We have already mentioned that this evaluates the function S;(c) at the solution to Bethe
equations (2.10) associated to the vacuum v, with expansion o = m, — % + O(q). We
emphasize that the Bethe wavefunctions Sr(c”7) can be found directly from the gauge

theory computation without solving any Bethe equations.

5 Quantum mechanical description

In this section, we provide an alternative viewpoint on A-model computations on CP! in
terms of supersymmetric quantum mechanics. We replace CP! by a long cylinder capped
off by A-twisted cigars. In the cylindrical region, the theory preserves 2d N = (2,2)
supersymmetry and we can reduce on S' to obtain an effective N/ = 4 supersymmetric
quantum mechanics. The capped regions become boundary conditions in the supersym-
metric quantum mechanics preserving the supercharges Q_, Q 1. This setup is summarized
in figure 13.

In principle, we can find a finite dimensional A/ = 4 supersymmetric quantum me-
chanics for each flux sector n € Z individually. Here we restrict ourselves to a description
to the zero flux sector n = 0, or equivalently the limit ¢ — 0. As we have emphasized
in the introduction, much of the representation theoretic apparatus of the algebraic Bethe
ansatz does not depend on the choice of quasi-periodic boundary condition specified by ¢,
and should therefore have a description in this supersymmetric quantum mechanics.

After a description of the N' = 4 supersymmetric quantum mechanics and a general
description of how to translate insertions of twisted chiral operators to boundary condi-
tions, we will provide two explicit constructions of the boundary conditions that arise from
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insertions S}ﬂ)(ﬁ). The first involves a combination of Neumann or Dirichlet boundary
conditions coupled to boundary degrees of freedom. The second involves the notion of a
thimble boundary condition.

5.1 N = 4 quantum mechanics

Let us first consider the A/ = 4 supersymmetric quantum mechanics obtained from the
zero flux sector n = 0 of our 2d N = (2,2) theory, which is obtained by plain dimensional
reduction of section 3.1 on a circle. In the absence of mass deformations, the supersym-
metric quantum mechanics has U(1)y x SU(2) 4 R-symmetry with U(1) 4 C SU(2)4 as the
Cartan subalgebra. We denote the euclidean coordinate of the supersymmetric quantum
mechanics by 7. We refer the reader to appendix A.2 for further details on our conventions
for supersymmetric quantum mechanics.

The U(k) vectormultiplet now contains scalar fields o4 transforming in a triplet of the
SU(2) 4 R-symmetry. The complex combination o = ! +i0? is the two-dimensional scalar
and o arises from the integral of the two-dimensional gauge field around S'. The fermion
gauginos A now transform as a spinor of SU(2)4. The lagrangian for the vectormultiplet
(A;, 04, )\, D) is

1 - 1 _
Loee = 5 5T —D,0%D;0* = AD X+ D* + 5[aA,aBF + 2o N (5.1)
e
where 74 denote the SU(2)4 gamma matrices and we have suppressed contractions over
SU(2) 4 spinor indices. A chiral multiplet consists of a complex scalar ¢ and fermions

transforming as a spinor of SU(2)4 with lagrangian
Leniral = —|Dro|* = $Dp = |0%6” + §D¢ + drioy + ipA¢ +idMy + [F[*. (5.2)

We have N fundamental chiral multiplets X, N anti-fundamental chiral multiplets Y, and
an adjoint chiral multiplet ®. There is also a cubic superpotential W = Tr(®XY).

The supersymmetric quantum mechanics has a vacuum manifold determined by solu-
tions to the equations

pr—r1=0, [c4, 0P =0, (5.3)
d X =0, Y- ®=0, X Y=0, (5.4)
cdX=0, -Y.o'=0, [04®]=0, (5.5)

which coincide with configurations annihilated by all four supercharges. As in the two-

A = 0 and the vacuum

dimensional theory, with r > 0 solutions are forced to have o
manifold is ¥ = T*G(k, N).
The supersymmetric quantum mechanics has flavour symmetry Gy = PSU(N) x U(1)}.

We can turn on SU(2) 4 triplets of mass parameters (mf},...,m4, i) of mass parameters

by coupling to a background vectormultiplet with a vacuum expectation value for ¢ in
Ty. The o components of these mass parameters are the complex masses (m1,...,my,h)
introduced in two dimensions. In section 5.4, we will also want to turn on real mass pa-
rameters (m3, ..., m%) which arise from turning on background holonomy for the PSU(N)

flavour symmetry around the S*.
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In the presence of such mass parameters, equations (5.5) are deformed to

h h -
(Ja—mj—l—2>X“j:O, <—0a—mj—i—2)Y]a:O, (0g —op+h)P%% =0, (5.6)

(03 — m?)Xaj =0, (o3 — m;’)Yja =0, (03 —0)®% =0. (5.7)

For generic values of the mass parameters, this lifts the vacuum manifold to the isolated
fixed points of the T’ action on U.

5.2 Empty boundary condition

Before constructing boundary conditions in the supersymmetric quantum mechanics that
correspond to the inserting S}W) (o) at the tip of the cigar, we first consider the empty
boundary condition associated to a cigar without any insertion. Our discussion of such
boundary conditions has much in common with the description of B-type boundary con-
ditions in 2d N = (2,2) gauge theories [19, 20, 25].

The appropriate boundary condition for the vectormultiplet can be determined as fol-
lows. First, as we are considering the sector with vanishing flux and o3 f g1 A, we should
impose the Dirichlet boundary conditions o3| = 0. The remaining boundary conditions,

Al=0, o3 =0, Dyol=0, M|=XM|=0, (5.8)

are determined by preserving the 0d N/ = (0,2) supersymmetry algebra generated by
Q:=Q_and Q, = 6+ at the boundary.

Let us now consider the boundary conditions for the chiral multiplets. A 1d N = 4
chiral multiplet can be decomposed into a chiral multiplet (¢,2) and a Fermi multiplet
Y1 with superpotential Ey(¢) = D;¢ in terms of the boundary N = (0,2) supersymmetry
algebra generated by Q_ and Q 4. A basic boundary condition therefore involves Neumann
for the chiral component and Dirichlet for the Fermi component,

D¢ =0], 1| =0,  Drypg|=0. (5.9)

The components (¢, ) transform as a N' = (0,2) chiral multiplet at the boundary. We
call this a ‘Neumann’ boundary condition. In the presence of a bulk superpotential, this
boundary condition must be supplemented by a choice of matrix factorization.

The boundary condition corresponding to the empty cigar can now be described as
follows. We first impose Neumann boundary conditions for X, Y and ®. We then couple
to a 0d Fermi multiplet n with the same charges as ® and boundary superpotentials

E,=d|, J,=X-Y|. (5.10)

This provides a matrix factorization of the bulk superpotential, W| = E,-J,,. Note that the
boundary superpotential E;, = ®| effectively modifies the boundary condition for ® from
Neumann to Dirichlet. This is compatible with the zero mode analysis in section 4.2. In
particular, the chiral fields X (z) and Y (z) were non-zero at z = 0 corresponding to a Neu-
mann boundary condition, whereas ®(0) = 0 reproducing a Dirichlet boundary condition.
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The ‘empty’ boundary condition is compatible with any vacuum configuration in ‘U.
It will therefore flow to Neumann boundary conditions in the supersymmetric sigma model
supported on the whole of 2. In particular, the partition function on an interval with
the empty boundary condition at each end reproduces the n = 0 contribution to the CP!
partition function,

k
[I(oa—0b) II (0a—0b—H)
k
(1a = (—1)’“2/1;7 s i , (5.11)
i [T [1(oa—mi+8)(—oa +m; + 1)

a=11i=1

which is the equivariant integral of ‘1’ over . From this perspective, the denominators
arise from the N' = (0, 2) chiral multiplets X,Y. The contributions coming from two Fermi
multiplets 1 at two boundaries cancel the contribution from the chiral multiplet ® and
provide the factor (—1)* [ ap(0a — 0p — 1) in the numerator. The remaining numerator
factor [], #(aa — op) is the vector multiplet contribution. The contour ~ is chosen by
following the Jeffrey-Kirwan prescription.

5.3 Stable boundary conditions

We now consider the class of boundary conditions that arise from inserting Sr(o) at the
tip of the cigar. Flowing to a supersymmetric sigma model to the vacuum manifold J,
such boundary conditions are supported on holomorphic lagrangian submanifolds in ¥ that
are fixed by Ty. In this section, we provide an elementary description of these boundary
conditions in the supersymmetric gauge theory by coupling the empty boundary condition
to additional boundary degrees of freedom. The construction is similar in spirit to the
exceptional Dirichlet boundary conditions introduced in [26].

Let us first consider the abelian case. Following the arguments of section 4.1, let us
first consider the boundary condition obtained by inserting the homogeneous polynomial
o—m;j+ % at the tip of the cigar, corresponding to the equivariant weight of the coordinate
X;. In the vanishing flux sector, this is a polynomial representative of the equivariant
cohomology class Poincaré dual to {X; = 0} ¢ T*CPV 1.

This boundary condition is described in the supersymmetric quantum mechanics by
coupling the empty boundary condition to a 0d N' = (0,2) Fermi multiplet x; with the
same charges as X; with boundary superpotentials

Ey, =X;, Jy=0. (5.12)

J

The 0d N = (0, 2) chiral multiplet part of X; will receive a mass from the superpotential
at the boundary modifying the boundary condition for X; from Neumann to Dirichlet.
This boundary condition is therefore supported on the subspace {X; = 0} C T*CPN—1
of the vacuum manifold. In the computation of partition functions, the boundary Fermi
multiplet x; provides an additional contribution

h
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in the numerator of the integrand. This reproduces the effect of inserting the twisted chiral
operator f(o) =0o —m; + & at the tip of the cigar.

It is now straightforward to write down the boundary condition corresponding to in-
serting the twisted chiral operator Sr(o) with I = {i} in abelian theories. We deform the
empty boundary condition by introducing (N — 1) boundary Fermi multiplets x; for j # ¢
with the boundary superpotentials

X, if j<i
EX].:{]_ TS =0 (5.14)
Y, it j>i

The charges of the Fermi multiplets are uniquely determined by their superpotentials. The
boundary condition is now supported on the subspace

X;=0 for j<I, Y;=0 for j>1I, (5.15)

of the vacuum manifold 0. A partition function with this boundary condition will include
an additional contribution compared to the empty boundary condition,

ﬁ(a—mﬁ—Z) ﬂ <—a+mi+z>, (5.16)

=1 =141

from the additional contributions of the Fermi multiplets ;. Therefore, this boundary
condition reproduced the computation with S7(o) inserted. Note that due to the symmetry
(x5, Ej, J;) < (X, Jj, Ej), we could equivalently have coupled to boundary fermi multiplets
with J-type superpotentials.

This boundary condition can be easily generalized to non-abelian theories in a manner
consistent with the zero mode analysis of section 4.2. The boundary condition for S;(&)
with I = {I1,..., I} should be supported on the subspace of U defined by

X% =0 for j<I,, Yi, =0 for j>1I,. (5.17)

These constraints can be implemented by introducing k(N — 1) Fermi multiplets denoted
by x%; for j < I, and X/, for j > I, with superpotentials

(By)% = X% for j<I, (B, =Y, for j>1I,, (5.18)

together with J, = 0.
Recalling that I, < I if and only if a < b, these constraints imply that the complex
moment map for the gauge symmetry is upper triangular at the boundary,

Z Xanjb|, if agb,
(X -Y)%| = < L<j<n, (5.19)

0, if a>0b.
Therefore the matrix factorization requires that we introduce only @ Fermi multi-
plets at the boundary, with components 1%, for a > b, with boundary superpotentials
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(Jn)% =X - Y| and (E;)% = ®%|. This leads to additional bosonic fluctuations at the
boundary from the components %, with a < b.

In addition, the boundary condition breaks complex gauge transformations G¢ = GL(k)
to the Borel subgroup B of upper triangular transformations. There are therefore additional
bosonic fluctuations at the boundary parametrizing Fy = G¢/B, which is complex version
of the breaking of U(k) to its maximal torus described in section 4.2. As mentioned there,
these fluctuations combine with those of ®%,| for a < b to form the cotangent bundle
T*F}j, whose hyper-Kéhler structure is a reflection of the fact that the boundary condition
preserves a N’ = (0,4) supersymmetry in the limit 4 — 0.

In the computation of interval partition functions, this boundary condition leads to an
additional contribution compared to the empty boundary condition,

i=1 T.+1

I;Ib(aa —op)(0q —op—h)

k I,—1 N
H (H (aa—mi—i—%) H (—aa+mi+§)>

(5.20)

Here, the numerator factors are the contributions from the boundary Fermi multiplets x¢;
and x’/,. The denominator factors arise from additional bosonic zero modes of ®%| for
a < b and from the breaking of the gauge symmetry. As mentioned in section 4.2, the
denominator factors combine to form an equivariant weight of the tangent bundle at a
fixed point of T*F, and symmetrizing over o1, ..., 0k, the result can be interpreted as an
equivariant integral over this boundary moduli space.

5.4 Thimble boundary conditions

In this section, we turn on real mass parameters (mi’, e ,m?\,) valued in the Cartan subal-

gebra of the PSU(N) flavour symmetry. These parameters arise from a background flavour
holonomy around S! in the two-dimensional setup. In the presence of real mass parameters,
there is a natural class of boundary conditions for the supersymmetric quantum mechanics
preserving Q_, Q_ , which are analogous to thimble boundary conditions in 2d N = (2,2)
theories [27-29]. We will need a slight generalization of the standard notion appropriate
for theories with multiple isolated vacua connected by gradient flows [26]. We will adapt
this construction here to the context of 1d N' = 4 supersymmetric quantum mechanics. We
expect this to provide a physical counterpart to the construction of stable envelopes [11].

In the presence of real mass parameters {m3,..., mf,)’v}, the configurations of the su-
persymmetric quantum mechanics preserving Q_, Q | are

1
pur —rl = —?DTO’?’,

(5.21)
D, X=-0>X+X-m* DY=Y-0>-m?Y, D&=—[037].
These equations can be reformulated as the gradient flow equations
_ _xxi O
D X=—g ST (5.22)
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where
h = /03 (pr — L) —m? - R (5.23)
gl

and pg and pR,, denote the moment maps for the gauge and flavour symmetry respectively.
The notation X refers to one of the fields {X,Y,®, 03} and gXXT is the inverse metric on
the space of fields inherited from the Lagrangian.

Note that inside of gauge invariant combinations of the fields X and Y, we have

0, X =X-m3, 2,Y =-m3.Y, (5.24)

and therefore gauge invariant combinations of X and Y will grow or decay along the 7
direction according to their charge under the flavour transformation generated by m?.
This is gradient flow on the vacuum manifold 2 for the Morse function h,, = m? - MR, m -
A preliminary definition of a left thimble boundary condition By on 7 > 0 can now
be given as follows: it is a boundary that is equivalent for the computation of correlation
functions preserving Q_, Q + to the placing theory on 7 > —oo with a fixed isolated
vacuum vy at 7 — —oo. The support of such a boundary condition is in the first instance
the submanifold of points in U that can be reached by an infinite gradient flow from the

vacuum vy at 7 — —oo. This submanifold clearly depend on the ordering of the real mass

parameters. Suppose that the real masses are ordered as mfr 1 < < mi (N) for some
permutation 7, then we denote this submanifold by %Y).
However, in passing from 7 = —oo to 7 = 0, we will need to allow for a sequence of do-

main walls preserving Q_, Q . that interpolate between different isolated vacua connected
by gradient flows. In order to formalize this notion, we can introduce a partial ordering on
the set of isolated vacua {v;} depending on the permutation 7, by the requirement

there exists a w-gradient flow v; - v; = v <; vy, (5.25)

and extending transitively, namely if v; <, vy and vy <; vk then also v; <, vi. Allowing
for sequences of domain walls interpolating between vacua, the support of a left thimble
boundary condition By is

oy = | 9. (5.26)

vi<zvj

We claim that the thimble boundary condition Bj in the presence of mass parameters
ordered by the permutation 7 corresponds to boundary condition constructed in section 5.3
associated to inserting S}ﬂ) (o).

Let us illustrate this construction with an abelian example: £k = 1 and N = 2 with
¥ = T*CP! — see table 1. Introducing a real mass parameter m? for the U(1),, flavour
symmetry, we have

B = (= X1 [2 4 [ Xal? + V12 — [Vaf?). (5.27)

Note that in the graphical representation of ¥ = T*CP! in figure 10, the Morse function is
proportional to the coordinate along the horizontal axis. The gradient flows are therefore
straightforward to understand in this graphical representation.
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Figure 14. The support of thimble boundary conditions generated by vacua vy and vs for permu-
tations 7 = {1,2} (m® < 0) and 7 = {2,1} (m?® > 0).

The permutation 7 = {1,2} corresponds to m® < 0 and the permutation 7 = {2, 1}
corresponds to m3 > 0. In the graphical representation, the direction of flow for increasing
7 is from left to right for 7 = {1,2} and right to left for 7 = {2,1}. The vacua are
therefore ordered such that vy <r vy for m = {1,2} and vo <; vy for m = {2,1}. First, it is
straightforward to see that

gt = P! — {0y}, o> =

(5.28)
vl = B, i = cP! - {u1},

where F; denotes the fiber of ¥ = T*CP! at the fixed point v;. We therefore generate
thimble boundary conditions with support

ol =gl ol =cPluk, oY =gl =p,

(5.29)
wl? =gt = my, wiY =gl ugl™ = cPlu R,

which are illustrated in figure 14. The supports of these boundary conditions clearly
coincide with those obtained from the cigar with insertions of Si{m} (o) and 551’2} (o) for
m={1,2}, and Si{2’1}(0) and 552’1}(0) for m = {2,1}.

Finally, let us attempt to make a general statement. We expect that the left thimble
boundary condition Bj generated by real mass parameters m?r 1 <- - mf’r (N) is equivalent
for the purpose of computing correlation functions preserving Q_, Q, to the boundary
condition in section 5.3 corresponding to S}W)(J). Since 7 — —7 transforms the gradient
flow equations in the same way as m? — —m?, the right thimble boundary condition for the

same mass parameters reproduces the function S}L‘ﬂ)(a), where ¢ : {1,...,N} = {N,...,1}
is the longest permutation.

— 38 —



6 The R-matrix

In this section we return to studying the Heisenberg spin chain and the question of how the
R-matrix arises in the study of supersymmetric gauge theory. In particular, we will examine
the two-point functions of stable basis elements S}W)(&') in the A-twisted supersymmetric
gauge theory on the sphere. These correlation functions are in fact independent of ¢ and can
therefore be interpreted as the partition function of a supersymmetric quantum mechanics

of section 5 on a interval with thimble boundary conditions at either end.

6.1 Orthonormality of stable basis

Let us first consider the two-point correlation functions of basis elements S}ﬁ) () at {+}
and Sgb'ﬁ) (¢) at {—} where ¢ : {1,...,N} — {N,...,1} is the longest permutation. This
correlation functions are independent of ¢ and evaluate to

(S77(5)S5 (@) = 01,1 (6.1)

The appearance of the reflection ¢ here is natural from the orbifold construction. The
orbifold construction at {4} producing Sp)(ﬁ) has flavour holonomy (gr)?; = w™ =157,
This is compatible with turning on flavour holonomy in a neighbourhood of {+} of the

form eiei5ij such that 0.y < ---0rv). Translating to {—} without allowing these holon-
omy eigenvalues to cross, the compatible orbifold construction leads to functions S}L’W)(E).
Similarly in the supersymmetric quantum mechanics, introducing constant real masses or-
dered such that mfr(l) <--- < mf’r (V) leads to left thimble boundary conditions generating

= (em)

S}ﬂ) (¢) and right thimble boundary conditions generating S; ().
This observation motivates to define an inner product,

(£(9),9(0)) = (f(9),9(3))s2 (6.2)

where the conjugation sends o, — —0,, m; — —m,;. In particular, S}w) (0) = S}”r) (¢) and
therefore the stable basis elements for a given permutation 7 are orthonormal,

(57(5), (@) = b1, (6.3)

By construction, this inner product depends only on the functions f(&) and ¢(&) modulo
the twisted chiral ring relations. Under the correspondence outlined in the introduction 1,

this corresponds to the inner product on the spin chain Hilbert space,?

Vo =2 ®C ®..0C2

Mr(1) Mr(2) Mr(N) "’

(6.4)

with sites ordered according to the permutation 7. In particular, equation (6.3) corresponds
to the orthonormality of the up-down basis of the spin chain, (I|J) = d7 ;.

3In the supersymmetric gauge theory, we have allowed the parameters (o1,...,0x), and (m1, ..., my, i)
to be complex. In order to recover the honest inner product on the spin chain Hilbert space, we would need
to specify certain reality conditions on these parameters such that they map exactly onto the corresponding
spin chain parameters.
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6.2 R-matrix from Janus interface

The natural next step is to consider the inner product of stable basis elements for differ-
ent permutations m and 7/. These correlation functions are again independent of ¢q. Let
us therefore consider this problem from the perspective of the supersymmetric quantum
mechanics of section 5.

Consistency of such a correlation function requires that the mass parameters
(m3, .. ,m?’v) vary as a function of 7 across an interval, such that they are ordered by
the permutation 7 at the left boundary and by 7’ at the right boundary. This is an exact
deformation and therefore correlation functions do not depend on the particular profile
of this variation. In particular, we can say that such a correlation function requires the

presence of a ‘Janus interface’ J; - for the real mass parameters. The inner product
(8{7(5),55(@)), (6.5)

is computing the partition function of the supersymmetric quantum mechanics on a interval
with the interface Jr »» between thimble boundary conditions generated by the vacua vy
on the left and v on the right.

In order to develop the connection between such correlation functions and spin chain
quantities, let us consider the simplest example corresponding to a spin chain of length
N = 2. In that case we have two distinct permutations, {1,2} and {2,1}, and three
supersymmetric theories with k£ = 0, 1 and 2. The correlation functions

(sf29(@), 852 @), (6.6)
are straightforward to evaluate explicitly. The result is summarized in the following table
T sy sy o3
s 0 0 0
mip—m
St |0 My —my + h inm1ih 0
Sty |0 0 0 1

One can immediately recognize this table as the matrix elements of the spin chain R-
matrix (2.13) acting on C2, . ® Cfm, up to a sign. Summarizing this example, there are two

sets of correlation functions

(51(5),855)) = o1,
(2,1} (1,2} (6.8)
(S777(d), 857(d)) ~ Rpy(my —ma),

which can be represented graphically as in figure 15. The first line consists of correlation
functions consistent with constant real masses ordered by the permutation {1,2}, whereas
the second line contains correlation functions consistent with the presence of a Janus in-
terface J{2,1},{1,2}'
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1 2 1 2

Figure 15. Graphical representation of correlation functions producing identity and R-matrix for
a spin chain of length NV = 2.

In order to extend this correspondence to supersymmetric gauge theories with N > 2,
we will need to introduce the notion of a Weyl R-matrix depending on a pair of permutations
Ty, T—,

RT™) (my, ... my) : V™) — Y (6.9)

! as a convolution of elementary transpositions

In order to define it, let decompose the 74 -7w_
of two elements (i j),
7T+~7r:1:(i1j1)~(igjg)-...'(iLjL). (610)

We now define

R(WJ”ﬂ*)(ml, . ,77’LN) = R7r,(i1)7r,(j1) (mﬂf(jl) — m,rf(il)) e
R (inyr (o) (M) =M _(ip)) - (6:11)

As a consequence of the Yang-Baxter equation (2.12) and the unitarity condition (2.14)
the Weyl R-matrix is independent of the choice of decomposition into elementary transpo-
sitions.

We have found that the components of the Weyl R-matrix coincide with the correlation

functions

R ™ (my, . my) = NTH™) 5 (87 (5), 8T (3)) (6.12)

where

N[(j]r+,7r_) _ (_1)|7|—11(I)|+|7r:1(‘])‘ , (613)

is a sign. We have performed extensive checks of this relation in numerous examples. In the
supersymmetric quantum mechanics setup of section 5, the matrix elements of the Weyl
R-matrix are therefore identified with the partition function of a Janus interface Jr, _
between thimble boundary conditions generated by the vacua vy and v;.

We end this section with an example of a Weyl R-matrix. Let us fix the spin chain
length N =5 and choose permutations 7 = {1,4,3,5,2} and 7— = {1,2,3,4,5}. We can
decompose the permutation 7, - 7= = (25) - (34) - (24) - (23) and therefore define

RALA3SZALZ3ASN (1) mis) = Ros(misz) Raa(masz) Raa(mag) Rag(msg) (6.14)

which can be straightforwardly computed from the matrix elements of the elementary R-
matrices, R;j(m;;). This R-matrix can be depicted as in figure 16. Equivalently, the same
matrix elements can be computed from the correlation functions

Rggl,4,3,5,2},{1,2,3,4,5}) (ml, o ,TTL5) _ NIJ<S}1,4,3,5,2} (5,)7 S§1,2,3,4,5} (6)> , (615)
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1 4 3
1 2 3
Figure 16. Decomposition of the Weyl R-matrix as a product of elementary R-matrices. The

Weyl R-matrix is independent of the decomposition as a consequence of the Yang-Baxter equation
(figure ba) and unitarity (figure 5b).

4 5

which can be evaluated by directly performing the contour integral in (3.16). Both of these
computations give the same result.

6.3 Yang-Baxter equation

As explained in the previous section, we have performed extensive checks that the Weyl

R-matrix R%*’L) (m1,...,mpy) corresponds to matrix elements of a Janus interface Jr, »_
in the supersymmetric quantum mechanics setup of section 5.

In the same manner that the Weyl R-matrix R%* =) (mq,...,mp) is constructed from
elementary R-matrices according to a decomposition m - = (i171) + ... (irjr), the

Janus interface Jr, »_ is a composition of elementary Janus interfaces J;; that interchanges
the real masses mf’ and mg?,

jﬂ‘_hﬂ’_ — k7i1j1 Teeet ‘7Z'L.7'L . (616)

This can be understood since deformations of the profile m3(7),...,m3(7) for the real
mass parameters are exact in Q_, Q 1. We are therefore free to choose a profile consisting
of a sequence of ‘jumps’ where pairs of mass parameters m? and m? are interchanged.
Each of these jumps can be regarded as an elementary Janus interface J;;. Inserting the
complete set of states provided by the stable basis S}”) (&) in between each elementary Janus
interface then reproduces the decomposition (6.11) of the Weyl R-matrix. Equation (6.16)
can therefore be understood as a basis-independent statement of this decomposition.

The fact that the Weyl R-matrix is independent of the choice of decomposition into
elementary transpositions followed from the Yang-Baxter equation (2.12) and the unitar-
ity condition (2.14). From the perspective of supersymmetric quantum mechanics, this

property is guaranteed since different decompositions of a profile m3(7),...,m3(7) into
elementary jumps are related by exact deformations. In particular, we have
Tij - Tike - Tjk = Tk - Tk - Tij (6.17)
and
Jii T =1, (6.18)

where 7 is an identity interface preserving the order of the real mass parameters. This is
a basis-independent statement of the Yang-Baxter equation and unitarity relation. The
standard equations for R-matrices are recovered by inserting the complete set of states
provided by the stable basis S}ﬂ)(c?) in between each elementary Janus interface.
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7 Discussion

In this paper, we have investigated aspects of the correspondence between XXX 1 Heisen-
berg spin chains and 2d N = (2,2) supersymmetric gauge theories. We have2focussed
on reproducing components of the algebraic Bethe ansatz for spin chains from correlation
functions in A-twisted supersymmetric gauge theory and their reduction to partition func-
tions in A/ = 4 supersymmetric quantum mechanics. In particular, we have provided a
concrete construction of the wavefunctions of off-shell Bethe states as orbifold defects in
A-twisted supersymmetric gauge theory, and as thimble boundary conditions in supersym-
metric quantum mechanics. We have also developed a new interpretation of the spin chain
R-matrix as the matrix elements of Janus interfaces for mass parameters, leading to a novel
and basis-independent presentation of the Yang-Baxter equations.
Let us conclude with some directions for further research:

e First, there are some important components of the algebraic Bethe ansatz that we
have omitted from our presentation. One example is the generators of the Yan-
gian symmetry of the spin chain. Unlike the R-matrix, Yangian generators have
non-vanishing matrix elements between spin chain states with different number of
excitations. On the supersymmetric side of the correspondence, this will corre-
spond to correlation functions of interfaces that change the rank of the gauge group,
U(k) — U(K'). Tt is straightforward to construct such interfaces in the supersym-
metric quantum mechanics description of section 5, following methods introduced
in [30]. However, we expect a complete discussion of Yangian representation theory
and the algebraic Bethe ansatz will arise from ‘tri-partite’ interfaces in supersymmet-
ric quantum mechanics relating theories (k, N), (k/, N') and (K", N”) with different
gauge and flavour symmetries [31].

e Secondly, in this paper we have considered only su(2) spin chains with the funda-
mental representation at each site. It would be interesting to extend the results
presented here to more general groups and representations, by studying more general
supersymmetric quiver gauge theories.

e Finally, it would be interesting to extend our results to trigonometric or elliptic spin
chains, corresponding to three and four dimensional supersymmetric gauge theories.
The corresponding localization techniques for correlation functions of twisted theories
on S% x St or $? x T? have been developed in [7, 32, 33].
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A Conventions

A1 2d N = (2,2) supersymmetry

We consider two-dimensional N = (2,2) supersymmetric theory on a flat space with Eu-

1

clidean coordinates (x!,2%). We will also introduce a complex coordinate z = z' + ix?.

2

Our conventions are taken directly from appendix A of [25] with 20 = —ixz?.

The supersymmetry transformations of a vectormultiplet are
i _
0eAz = 5 (B4 A+ +e4Ay),
S.A, = —%(E_)\_ e hl),
1
56)\+ = ’L'€+ (D — 2iF22 + 5[0’, 5']) + 2€,D25',
. . . _
SeA_ = te_ <D + 2iF, s — 5[0, 0]) —2e+D,o0,
< . . 1. _ _
deAy = —iey <D + 2% F,; + 5[0, a]) + 2¢_D:so,
T . . 1. _ _ _
OeA_ = —1lE_ <D —2iF,s — 5[0, 0]> —2é,D,0,

(550' = —i(€+)\_ + €_X+),

00 = —i(ex A +E_Ay),

6D =€, DAy —é_D:\_ —e DAy +e_ DA
' - i - i

i _ o i
+ §€+[07 A+ 56—[07 A] = §€+[U,)\—] - 56—[0, At

(A.9)

For a chiral multiplet transforming in a unitary representation of the gauge group G, the

supersymmetry transformations are

0ch = €1t —€e_1hy,
0 = —E1 + e Py,
Sby = 2iE_Ds¢p+ e, F — €.56,
O0p_ =2iex Do+ e F +€e_od,
Sty = —2ie_Dzp+ e F —eydo,
Sep_ = —2ie,D,p+eé F+e_¢a,
§.F = —2ie_Dstp_ + 2ie, Db,
+ (640U +e-ohy) +i(e- Ay —ExA-)0,
6F = —2ie_Dzp_ + 2iey D.apy
— (e49-0 + e_1p10) +ige-Ay — e A-),

(A.17)

where D, = 9, +1A,, and it is understood that vectormultiplet fields act in the appropriate

representation of G.
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The standard Yang-Mills Lagrangian for a vector multiplet is

1 _
Ly=Tr [ d'0(—-55%
v / < 2e? )
1 B R - e ) )
:ﬁTI' —2D50'DZO'—2DZO'D20'+2Z)\,D2)\7—2@)\+Dz>\++4F22+D
e

VGO IO WS PR m) ,

and FI term
Lpr = Re/d2é(—tz) = —rD —20F,; .

The chiral multiplet Lagrangian is
L=Tr / d*0 deV ® + total derivative

—Ty (—2D5¢qu3—2D2¢D5q3+mz_55w_ — ity Dby + 6D+ |2~ |og?

_ _ _ _ _ _ 1-
—Y_0Py =P O —iPA_ Py HiPA LY i AP —ip Ao+ §¢[07 5]¢> )

and superpotential term

Ly = Re/dQHW(QJ).
Writing a general supersymmetry transformation as
b =i(e+Q- —e- Qi —&.Q- +6-Qy),

we find that

{Q—va—} =2D, {Q+76+} = —2iD;
{Q-.Q} =0 {Q+.Q_} =0
{Q+,Q-}=0 {Q,.Q_}=0

Qi =0 Qi =0.

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

The charges of the supersymmetry generators under U(1); rotations and the axial U(1)4

and vector U(1)y R-symmetries are shown below:

Ul), UMy Ud)a | UD);
Q. | -1 -1 -1 —2
Q.| -1 +1 +1 0
Q| +1 —1 +1 0
Q| +1 +1 —1 +2
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A.2 N =4 quantum mechanics

In order to write the NV = (2,2) supersymmetry algebra as a 1d N' = 4 supersymmetry
algebra, we compactify a spatial direction on a circle ! ~ z! + 2rR and rename 7 = z2.

We can then organize the supercharges into spinors

Q- A Q:
Qa = Qu=| 4 |, A27
“ Q+ “ -Q- (4.27)
combining supercharges of U(1)y charge —1 and +1 respectively. Note that the top (resp.

bottom) components of both spinors have charge +1 (resp.—1) under U(1)4. With this
notation, the supersymmetry algebra with Z = 0 can be re-expressed as follows

{Qom QB} =0
{roa Qﬁ} = EQBDT + Zaﬁ (A28)
{Qom Qﬁ} =0 y

where

0-1 —o —iDy
o (1) w5 ) i

This takes the form of an A/ = 4 supersymmetric quantum mechanics with R-symmetry
U(1)y x SU(2) 4 R-symmetry. States with KK momentum in the x! direction clearly break
SU(2)4 to the U(1) 4 axial R-symmetry in two dimensions.

We now write the supersymmetry transformations of the fields in SU(2)4 covariant
notation. We need to choose a convention for raising and lowering indices and will choose
€2 = €9 = 1 with ¢® = eaﬁwﬁ and Y, = eagwﬁ. We first write the supersymmetry
transformations in SU(2)4 covariant notation as

§ = i(e"Qn — Qy) . (A.30)

For the vectormultiplet we write

Uaﬁ = O'I(TI)QIB - (;1? f;}) , )\a = (i;) s xa = (j;_) s (AS].)
B

where (71)4 are the Pauli matrices. In terms of these fields, the supersymmetry transfor-

mation is given by

1 _ —
0A, = 5(—€O‘)\a + €% o), 00ap = ie(a)\ﬁ) + Z'E(O)\ﬁ) ,

bha = —ie’Ds0ug — w60l 0] +icaD,

) Z. 2 (A.32)
e = 1€ Drop — iév[oaﬂ, 057] —i€a D,

5D = % <€aDT)\a + @ DAa + 0.2 Agle® — [0, /\5]€a> .
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For the chiral multiplet we have the supersymmetry transformation as

5 = "o, 0¢=—,,

5o = €aDrp+ €oF + 0050,

0o = €aDrp+EF + P Poyp, (A.33)
0F = —&*Dyihy — ie®Natp + ©00s0” ,
OF = €* Dby — i€* XMo@ + GQUaB@B )

where

(- N T
Yo = <¢+> Yo = <_¢> : (A.34)

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

1]

2]

N.A. Nekrasov and S.L. Shatashvili, Supersymmetric vacua and Bethe ansatz, Nucl. Phys.
Proc. Suppl. 192-193 (2009) 91 [arXiv:0901.4744] [NSPIRE].

N.A. Nekrasov and S.L. Shatashvili, Quantum integrability and supersymmetric vacua, Prog.
Theor. Phys. Suppl. 177 (2009) 105 [arXiv:0901.4748] [INSPIRE].

N.A. Nekrasov and S.L. Shatashvili, Quantization of Integrable Systems and Four
Dimensional Gauge Theories, arXiv:0908.4052 [INSPIRE].

H. Bethe, On the theory of metals. 1. Figenvalues and eigenfunctions for the linear atomic
chain (in German), Z. Phys. 71 (1931) 205 [INSPIRE].

L.D. Faddeev, How algebraic Bethe ansatz works for integrable model, hep-th/9605187
[INSPIRE].

C. Closset, S. Cremonesi and D.S. Park, The equivariant A-twist and gauged linear o-models
on the two-sphere, JHEP 06 (2015) 076 [arXiv:1504.06308] [INSPIRE].

F. Benini and A. Zaffaroni, A topologically twisted index for three-dimensional
supersymmetric theories, JHEP 07 (2015) 127 [arXiv:1504.03698] INSPIRE].

N.A. Nekrasov and S.L. Shatashvili, Bethe/Gauge correspondence on curved spaces, JHEP
01 (2015) 100 [arXiv:1405.6046] [INSPIRE].

H.-J. Chung and Y. Yoshida, Topologically Twisted SUSY Gauge Theory, Gauge- Bethe
Correspondence and Quantum Cohomology, arXiv:1605.07165 [INSPIRE].

N. Nekrasov, Bethe States As Defects In Gauge Theories,
http://scgp.stonybrook.edu/video_portal /video.php?id=1775 (2013).

D. Maulik and A. Okounkov, Quantum Groups and Quantum Cohomology,
arXiv:1211.1287 [INSPIRE].

M. Aganagic and A. Okounkov, Quasimap counts and Bethe eigenfunctions,
arXiv:1704.08746 [INSPIRE].

47 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.nuclphysBPS.2009.07.047
https://doi.org/10.1016/j.nuclphysBPS.2009.07.047
https://arxiv.org/abs/0901.4744
https://inspirehep.net/search?p=find+EPRINT+arXiv:0901.4744
https://doi.org/10.1143/PTPS.177.105
https://doi.org/10.1143/PTPS.177.105
https://arxiv.org/abs/0901.4748
https://inspirehep.net/search?p=find+EPRINT+arXiv:0901.4748
https://arxiv.org/abs/0908.4052
https://inspirehep.net/search?p=find+EPRINT+arXiv:0908.4052
https://doi.org/10.1007/BF01341708
https://inspirehep.net/search?p=find+J+%22Z.Physik,71,205%22
https://arxiv.org/abs/hep-th/9605187
https://inspirehep.net/search?p=find+EPRINT+hep-th/9605187
https://doi.org/10.1007/JHEP06(2015)076
https://arxiv.org/abs/1504.06308
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.06308
https://doi.org/10.1007/JHEP07(2015)127
https://arxiv.org/abs/1504.03698
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.03698
https://doi.org/10.1007/JHEP01(2015)100
https://doi.org/10.1007/JHEP01(2015)100
https://arxiv.org/abs/1405.6046
https://inspirehep.net/search?p=find+EPRINT+arXiv:1405.6046
https://arxiv.org/abs/1605.07165
https://inspirehep.net/search?p=find+EPRINT+arXiv:1605.07165
http://scgp.stonybrook.edu/video_portal/video.php?id=1775
https://arxiv.org/abs/1211.1287
https://inspirehep.net/search?p=find+EPRINT+arXiv:1211.1287
https://arxiv.org/abs/1704.08746
https://inspirehep.net/search?p=find+EPRINT+arXiv:1704.08746

[13]

[14]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]
[32]

[33]

E. Witten, Phases of N = 2 theories in two-dimensions, Nucl. Phys. B 403 (1993) 159
[hep-th/9301042] [INSPIRE].

D.R. Morrison and M.R. Plesser, Summing the instantons: Quantum cohomology and mirror
symmetry in toric varieties, Nucl. Phys. B 440 (1995) 279 [hep-th/9412236] [INSPIRE].

A. Okounkov, Lectures on K-theoretic computations in enumerative geometry,
arXiv:1512.07363 [INSPIRE].

B. Kim, Stable quasimaps, arXiv:1106.0804 [INSPIRE].

A. Losev, N. Nekrasov and S.L. Shatashvili, Freckled instantons in two-dimensions and
four-dimensions, Class. Quant. Grav. 17 (2000) 1181 [hep-th/9911099] [INSPIRE].

A. Losev, N. Nekrasov and S.L. Shatashvili, The Freckled instantons, hep-th/9908204
[INSPIRE].

K. Hori and M. Romo, Ezact Results In Two-Dimensional (2,2) Supersymmetric Gauge
Theories With Boundary, arXiv:1308.2438 [INSPIRE].

D. Honda and T. Okuda, Ezact results for boundaries and domain walls in 2d
supersymmetric theories, JHEP 09 (2015) 140 [arXiv:1308.2217] [INSPIRE].

L.F. Alday and Y. Tachikawa, Affine SL(2) conformal blocks from 4d gauge theories, Lett.
Math. Phys. 94 (2010) 87 [arXiv:1005.4469] [INSPIRE].

H. Kanno and Y. Tachikawa, Instanton counting with a surface operator and the chain-saw
quiver, JHEP 06 (2011) 119 [arXiv:1105.0357] [INSPIRE].

M. Bullimore, H.-C. Kim and P. Koroteev, Defects and Quantum Seiberg- Witten Geometry,
JHEP 05 (2015) 095 [arXiv:1412.6081] [INSPIRE].

M. Bullimore and H.-C. Kim, The Superconformal Index of the (2,0) Theory with Defects,
JHEP 05 (2015) 048 [arXiv:1412.3872] [INSPIRE].

M. Herbst, K. Hori and D. Page, Phases Of N = 2 Theories In 141 Dimensions With
Boundary, arXiv:0803.2045 [INSPIRE].

M. Bullimore, T. Dimofte, D. Gaiotto and J. Hilburn, Boundaries, Mirror Symmetry and
Symplectic Duality in 3d N = 4 Gauge Theory, JHEP 10 (2016) 108 [arXiv:1603.08382]
[INSPIRE].

K. Hori, A. Igbal and C. Vafa, D-branes and mirror symmetry, hep-th/0005247 [INSPIRE].

D. Gaiotto, G.W. Moore and E. Witten, Algebra of the Infrared: String Field Theoretic
Structures in Massive N' = (2,2) Field Theory In Two Dimensions, arXiv:1506.04087
[INSPIRE].

D. Gaiotto, G.W. Moore and E. Witten, An Introduction To The Web-Based Formalism,
arXiv:1506.04086 [INSPIRE].

M. Bullimore, T. Dimofte, D. Gaiotto, J. Hilburn and H.-C. Kim, Vortices and Vermas,
arXiv:1609.04406 [INSPIRE].

M. Bulimore, H.-C. Kim and T. Lukowski, in preparation.

C. Closset and I. Shamir, The N’ =1 Chiral Multiplet on T? x S? and Supersymmetric
Localization, JHEP 03 (2014) 040 [arXiv:1311.2430] [nSPIRE].

M. Honda and Y. Yoshida, Supersymmetric index on T? x S? and elliptic genus,
arXiv:1504.04355 [INSPIRE].

48 —


https://doi.org/10.1016/0550-3213(93)90033-L
https://arxiv.org/abs/hep-th/9301042
https://inspirehep.net/search?p=find+EPRINT+hep-th/9301042
https://doi.org/10.1016/0550-3213(95)00061-V
https://arxiv.org/abs/hep-th/9412236
https://inspirehep.net/search?p=find+EPRINT+hep-th/9412236
https://arxiv.org/abs/1512.07363
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.07363
https://arxiv.org/abs/1106.0804
https://inspirehep.net/search?p=find+EPRINT+arXiv:1106.0804
https://doi.org/10.1088/0264-9381/17/5/327
https://arxiv.org/abs/hep-th/9911099
https://inspirehep.net/search?p=find+EPRINT+hep-th/9911099
https://arxiv.org/abs/hep-th/9908204
https://inspirehep.net/search?p=find+EPRINT+hep-th/9908204
https://arxiv.org/abs/1308.2438
https://inspirehep.net/search?p=find+EPRINT+arXiv:1308.2438
https://doi.org/10.1007/JHEP09(2015)140
https://arxiv.org/abs/1308.2217
https://inspirehep.net/search?p=find+EPRINT+arXiv:1308.2217
https://doi.org/10.1007/s11005-010-0422-4
https://doi.org/10.1007/s11005-010-0422-4
https://arxiv.org/abs/1005.4469
https://inspirehep.net/search?p=find+EPRINT+arXiv:1005.4469
https://doi.org/10.1007/JHEP06(2011)119
https://arxiv.org/abs/1105.0357
https://inspirehep.net/search?p=find+EPRINT+arXiv:1105.0357
https://doi.org/10.1007/JHEP05(2015)095
https://arxiv.org/abs/1412.6081
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.6081
https://doi.org/10.1007/JHEP05(2015)048
https://arxiv.org/abs/1412.3872
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.3872
https://arxiv.org/abs/0803.2045
https://inspirehep.net/search?p=find+EPRINT+arXiv:0803.2045
https://doi.org/10.1007/JHEP10(2016)108
https://arxiv.org/abs/1603.08382
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.08382
https://arxiv.org/abs/hep-th/0005247
https://inspirehep.net/search?p=find+EPRINT+hep-th/0005247
https://arxiv.org/abs/1506.04087
https://inspirehep.net/search?p=find+EPRINT+arXiv:1506.04087
https://arxiv.org/abs/1506.04086
https://inspirehep.net/search?p=find+EPRINT+arXiv:1506.04086
https://arxiv.org/abs/1609.04406
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.04406
https://doi.org/10.1007/JHEP03(2014)040
https://arxiv.org/abs/1311.2430
https://inspirehep.net/search?p=find+EPRINT+arXiv:1311.2430
https://arxiv.org/abs/1504.04355
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.04355

	Introduction
	Spin chain primer
	Heisenberg spin chain
	R-matrices
	Bethe states

	Setup
	The model
	Sphere partition function
	Vortex partition function
	Factorization

	Defect operators in 2d
	Abelian theories
	Orbifold construction
	Bethe wavefunctions

	Quantum mechanical description
	N=4 quantum mechanics
	Empty boundary condition
	Stable boundary conditions
	Thimble boundary conditions

	The R-matrix
	Orthonormality of stable basis
	R-matrix from Janus interface
	Yang-Baxter equation

	Discussion
	Conventions
	2d N=(2,2) supersymmetry
	N=4 quantum mechanics


