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Abstract: Surface waves have been extensively studied in earthquake seismology. Surface
waves are trapped near an infinitely large surface. The displacements decay exponentially
with depth. These waves are also named Rayleigh and Love waves. Surface waves are also
used for non-destructive testing of surface defects. Similar waves exist in finite-width three
dimensional plates. In this case, displacements are no longer constant in the direction
perpendicular to the wave propagation plane. Wave energy could still be trapped near the
edge of the three dimensional plate, and hence the term edge waves. These waves are thus
different to the two dimensional Rayleigh and Love waves. This article presents a numerical
model to study dispersion properties of edge waves in plates. A two dimensional semi-
analytical finite element method is developed, and the problem is closed by a perfectly-
matched-layer adjacent to the edge. The numerical model is validated by comparing with
available analytical and numerical solutions in the literature. On this basis, higher order edge
waves and mode shapes are presented for a three dimensional plate. The characteristics of the

presented edge wave modes could be used in non-destructive testing applications.

1.Introduction.
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Theoretical studies on surface waves can be traced back to late nineteenth century, for
instance, Lord Rayleigh investigated Rayleigh waves travelling along the free surface of a
semi-infinite half-space [1]. Love predicted the existence of another type of surface waves,
where particle displacement is perpendicular to the wave propagation plane[2]. Love waves
could also be named as shear-horizontal surface waves. These waves are well studied in the
literature, and three dimensional governing equations are normally simplified as two
dimensional equations, because of the assumption of constant displacements in one direction.
However, surface waves could also form near the edge of a finite width plate, and
displacements are no longer constant in the width direction due to reflections from edges.
These waves are thus named edge waves. An analytical solution of edge waves involves
displacements in three dimensions, and these analytical solutions are generally limited to
specific edge modes. Full dispersion analysis of edge waves hasn’t been presented in the
literature. In this article, a two-dimensional semi-analytical finite element method is
developed to study dispersion properties of edge waves in plates. The numerical solutions are
validated by comparing with available analytical and numerical solutions for surface and
edge waves in the literature. On this basis, full dispersion curves of edge waves in a typical

plate are presented, which include symmetric, flexural and higher order modes.

Analytical solutions have been developed for calculation of a fundamental flexural edge wave
mode in semi-infinite plates [3-5]. These early studies are based on the classical Kirchhoff
thin plate theory, where the flexural wave motion is uncoupled to displacements in other two
dimensions. Lagasse and Oliner [6] verified the existence of the flexural mode using finite
element calculations and experimental measurements. It was found that the thin plate theory
is only valid in the very low frequency range. However, the development of surface wave
theories requires the plate height to be infinitely large compared to the plate width, to avoid

reflection of waves coming from the bottom of the plate. This is not possible in the



conventional finite element model proposed by Lagasse and Oliner, and thus this numerical
model is not suitable for calculation of full edge wave modes. Various plate theories have
been proposed for the development of flexural edge wave modes in orthotropic and
submerged conditions etc [7-16]. Krushynska [17] presented an exact analytical solution for
dispersion analysis of flexural edge waves in isotropic plates. The superposition method is
used to find the solution of the displacement potential equations, based on the three

dimensional equations of linear elasticity.

However, flexural edge waves are only part of the solution for the three dimensional wave
equations. It is well known that for Lamb waves in isotropic plates, displacements could be
either symmetric (extensional) or anti-symmetric (flexural). By analogy with Lamb waves,
edge waves could also be extensional or flexural. Kaplunov et al [18] studied symmetric edge
wave propagation in isotropic plates subject to mixed face boundary conditions. These mixed
face boundary conditions are not natural boundary conditions, however, they facilitate the
incorporation of trigonometric functions into displacements. Zernov and Kaplunov [19] later
investigated the more general problem of symmetric edge wave propagation in plates with
either stress free or fixed face boundary conditions. The symmetric edge waves are expressed
as an infinite series of Rayleigh-Lamb and shear modes, which could be solved numerically.
Edge resonance (or localised vibration) is another related but different topic. Edge resonance
could occur when the symmetric Lamb mode SO incident upon the free edge of a semi-

infinite strip [20]. This topic is not further discussed here.

Edge phenomena also appear for guided waves travelling along welds or bends in plates.
Postnova and Craster [21] proposed an asymptotic long-wave theory to study weld-guided
waves in plates. Fan and Lowe [22] numerically and experimentally investigated edge waves
guided by a weld joint in a plate. The semi-analytical finite element (SAFE) method is used

to calculate the eigen solutions, and the absorbing region method is used to close the



problem. The same approach was also used to study guided wave propagation along stiffeners
bonded to plates [23]. Ramdhas et al [24] and Yu et al [25] showed that feature-guided waves
appear for thin plates with transverse bends. The semi-analytical finite element (SAFE)
method thus appears to be one of the most widely used methods for dispersion analysis of
guided waves in plates and pipes etc [26-30]. These waveguides generally have an arbitrary
but closed cross-sectional area. For open waveguides, i.e., infinitely large, immersed or
buried waveguides etc, the problem can be tackled by combining the SAFE method with the
perfectly matched layer (PML) method [31-34]. The PML method is used to stretch
coordinates and in the same time damp wave radiation in the infinitely large surrounding

medium.

Despite these analytical and numerical studies, full dispersion curves for edge waves in a
three dimensional plate haven’t been presented in the literature. In this article, a general
weighted residual based SAFE-PML method is proposed to study edge wave propagation in
plates. The same method could also be used to study wave propagation along welds, bends
etc. The feature area is modelled using the SAFE method, and the area surrounding this
feature is modelled using the PML method. Stress free boundary conditions have been
assumed for all the structures studied in this article. The numerical model is validated by
comparing current numerical solutions with Rayleigh, Love, and exactly flexural edge wave
solutions in the literature. On this basis, full dispersion curves for edge waves on a three

dimensional plate are presented.

2. Development of finite element equations



The configuration of a three dimensional plate is shown in Fig. 1. The plate is assumed to be
infinitely long in the wave propagation direction, i.e., —oco0 < z < oo. The plate has a width b
(—=b/2 < x < b/2), and semi-infinite in the thickness direction (y < 0). Edge waves decay
exponentially in the thickness direction. The SAFE method requires only the cross-sectional
area of the plate to be meshed. To avoid meshing an infinitely large area in the thickness
direction, the PML method is used to close the problem. It is assumed that the PML layer

starts at y = —h, and finishes at y = —2h, so that the thickness of the PML layer is h.

In the SAFE layer, the governing equations could be written in the Cartesian coordinates as:
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Here, p, is density, t is time, u; is displacement in the j direction (j = x, y or z), and
;0,1 = x,y or z)) is the elastic normal or shear stress. A time dependence of e'“* is

assumed throughout this paper, where w is the radian frequency and i = v—1. The plate
could include an arbitrary number of layers, however, each layer is assumed to be

homogeneous and isotropic.
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Fig. 1. Edge wave propagation along the top surface of a plate.

As shown in Fig. 1, the wave propagates in the z direction, and thus the displacements could

be written in the form:

w(xy,2) = w(x,y)e @D, j=xyorz 2)

Here, y is a dimensionless wavenumber, k = w/c, and ct is the shear bulk wave velocity.
The Galerkin’s principle based weighted residual method is used in this paper. Substitution of
Eqg. (2) into Eq. (1), the weak forms of Eq. (1) can be developed through integration by parts

and making use of the usual relationships between stress and strain :
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Here, 1, and u, are the Lamé coefficients in the SAFE layer. w; (j = x,y or z) is an

®3)

Q)

arbitrary weighting function to be determined later. €,, is the cross-sectional area of the

SAFE layer, and T, is the boundary of Q,. h; = gj,n, + gjyn, (j = x,y or z) isthe

external traction, and n; is the unit normal on the boundary of €,,.
In the PML layer, the governing equations could be written as:
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where ¢, and &, are nowhere-zero, continuous, complex-valued coordinate stretching

functions. Eq. (6) is written in a general form, which could incorporate coordinate stretching
in both x and y directions. For the conventional problem of edge wave propagation in the

plate shown in Fig. 1, the x direction coordinate remains unchanged, so that &, = 1.

Eq. (6) is multiplied by ¢,.¢,, and the weak forms of the governing equations can be derived

using integration by parts as:
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Here, 4,, and u,,, are the Lamé coefficients in the PML layer. It is possible that the plate
includes a number of layers with different material properties in each layer. In this case,
Lamé coefficients and density shall be changed accordingly in each layer, however, the
governing equations remain the same forms. The displacements are now discretised using the
conventional finite element method. Furthermore, isoparametric finite elements are used, so
that weighting functions equal shape functions. Stress free boundary conditions are used on
the exterior surface of the plate, and displacements and stresses are continuous across the
interface between adjacent layers. Egs. (3-5) and Egs. (7-9) can be combined to form a

systematic equation in the matrix form as:
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Here, I is an identity matrix of order p,, and p,, is the total number of nodes in the SAFE-
PML region. The rest of the matrices in Eq. (10) are given in the appendix. Equation (10) is a
sparse eigenequation. Solution of the equation delivers complex wavenumbers and mode

shapes as a function of frequency.

Eigenmodes include both edge (or surface) and radiation waves. Radiation waves are
standing (resonance) waves in the PML region and these waves have little theoretical or
practical significance. To separate the radiation waves from edge waves, the method
proposed by Nguyen et al. [31] is used here. This is based on the kinetic energy ratio between

the SAFE layer and the PML layer [32].

3. Validation of the numerical model

The finite element model is first validated here by comparing current numerical solutions
with Rayleigh, Love and edge wave solutions in the literature. Rayleigh and Love waves have
constant displacements in the width direction (i.e., —co < x < 00). This can be done by
setting the x direction derivatives to be zero in Eg. (10). Note that in an analytical approach
the x displacement is often assumed to be zero for Rayleigh wave solutions. This would
simplify the development of equations. In analogy, both y and z displacements are assumed to
be zero for Love wave solutions. However, this simplification means that Rayleigh and Love
wave solutions couldn’t be obtained at the same time. In this paper, such simplification is not

carried out in order to calculate both Rayleigh and Love wave solutions using Eg. (10).

Rayleigh waves have been extensively studied in seismology, where a continent could be

considered as a stratified half-space consisting of a stack of homogeneous and isotropic



elastic layers. Foti presented Rayleigh wave dispersion curves for the case of a layer on top of
a homogenous half-space [35], using the method of reflection and transmission coefficients
[36]. This case is repeated here for comparison. The top layer is 10 m thick with a
compressional wave speed of 600 m/s, a shear wave speed of 300 m/s, and a density of 1800
kg/m® . The bottom layer is a half-space with a compressional wave speed of 800 m/s, a shear
wave speed of 400 m/s, and a density of 1800 kg/m? . In this paper, the top layer is meshed
using the SAFE method, and the bottom layer is meshed using the PML method. The
thickness of the PML layer is set to be 10 m. The coordinate in the PML layer is stretched in
the vertical y direction only. The exponential stretching function proposed by Duan et al [32]

is used here:

& = e —i[efV —1], (11)

where ¥ = (|ly| — h)/h, @ and S8 are real valued constants. Values of « = 3 and § = 4 are
used in this paper. Convergence studies in terms of PML length, stretching coefficients etc
have been performed, and general conclusions could be seen in [32]. For calculation of
Rayleigh and Love waves, three-noded isoparametric line elements are used, and the model is
implemented in MATLAB®. The programme is executed using a laptop with four 2.6 GHz Intel
Core™ CPU processors and 16 GB of RAM. 40 elements are used in the SAFE and PML
region respectively. This delivers a fine element density with at least 16 nodes per
wavelength up to 150Hz. The computation time is less than 2s per frequency, including the
calculation of energy velocity, separating surface waves from radiation waves, and sorting of

modes.

Surface wave dispersion curves are calculated using Eq. (10) and are shown as grey and red

solid lines in Fig. 2. Grey lines indicate Rayleigh waves and red lines indicate Love waves.



Excellent agreement can be observed between current numerical solution and Rayleigh wave
solution of Foti [35]. For this case, all the surface waves are trapped waves with a phase
velocity less than the bulk shear velocity of the bottom layer. In addition to surface waves,
leaky Lamb waves also exist. These waves have a phase velocity larger than the bulk shear
wave velocity of the bottom layer. Leaky wave have an oscillation displacement pattern in
the top layer, and energy leaks into the surrounding medium (the bottom half-space). These
waves are not surface waves and are not reported here. A detailed discussion of leaky and

trapped wave modes can be seen in [31, 32].
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Fig. 2 Phase velocity dispersion curves. Solid lines: current numerical solution; dashed lines:

Rayleigh wave solution of Foti (overlaid with the solid line) [35].



The current numerical model could be used to calculate Rayleigh, Love and leaky wave
modes, which is generally not possible in an analytical approach. To further examine the
accuracy of the numerical model, a second example is considered here. This is also a two-
layer structure, and dispersion properties are presented in Fig. 3. Love wave solution of
Eslick et al. [38] is also presented in Fig. 3 for comparison. Love waves have particle motion
transverse to the direction of wave propagation, and it is thus possible to develop a simple
dispersion relation for a two-layer system [39]. This relation is independent with
compressional bulk wave velocities because of the shear horizontal nature of Love waves.
However, for completeness of surface waves, compressional bulk wave velocities have been
included in the numerical model. The top layer is 4 m thick with a compressional wave speed
of 300 m/s, a shear wave speed of 150 m/s, and a density of 1600 kg/m? . The bottom layer is
a half-space with a compressional wave speed of 1000 m/s, a shear wave speed of 500 m/s,
and a density of 1800 kg/m®. The PML thickness if 4 m. Twenty three-noded line elements
are used in the SAFE and PML region respectively. Excellent agreement can be observed
between the current numerical solution and Love wave solution of Eslick et al. Rayleigh
wave solution has been presented as red lines in Fig. 3 for reference. These two independent
examples (i.e., Fig. 2 and 3) show that the current numerical model is able to accurately

calculate Rayleigh and Love wave solutions at the same time.
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Fig. 3 Phase velocity dispersion curves. Solid lines: current numerical solution; dashed lines:

Love wave solution of Eslick et al (overlaid with the solid line) [38].

Rayleigh and Love waves have constant displacements in the width direction. These waves
are easier to solve than edge waves in a three dimensional plate. Currently, analytical and
numerical solutions for edge waves in a three dimensional plate are limited to individual
symmetric or flexural wave modes. Fig. 4 shows the comparison between the current
numerical solution and the analytical solution of Krushynska [17] for the fundamental
flexural edge wave propagation in a plate. It has been assumed that the plate is isotropic and
homogeneous. In the numerical model, the width of the plate is set to be 0.1 m, i.e, b = 0.1.
The Young’s modulus is 73 Gpa, the Poisson’s ratio 0.39, and the density 2800 kg/m?.
Traction free boundary conditions have been applied at all the surfaces. The phase velocity of
the flexural edge wave has been normalised against Rayleigh wave velocity c in an infinite
half-space [17]. Non-dimensional wavenumber y of Rayleigh wave must satisfy the

following secular equation [40]:

43y —1Jy2 —1— [Pp(2y? - 1)2 =0 (12)



Here, ¢y = (Ap + Zﬂp)/up- Eqg. (12) is independent with frequency. Upon numerical solution

of Eq. (12), Rayleigh wave velocity can be obtained as cg = c1/Y .

Fig. 4 shows excellent agreement between the current numerical solution and the analytical
flexural edge wave solution of Krushynska [17]. In the numerical model, the height of the
SAFE and PML layer is set to be 0.4 m respectively. Eight-noded quadratic rectangular
elements are used, and the element size is 20 mm. This ensures at least 20 nodes per
wavelength at a frequency of 15 kHz. The total number of degrees of freedom is 2073. The
computation time is around 34 s per frequency, including separation of edge waves from
radiation waves and sorting the modes. Clearly the current numerical model is able to
calculate the edge wave accurately and efficiently. In analogy to extensional and flexural
Lamb waves commonly found in a finite thickness plate, symmetric and higher order edge

modes also exist in the semi-infinite plate, which are presented in the next section.
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Fig. 4 Non-dimensional phase velocity of the fundamental flexural edge wave. Solid line:
current numerical solution; dashed line: analytical solution of Krushynska (overlaid with the

solid line) [17].
4 Edge waves in a three dimensional plate

Individual symmetric and flexural edge waves have been studied in the literature. However,
to the best of the author’s knowledge, complete dispersion analysis for edge waves in a three
dimensional plate hasn’t been conducted either analytically or numerically. The current
numerical model is suitable to calculate dispersion curves for all edge waves in the plate,
subjected to traction free boundary conditions. These dispersion curves are thus presented in
this section. The three dimensional plate studied here is the same as the plate studied in the
previous section, i.e., the width of the plate is 0.1 m, the Young’s modulus 73 Gpa, the

Poisson’s ratio 0.39, and the density 2800 kg/m?.

The flexural edge wave has been shown in Fig. 4. In this section, to study fundamental and
higher order edge wave modes, the numerical model is implemented in the relative high

frequency range from 10 kHz to 120 kHz. The SAFE, PML thicknesses as well as



corresponding finite element meshes have been modified in this section to balance the
computation accuracy and efficiency of the model. Consequently, the height of the SAFE and
PML layer is set to be 0.05 m respectively. Eight-noded quadratic rectangular elements are
used, and the element size is 5 mm. This ensures at least 10 nodes per wavelength at a
frequency of 120 kHz. The total number of degrees of freedom is 3843. The computation
time is around 49 s per frequency. The edge wave modes are selected based on the kinetic
energy ratio and attenuation ratio. Any mode with a kinetic energy ratio larger than 0.8 is
considered as a radiation mode and discarded. The modes with an attenuation ratio larger

than 30 dB/m are also discarded.

Fig.5 presents phase velocity and attenuation curves for fundamental and higher order edge
waves in the plate. The bulk shear wave velocity c; is also included in the figure for
comparison. Edge modes are labelled as E 4, or Eg,, in this paper. The subscript A indicates
a flexural wave mode, and subscript S indicates a symmetric wave model. The subscript m
indicates mode sequence in each group. Fig. 5 (b) shows that fundamental edge waves are
trapped wave modes with zero attenuation. However, higher order edge waves have energy
leaking into the half-space in the y direction. The attenuation ratio of the higher order
symmetric mode Eg; is significantly lower than that of the higher order flexural mode E,;. It
is also interesting to see that although phase velocities of higher order edge modes are lower
than the bulk shear wave velocity of the plate in the high frequency range, these higher order
modes are not trapped wave modes because displacements in different directions have
different vertical wavenumbers. This means that some displacements are trapped while the
others could be leaky. The characteristics of these edge wave modes can be seen in

corresponding mode shapes.
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Fig. 5 Dispersion curves for edge waves in a three dimensional plate. (a) phase velocity; (b)

attenuation.

Figs. 6-9 show the mode shapes of these four edge modes at 60 kHz. The height of the SAFE
layer has been increased to 0.1 m, and displacements in the PML layer are not shown because
of artificial stretching and damping. The fundamental flexural mode E 4, has a displacement

that is strongest in the x direction (see Fig. 6). x displacement of E, is anti-symmetric (i.e.,



flexural). All the three displacements are decaying in the vertical y direction. At this
frequency, the wavelength of the bulk shear wave is 51mm, less than the width of the plate.
The edge wave has an apparent displacement variation in the width direction, and it can be

seen that displacements are strongest near the corners of the plate on the top.
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Fig. 6 Mode shape of the fundamental flexural edge wave E,, at 60 kHz. (a) x displacement;

(b) y displacement; (c) z displacement.

The fundamental symmetric edge mode Eg, has a displacement that is strongest in the y
direction (see Fig. 7). In contrast to E 4, x displacement of Eg, is symmetric. Displacements
are also strongest near the corners of the plate. Figs 6 and 7 show that Eg, and E 5, are a pair
of wave modes with similar mode shapes and different symmetric patterns. These mode
shape patterns are similar to conventional symmetric and anti-symmetric Lamb wave patterns

in a plate, except that energy are focused near the top of the plate.
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Fig. 7 Mode shape of the fundamental symmetric edge wave Eg, at 60 kHz. (a) x

displacement; (b) y displacement; (c) z displacement.

The mode shapes of the higher order modes are significantly different to mode shapes of the
fundamental modes. For the fundamental modes Eg, and E,,, the displacements are either in
phase or out of phase, similar to Lamb wave modes in a plate. However, higher order modes

have phase variation across the cross-sectional area of the plate. The eigen vectors u,, u, and

u, (see Eq. 10) are complex for higher order modes, and they cannot be represented by a
positive or negative real number. To display the mode shapes of these higher order modes,
the magnitude of the displacements are taken and shown in Figs. 8 and 9. Furthermore, the
magnitude of these modes shapes are symmetric with respect to x = 0, and thus mode shapes

are shown from x = 0 to x = 0.05, i.e., the positive side of the plate.



The higher order flexural mode E 5, has leaky x and z displacement components. The y
displacement has energy focused near the top corners of the plate. Note that for leaky wave
modes, modal amplitude decays in the wave propagation direction z, but grows in the
transverse direction y [41]. The higher order symmetric edge wave Eg; also has leaky x and z
displacement components. The y displacement has energy focused near the centre of the top

surface of the plate.
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Fig. 8 Mode shape of the higher order flexural edge wave E,; at 60 kHz. (a) x displacement;

(b) y displacement; (c) z displacement.
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Fig. 9 Mode shape of the higher order symmetric edge wave Eg; at 60 kHz. (a) x

displacement; (b) y displacement; (c) z displacement.

Conclusions

In this paper, a two-dimensional semi-analytical finite element method has been proposed to
study Rayleigh, Love and edge waves in three dimensional structures which may include
multiple layers, as well as structures with infinite or finite widths. To avoid modelling an
infinitely large region, a perfectly matched layer method has been used to close the
computation domain. The model has been structured in a general way, so that both Lamb type

and Shear-horizontal type surface waves can be calculated. Excellent agreement between the



current numerical solutions and available Rayleigh, Love and fundamental edge wave

solutions have been achieved.

On this basis, the full dispersion curves and mode shapes of a three dimensional finite width
plate have been presented. It can be shown that fundamental edge wave modes are similar to
conventional symmetric and anti-symmetrical Lamb wave modes in a plate. However, energy
of these wave modes are totally focused near the top surface of the plate, i.e., trapped. Higher
order edge waves have very different characteristics. Although the phase velocity of these
wave modes are still less than the shear wave velocity of the plate material in the high
frequency range, these wave modes are not trapped wave modes. It appears that the x and z
components of the displacement behave as leaky wave modes. Only the vertical y component
of the displacement resembles that of a conventional edge wave mode, i.e., energy focused

near the top of the plate.

Appendix

The matrices in Eqg. (10) are given as:

le = (AP + Z#D)pr + ,upKyp - ppszZp + (Am + z.um)me + .umem

K (A1)
Z1y = MpKoyp + 1o Kiyp + AnKyym + UmKsym (A2)

Z1, = —ApK3y + tpKap — A Ky + timKam (A3)

Zyx = MKy + 1y Kyyp + AnKiym + tmKsym (A4)

Zyy = (A + 21Ky + Koy — Ppw?Kop + (A + 21m) Ky + i Km (A5)

- pmszZm



Zy, = —MpKiy + 1pKap — AnKim + tmKam
Zgy = —ApKzp + :upK3Tp — A Kam + K
Zzy = —ApKap + 1Ky — A Kam + i Kim
Z3; = —pipKsp — tpKyp + pp? Koy — Ky — thin Ky + pm @Koy
E = upKop + hinKom

E, = (/1p + zlup)KZp + (An + 20m)Kom

In the SAFE layer,

ONT ON
a, 0y dy °

Ky = J N'NdQ,
Q

D

K —f NTaNdQ
3p — o dx 14

K —f NTaNdQ
4p 0 ay 14

P

In the PML layer,

o &, ONT ON
g, & O0x 0x "

(A6)

(A7)

(A8)

(A9)

(A10)

(A11)

(A12)

(A13)

(A14)

(A15)

(A16)

(A17)

(A18)



ONT ON
nym = f dQ (A19)
Q

_0x gy o m
Kym = £ ONTON aQ (A20)
ym Q, Ey ay ay m
Kom = ExnyTN dQ,, (A21)
Qm
0N
Ksm = me S;yN adgm (A22)
- ON
Kym = o $xN Edgm (A23)

Here, N is the global trial (or shape) function written in the form of a row vector.
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